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NMPEAUCJ/IOBHUE

Heckonbko JieT TOMY Ha3aj sl pellins HamucaTbh CepHIo
HeOOJbIIMX KHHT NOJ HasBaHHeM <«3HAKOMCTBO C BBICIIEH
MaTeMaTHKOH», NMpefAHAa3HAUEHHYI0 [Jif WIKOJbHHKOB, HHTe-
pecyloluxcsa MaTeMaTHKo#A. [lBe KHHUTH U3 3TOH cepun «Me-
TOJ KOOpAHHAT» U «AHanH3 GeCKOHEUHO MaJjbIX» yxKe ony6-
JIUKOBAHH. «AjreGpa» sBJsieTCS TpeTbeld KHHTOH B 5TOH Ce-
pud. B Hell npuBeleHbl OCHOBHblE pe3yJAbTaThl ajarebpwl,
BKJIIOYAsi TEOPHIO OnpefesuTesed. DTOT pa3fes COCTaBJsET
IVIaBHYIO 4acTb KHHrH. KpoMme TOro, KHHMra COAEPXKHUT pas-
JieJl, TIOCBSIIIEHHbIH KOPHSIM MHOTOYJIEHOB H KOMILJIEKCHBIM
yycsiaM. [Ipy 5TOM npaBujia nepeMHOXKEeHHSI KOMIJIEKCHHIX
YHCEJN, B3AITHIX B TPUIOHOMETPHUECKOH (popMe, HOKa3biBaIOT-
ca 6e3 HCMOJb30BaHHS (OPMYJ TPUTOHOMETPHH IJIs KOCH<
Hyca CYMMBI H CHHYCa CYMMBI.

Bosbuiyio paGoTy mpH peJaKTHPOBAHHH 3TOH KHHIH
nponenan C. M. Acees, 32 YTO 1 Bbipaskaw eMmy OJgarojap-
HOCTb.
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IF'mapa 1
TEOPHSA ONPELEJIUTEJIEA

§ 1. Bex'ropﬂble NPOCTPAHCTBA

B aTom naparpade GyneT paccMOTpPEHO BaxKHeillee AJf
JIHHeHHOH anreGpHl NOHSITHE BEKTOPHOrO NPOCTPaHCTBA.
Onpenenenue 1. TlocnenoBarenbHOCTD

x=(x!, %% ..., x") (1)

H3 n NEHCTBUTEJBHBIX YHCeJN, PAcNoJIOKEeHHbIX B ONpefesieH-
HOM mOpsiiKe, YyKa3aHHOM B ¢opmynae (1), HasbiBaercs
n-meproim eexropom. CoBoKynHocTb A" BceX n-MEpHBIX
BEKTOPOB HA3bIBAETCSl H-MEPHLIM BEKTOPHOLIM NPOCTPAH=
creom. Hucna

xl, %2 ..., X"

Ha3bIBAIOTCH Koopdunaramu sexropa x (cM. (1)).

BekTop cunuTaeTcs paBHHIM HYJNIO H 0003HayaeTcsl depes
0, ecu BCe ero KOOpAMHATH PaBHbI HYJIIO.

[TpousBosbHEIl BeKTOp ¥ H3 A" MoXeT OHTb YMHOXeH
Ha JeHCTBHUTEJNbHOE YHC/AO ¢. A nojydyeHuss 3TOro npous-
BelleHHs1 KaxkJasi KOOpAMHATa BeKTOpa X YMHOXaeTcsl Ha
uncao ¢. Takum o6pasom,

cx = (cx!, cx?, ..., ¢x"). (2)
Kaxkanie n18a Bekropa x (cM. (1)) u

\ y=(yl! !/2, RS y")

u3 A" MoryT ObiTh CJOXeHB. IIpH 3TOM KOOpAHHATH HX
CKJIaABIBAIOTCS, TaK 4TO

x+y=x'"+y 4+ .. X"+ Y7 3)
JcM. ra. 4, npumep 1).



A) Ecau

xl, xz, e 00y xk (4)

— COBOKYNHOCTb H3 k2 BeKTOPOB NpocTpaHcTtBa A", To, MOJb-
8yfCb onepauusMH (2) u (3), MOXKHO COCTaBHTb HX JIHHEH-

Hy10 popMy:
2==clx, 4 ¢, + ... + c*x,, (8)

rae ¢!, ¢, ..., c*— neficTBHTe/IbHBIE YHCIIA.

B nanbuelimiem Ml 6ygemM NoJib30BaThCS COKpAIleHHEIMH
0003HaYeHHsIMH /11 cyMMupoBaHHs. FIMeHHO, eciid B OXHO-
YJieHe OJMH U TOT 3Ke 0003HaUYeHHBIH rpeueckod GYKBOH HH-
AEeKC BCTpeyaeTcsl OAUH pa3 BBEPXYy H -OXHH Pa3 BHHU3Y, TO
3TO O3HaA4YaeT CyMMYy IO BCeM 3HauyeHHsIM 3TOro MHJIEKca.
Takum oGpasom, ¢opMyna (5) mepenHChIBAeTCS B BHIE

2=1C%,.

CoBOKYNHOCT, M3 %k BEKTOPOB (4) CUHTaeTcs AUHEUHO
He3a8uCuUMOl, €CIi BEKTOp, onpeneileHHbH dopMmynon (5),
obpaniaercs B HyJib JIHUIb NPH YCAOBHH, KOTA2

l=c2=...=c*=0.
B nporuBHOM cayuae, T. €. eCAH CYHIECTBYIOT TaKHe 4HCJA
k
ct, ¢% ..., C°, (6)

He BCE paBHBIE HYJIIO, YTO BEKTOp 2, ompepensemuil ¢op-
MyJioi (5), obpalaercd B HyJb, COBOKYNMHOCTb (4) Ha3mb-
BaeTcs Aunelno 3asucumold. Ecaid K COBOKYNHOCTH JIHHEHHO
3aBHCHMBIX BeKTOpOB (4) NpPHUCOEAHHHTb elle HECKOJbKO
BEKTOPOB Xki1, Xrt2, .--, X, TO pAaCUIHPEHHAs1 COBOKYIHOCTD

xl, x2, ¢ s 0y xt
OyxeT JHHeHHO 3aBHCHUMOH. VIMeHHO, eCJiH COBOKYNHOCTb

Ko3(ppunueHtoB (6) ocyuiecTB/isieT JUHEHHYIO 3aBHCHMOCTD
BEKTOPOB (4), TO Mbl HMeEM COOTHOIIEHHE

Caxa+0xk+1+ o0 +0xl=0’ o= 1, e e ey k,
IIpHYEM He BCE 4HCJia NIOCAEeA0BATE/IbHOCTH
cl’ 02, e o oy Ck, Ck+l=0, o0 0y cl=0 ) 4

PaBHHI HYJIIO.

Eciu B BeKTOpHOM mnpocTpancTBe A?, cocrosmeM wus
BCeX BeKTOpoB BHAa (1), paccMoTpeThb Te BEKTOPHI, IJst KO-
TOPHIX -1 KOOpAUHAaTa obpamiaeTcss B HYJb, TO MBI NOJYYHM
TaKXe BEKTOpDHOE IIPOCTPaHCTBO A""!, HO pa3MepHOCTH
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n— 1, Koropoe Ha3bIBaeTCs KOOPOUHATHLIM NOONPOCTPAH-
CTB0M TpOCTpaHcTBa A

IloKaxeM Tenmepb cjiefylolliee BaxKHOe IpeJOKeHHe.

B) Cosokynnocte (4) 8ekTopos n-meprozo npocTpas-
crea A" npu k > n scezda sruneiino 3asucuma.

Ias noxasaTenbCTBAa JOCTATOYHO PACCMOTPETb CJyuald
k=n-+1 JloxasaTeabcTBO OyaeM BecTH HHIYK-
THBHO. OTMETHUM IIpexKJe BCero, Yro HJjas n = 1 yTBepxie-
Hue B) cnpasepnuso. Ilyctb x, y — ABa BEeKTOpa NpocTpaH-
cTBa A!l, nprgem

x=(x'), y=(").

Ecnm umcna xf, y!' o6a paBHH HYJ/I0, TO MH HMEEM COOT-
HOlIIeHHE
cx+dy=20

IIpH NMPOU3BOJIBHHIX ¢ U d, TaK YTO B 3TOM CJyuae BEKTOPH
X U Yy JUHeHHOo 3aBHCHMBHI. EciH XOoTss OB OAHO H3 YHCE]
x!, y' He paBHO HYJIO, TO Mb HMeeM CJEAYIOlIee COOTHO-
LIeHHE:

y'x — xly=0.

Takum obGpasom, npu n =1 yrBepxkieHue B) BepHo.
Ilycts Tenepb
Xty X2y ocey ¥nit (7)

— COBOKynHocTb U3 #n -+ 1 BekropoB npocrpanctsa A" Co-
CPeAOTOYHM BHUMdHHE Ha NOCJEJHHX KOOpAMHATaX BCexX
BEKTOpOB coBOKynHOCcTH (7). Ecim BCe 3TH KOODIHHATHI
PaBHBI HYJIO, TO COBOKYNHOCTb BEKTOPOB (7) NMpHHALJIEKHUT
K (n— 1)-MepHOMY IpOCTPaHCTBY H, COrVIaCHO HpeRMoJO-
3KeHHIO HHAYKIHWH, JuUHeHHO 3aBucuma. [lomycTaM Temepb,
YTO XOTS1 OB OAMH BEKTOp, HanpuMep X,;i, UMeeT NOCnex-
HIOI0 KOOpAMHATY, OTJIHYHYIO OT Hynas. Toraa ans Kaxmoro
BEKTOpa ¥; COBOKYNHOCTH (7) npH j << n MOXHO nojaobparb
TaKoe 4YHCHO dj, UTO BEKTOp ¥;, ompeAeseMbl ¢opmyoi

yr=% —dixar, j=1,..., 1, (8)

MMeeT MOCJHEAHIO KOODAHHATY, PaBHYIO HYMIO, H NOTOMY
JIeXKHUT B (n— 1)-MepHOM BeKTOpHOM mnpoctpaHctee. Ciaeno-
BaTeJIbHO, N0 MPEINOJOKEeHHI0 HHAYKIHH BEKTOPH Y1, ¥, . - -

.» Yn JHHEHHO 3aBUCHMHL. TakKuMm 006pa3oM, CyliecTByeT
COBOKYIHOCTDb YHCeJI \

2 n
¢, ¢4 ..., c"



(mpuuem He Bce 3TH YMCJa paBHBI HYJIO) Takas, 4TO HMeeT-
Cs1 COOTHOLIEHHE

cY,=0, a=1,..., n.
M3 atoro n u3 ¢popmysan (8) BeTeKaer
¢*%q — (c*do) X041 =0, a=1,..., n.

Takum oGpa3oM, COBOKYNHOCTb BeKTOpPOB (7) JsnHelHO 3a-
BucuMa. Hrak, npeanoxenrue B) nokasaHo.

Ba3uc BeKTOpPHOro npocTpaHCTBa

C) O6o3nauum uepe3 e; BeKTop H3 A", BCe KOOPAHHATHI
KOTOPOro paBHbI HYJIO, 32 HCKIIOUeHHEM {-H KOOpAHHATHI,
KOoTopasi paBHa 1, T. e. HOJIOXKUM

el'—_—(l, 0, oo oy O),
e,=(0,1, ..., 0),

e,=(0,0,..., 1).
SlcHo, uro BekTOop X (cM. (1)) 3amuceiBaeTcs B BHIE
x=xaea, a=l, e 0oy n’

npuueM Kosddumuents x!, x2%, ..., x", BXomsmue B 3Ty
¢opMyny, OZHO3HAUHO OMNpELe/NeHB BEKTOPOM X. Takum
06pa3oM, Kax[biii BEKTOp X B BEKTOPHOM npoctpaHctse A”
BhIpaXkaeTcss B BHJe JHHEHHOH (DOPMBI OTHOCHTENBHO BEK-
TOPOB

€, €y ..., €,, (9)

npuyeM Koap HULHEHTH 5TOH JHHEHAHOH (POPMEI OnpeNeseHbl
oxHo3HauyHo. CHCTeMa BEKTOpOB, 06Jiajaioliasi 3THM CBOH-
CTBOM, Ha3blBaeTcs 6a3ucom 8eKTOPHO20 npocTpaxcTea A™.
[MocTpoennbiit Hamu 6asuc (9) He sABAAETCS €AUHCTBEHHBIM.
OkxasbiBaeTcs, uTo Jiwobas JuHeHHO He3aBHCHMas CHCTeMa

BEKTOPOB
e, €, ..., €, (10)
cofepxalias n BeKTOpOB INpocrpaHctBa A", asasierca 6a-
3HCOM ITOr0 NMPOCTPAHCTBA. :
JelicTBUTENbHO, NMYCThb X — IPOM3BOJIbHHIH BEKTOP NpO-
crpaictBa A", Torpa BeKTOpH

'4 / 4
x, e,€,..., e

1> T2t

JMHeHHO 3aBUCHMBI, IOCKOMbKY coiep)ar n -1 Bekrtop
(cm. B)). Takum o6pa3oM, Mbl HMeeM COOTHOILIEHHe

cx-i—cae;:(), a=1, ..., n, (11)



IIpPHYEM B 3TOM COOTHOIIEHHU He BCe KO3(DGULIHUEHTH PaBHHI
HyJ10. B yacTtHOCTH, KO3 GHULHEHT ¢ He MOXKeT ObITh PaBeH
HYJII0, TaK KaK eCjd Obl OH OblI paBeH HYJIO, TO 0Ka3aJjoCh
Onl, 4TO BekTophl cucteMun (10) sunelino saBucummbl. [1oib-
3ysCb 3THM, pa3jeauM cooTHouieHue (11) Ha BenHuUHY —C.
Ins toro uto6sl He BBOLHTb HOBHIe 0003HAUEeHHS, OyaeM
CUHTATh NPOCTO, YTO ¢ ==—1, a ocrajbHbe KO3()DHIHEHTH
coxpaHuM. Takum o6pa3omM, noayuaem

x=c%,, oa=1,...,n.

Eciau 6nl BekTOp x Mor ObiThb 3amucaH aHaJIOTHYHO Yepes
cucreMy (10), Ho ¢ ppyrumMu Koadp¢duIHEeHTAMH, T. €. eCJH
6nl IMeJI0 MeCcTO COOTHOIIIEHHE

x=d%, a=1,...,n,

TO, BHIYHTAsa nocjieaHee COOTHOLICHHE H3 Npeabiayllero, Mol
NOJNIYUHJIH OBl COOTHOILIEHHE

(Ca"_da)e;-—-—-o, G-—"—'l, ceey N,

YTO BBHAY JIMHeHHOH He3aBHCHMOCTH BeKTOPOB cucTeMbl (10)
NPUBOJAHT K PaBEHCTBY

cl=d,, i=1,..., n.
D) IIycre

iy Ko oees X, (12)

— HeKOTOpas AUHELHO He3a8UCUMAS CUCTeMa BeKTOPO8 U3
A% Ecau p < n, 1o cucremy (12) moswcrno Oonosnure 6ex-
TOPAMU Xpy1, « .., Xn TAK, 4TO CUCTEMA

X1, X2, .0y xps Xp+ls ooy Xn

AUHEUHO He3asucuma.

Hokaxem yrBepxkaenue D). Eciu npemnoxenue D) He-
BepHO, TO, NIpHCOoeAnHssA K cucTeMe (12) BekTop e; (cm. C)),
MBbl IOJTYYHM PacUIMpeHHYIO CHCTEMY

el, xl, o0 0y xp

o0s13aTeJIbHO JIHHEAHO 3aBHCHMYIO. BeKTOop e; HeHyJieBOH.
ITostoMy cpenu BekTOpoB cHcTeMbl (12) o6s3artenbHo Haii-
JeTCSl BEKTOP Xg, BhIpaXKalOIMiCSA B BHAE JHHEHHOH KOM-
6MHaLMH yepe3 OCTAJbHEIE BEKTOPHI PACIIMPEHHOH COBOKYII-
HOCTH. 3HAUHT, 11060/ BeKTOp NMpocTpaHcTBa A" MOXKHO Bbl-
Pa3uTb B BHJAE JHHEHHOA KOMOHHALMY BEKTOPOB

€1, Xiy ooy Xg—1y Xg4lr 2 ¢y Xp.



HckniouuM BEKTOD X, H3 pacIIMpPeHHOH COBOKYNHOCTH BeK-
TOPOB H N00aBUM K Hel BeKTOp ep,. 13 supefinofi mesash-
CHMOCTH BEKTOPOB e;, €y CJefyeT, YTO CpPelH BEKTOPOB
X1y <oy ¥g-1, Xg+1, +.., X, 00sA3aTEIBHO HANUAETCA BEKTOP,
KOTOPHIA MOXHO HCKJI0UHTH. IIpomonkas 3TOT mpouecc, Mbl
npuieM K BHBOAY, 4TO JioOoH BeKTOop mNpocTpancrsa A”
MOXKHO NPEJICTaBUTh B BHAE JIHHEHHOH KOMOHHAUHH BeKTO-
poB ey, ..., €, UTO HEBO3MOXKHO, TaK KakK BeKTops (9)
JIHHeHHO He3aBHcHMBL. ClejoBaTesbHO, NpeioxeHue D)
BEPHO.

M3 npepnoxenus C) BHAHO, 9TO AaHHOe B Hayaje na-
parpaga onpejeseHHe n-MepHOr0 BEKTOPHOTO MPOCTPAHCTBA
A" npu momomu koopauHat Bekropa (cM. (1)) He siBasieTcs
MHBApHAHTHHIM, TaK KaK OHO 3aBHCHT OT CJiyyalHO BblOpaH-
Horo 6asuca (9), a 6a3ucoB B IpocTpaHCTBe A" cyliecTBYyeT
OecunciieHHOe MHOXecTBO. [103TOMYy MBI JafHM Apyroe HH-
BapHaHTHOe ompelesieHHe n-MepHOro npocrpaHcTBa A™

Onpenenenue 2. MHOXecTBO A 3/€MEHTOB Ha3HI-
BaeTCs 8eKTOPHbOIM NPOCTPAHCTBOM, €CJTH B HeM OlpelesieHbl
JBe ONepalyy:; CIOoXKeHHe H YMHOXEHHe Ha JeHCTBHTEJbHbIE
YHCJIA, IPHYEM BHIIOJIHEHO YCJOBHE: eClH ¢ U d — ABa 4YHC-
Ja, a X, y, 2— 3JIeMeHTH npocTpaHcTtBa A, T. e. TpPH BeK-
TOpa, TO UMEIOT MECTO COOTHOIIEHHS

x+y9+z=x+(H+2),
x+y=y-+=x,
(c + d)x=cx } dx,
c(x+yg)=cx+cy,
c(dx) =(cd) x,
l-x=ux.
Kpome Toro, npeanosnaraercsi, 4To HMeeTCsl HYJeBOH BEKTOp
0, yI0BJ1eTBOPAIOUIKH YCJIOBHAM

x4+ 0=x,
Ox=0.
Ilpn nomowu onepauui, UMeIOHIUXCS B BEKTOPHOM n‘po-

cTpaHcTBe A, MOXKHO COCTaBHTb JIHHEHHYI0O KOMOHHAIHUIO AJIS
IIPOH3BOJIbHON CHCTEMB U3 BEKTOPOB

Xiy ooey X,
T. €. IOCTPOUTDH BEKTOP
=%, oa=1,...,n,
rae ¢, ..., ¢*— HeldcCTBUTeJbHBIE YHCA.
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Takum o6Gpa3oM, MBI MOXKEM BBECTH MOHsTHE JHHEHHOH
3aBHCHMOCTH H JIHHeHHOH He3aBHCHMOCTH BEKTOPOB, Kay
210 OBI0 cAenaHo paHbiue (cM. C)

 Eciu B BeKTOpHOM mpoctpancTBe A HMMeeTcs n JIH-
HeHHO He3aBHUCHMBIX BEKTOPOB, HO HeT n -+ | nuHeliHO He3a-
BUCHMHX BeKTOPOB, TO CUUTAETCH, UYTO BEKTOpPHOE MPOCTpaH-
ctB0 A uMeeT pasmepHocTe n u OHO o6GO3HauyaeTcs yepes
A", Bui6upas B mpocTpaHcTBe A" 5 JHHefHO HE3aBHCHMBIX
BEKTOPOB, Mbl NMOJIYYHM 6a3uUC W NPH NOMOIIH HEro Koop-
JUHATHYIO 3aNHCh JIIOOOro BeKTOpa.

BeXKTOpHOEe mOANpPOCTPAHCTBO

F) Ilyctb A — BekTOpHOE NIpPOCTPAHCTBO H B —Takoe
ANOJMHOXKECTBO €ro BeKTOpPOB, 4TO Hapsay C ABYMS BEKTO-
pamu x -y u3 B B B BXOoAUT TakKe X | ¥, a HapAAY C BeK-
TOPOM x B B BXOAHUT W ero npou3BelieHHe HA HPOH3BOJIbHOE
IefCTBHTE/IbHOE UHCNO, T. . BekTop cx. Tdraa B, oueBHIHO,
npeacrasaser co0ofi BEKTODHOE NPOCTPAHCTBO B CHAY TeX
omepauuii, Kotopbie uMeloTcsi B A. MHoxkectBO B Hashl-
BAaeTCsl BEKTOPHoIM NOONPOCTPAKCTB8OM TpocTpaHCTBa A.
Ecnu BekTOpHOE NpPOCTpaHCTBO A HMeeT KOHEUHYIO pasMmep-
Hocth n (cM. E)), To ero mopnmpocrpancTBo B umeer pas-
MepPHOCTb, He IIPEBOCXOASILYIO 7.

G) Ilycts A” — n-MepHOe BEKTOpPHOE NpPOCTPaHCTBO, a
BP m C%— gBa ero BeKTOPHHIX NOAMNpPOCTPaHCTBZ pa3Mmep-
HOCTH p H ¢ COOTBETCTBeHHO. EciM 1Jiss BEKTOPHBIX NOJX-
npocTpaHcTB BP u C? HyNieBOl BEKTOp SIBJsIeTCSt € AUHCTBEH-
HHIM O0IDHM BEKTOpPOM, a p -+ ¢ ==n, TO BEKTOpHOe Ipo-
CTpdHCTBO A” pacnajaercd B NPSIMYIO CYMMY CBOHX BEKTOp-
HbIX noanpoctpadcTs BP M C9. VMeHHO, KaxKAHH BEKTOD X
13 A" NpelCTaBJsAETCS B BHAE CYMMBbI

x=y+2,

rie y — BeKTop H3 BP, a 2z— Bekrop u3 (9, npuueM cjarae-
MBI€ ¥ H 2 O/JHO3HAYHO ONpelesieHbl BEKTOPOM X.

Jnsi nokasaTesbCTBa 3TOr0 YTBepXKJeHus BHOepeM B
noanpocrpancree BP 6asmuc

el, ez, s ¢ oy ep’

1] 7

COCTOSAIIUEA M3 p 3JeMEeHTOB, a B noanpoerpancrse C7 6asuc

€o+is ep-l-2: coey €p,
11
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cocrosuufi U3 g sjeMeHToB. OGBbeUHAA 3TH JBE MOCJENLO-
BaTeJIbHOCTH BEKTOPOB, MHl IOJNYYHM HOC/JeZOBaTEJbHOCTD

€, €3, «vvy €pe (13)

JlokaxeM, YTO 3Ta COBOKYIDHOCTb COCTaBJIsIeT 6asuC INpo-
crpancrBa A" Tak Kak yucJIO BeKTOpoB cuctemu (13) pas-
HO pa3MepHOCTH mnpocrpaHcrtBa A", TO AOCTAaTOYHO HAOKa-
3aTb, UYTO BEKTOpPHl cHCTeMbl (13) suHeliHO He3aBUCHMHEL. J10-
NyCTHM, YTO HM€eT MeCTO NPOTHBOIOJIOXKHOE, HMEHHO, UMeeT
MECTO COOTHOLIEHHE

% =0, a=1,...,n, (14)

npuyeM He Bce KO3((PHUHUEHTH ¢’, BXOAsIIHe B 3TO COOTHO-
1eHHe, paBHB HyJ10. O603HauyuM uepe3 y CyMMYy IepBHIX
p 4leHoB cyMMbl (14) u yepe3 2 cyMMy OCTaJIbHBIX YJIEHOB.
Torna monyunm nBa BekTOpa y W 2, npuueM o6a OHU OLHO-
BpeMeHHO He MOryT o0pauiatbCs B HYJb, TaK YTO XOTHA Obl
OJHUH OT/HuYeH OT Hynasi. [Ipu aTom coorHowenue (14) mepe-
MHCBHIBAeTCA B BHAE
y+2=0,

y=—2,

HJIH, HHaue,

rie y = Br, —z = Ca.

Takum o6pas3oMm, Mbl NPHXOAHM K BHIBOAY, YTO BeKTOP-
Hble nojnpocrpancrBsa BP u C9 umeloT oOuHHA BeKTOp, OT-
JIHYHBIA OT HYJIS, YTO NPOTHBOPEUHT NPeANOJOKEHHIO.

Takum oGpasom, cuctema (13) sBjasierca 6a3ucoM Mpo-
CTpaHCTBa A" M KaXJAbl BEKTOp X U3 A" MoxeT ObITb 3aIH-
CaH B BHJe

xX=c%, oa=1I1,...,n.

>
O6o3Hauas yepes y CyMMY MepBBIX p CjIaraeMEIX IocjexHed
CYMMB!, a8 4epe3 2 — CYMMY OCTaJIbHbIX CJlaraeMhbiX, IpHUXO-
JIUM K BBIBOAY, 4TO

xX=y-2,

rie y <= B, 2 = C9. Takum ob6pasom, yrBepxklenne G) no-
Ka3aHo.

§ 2. JluHeiiHble 0TOOpaXKEeHHS BEKTOPHBIX
NPOCTPAHCTB H MATPHUBI

B aTom maparpade 6yner nokasaHo, Kak JHHefiHOe OTO-
6paxeHHe OJHOro BEKTOPHOrO NpPOCTpaHCTBA B JApyroe sa-
JaeTcs1 MaTpHIeH.
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3aece OyAeM MOJb30BATLCS COKPalleHHBIMH 0603Haue-
HHSIMH Ui cymmupoBanus (cMm. § 1, A)).

Onpenenenune 3. [Iyctb AP 1 BY— nBa BeKTOPHHIX
NPOCTPAHCTBA Pa3MePHOCTH p U g cooTBeTcTBeHHO. OTOGpa-
KeHHe @ TpocTpaHcTBa B B mpocTpaHcTBO AP, T. €. Takoe
oToOpaxeHHe, KOTOPOE KaXKIOMYy BEKTODPY yEBq CTaBHUT B
COOTBETCTBHE BEKTOP

X = QY

M3 npocTpaHcTBa AP, Ha3biBaeTCsl AUHEUHbIM, €CJH BHLINOJ-
HeHO cJjelymliee yCJAOBHe: KaKOBhH Obl HU OBIM BEKTOPh
Y1, Yo 3 B? u nBa jeficTBHTENbHBIX uHcaa ¢!, ¢2, nmeeM

@ (c'y, + c’yy) = c'qy, + c*py,.

MHoxxecTBO Bcex y & B9, nepexonsiuiux mpH o*roépax{e-
HHH @ B HYJIEBOH BEKTOD MPOCTPAHCTBA AP HasbiBaetcs A0-
pom JUHEHHOro OoTOOpaXKeHHs Q. CornacHo OOLLIeNPUHATHIM
o603Ha4YeHHsIM OHO 3anuchiBaeTcs B BuAe ¢~'0. Hemocpen-
CTBEHHO NIpOBepsieTca (A 34eCb 9TOro Aenartb He Oyay), 4To
AApO oTobpaxeHHsi @ eCTb BeKTOPHOE MOANPOCTPaHCTBO
npocrtpancrBa B9, TouHO Tak »Xe Jierko NpoBepsieTcs, 4TO
COBOKYIIHOCTb BCeX BEKTOpPOB x & AP Buia ¢y, rae y < B9,
ecTb BEKTOpPHOe NOANpocTpaHcTBO mnpocrpaHctBa AP. Ouo
o6o3nauaercss yepe3 ¢B9. Ecau ¢B? = AP, 10 npo oro6pa-
JKEHHe @ rOBOPAT, YTO OHO €CThb o*roﬁpamenne HQ NpPOCTPaH-
cTBO AP,

3aMeTHM, 4TO MHOXKecTBO D AeHCTBHTEJNbHHX YHCEJ] $sB-
JISleTCSl OHOMEPHBIM BEKTOPHBIM NPOCTpPaHCTBOM. B ciayuae
ecin AP ecTb MHOXeCTBO D, oToOpaxeHHe ¢ Ha3biBaeTcs
Aunelrnol opmoii, 3afaHHON Ha NPoCTpaHCTBe BY.

Ecau ¢ u y— nBa JuHEeHHHIX OTOOpaKeHHs NpPOCTpaH-
crea B9 B npocrpanctBo A®, a ¢, d — Ba [eACTBHTEJbHHIX
YHCcJa, TO ONpefesnsieTcss NHHeHHOe 0ToOpaxeHHe

¢ =cP + dy,
KOTOpoe 3ajaercs popmysod
/ @y = cy + dyy. (15)

Jlerko mposepsiercd, 4TO 0TOGpaxeHHe @, 3aJaHHOe aTei
dopmyniol, ABJseTcsa JHHeAHHM OTOOpaXKeHHeM NPOCTPaH-
crBa B? B npocrpancrBo A°. Takum 06pa3oM, MHOEeCTBO
BceX JIMHEHHBIX OTOOpaxeHHi npocTtpaHcTBa B9 p npo-
cTpaHcTBO A" siBJisieTcsl BeKTOpHbIM npocTpancTsoM. [losxke
Mbl [TOKa)XeM, YTO 3TO BEKTOPHOEe NPOCTPAHCTBO HMeeT KO-
HeYHYI10 pa3MepHOCThb pg.
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JlonycTHM, 4TO HapsAAy C YNOMSAHYTHIMH BEKTODPHBIMU
npocTpancTBaMH AP U B9 mMeercs eine TpPeTbe BEKTOPHOE
npoctpanctso C” pa3MepHOCTH r W JAaHO JIHHeHHOe oTOOpa-
XKeHHe 1 BEKTOpPHOro npocrpadcrsa C’ B BEKTOPHOe HpO-
crpaHcTBo BY9. Torga ™Mbl MoxeM 'ONpelesiUTb JIHMHeHHOE
oTo6paxkeHHe BEKTOpPHOro npocrpancrBa (7 B BeKTOpHOE
NIPOCTPAHCTBO AP, CTaBsi B COOTBETCTBHE KaXKAOMY €ro BeK-
TOPY 2 BEKTOD

x = Qng. (16)

Tor ¢akr, yto oToOpaxenue, 3amanHoe Gopmynaoi (16),
SIBJISIeTCA JINHEHHHIM, HenocpeacTBeHHO mnpoepsiercd. OHO
NO ONpeAeseHHIO CUHTaeTCss npoussedenuem 0TOOpadceriLll
11 H ¢ U 3anuchiBaeTcs Kak ¢n. Ecau uMeercs elle H ver-
BepTOe BEKTOPHOE NPOCTPAHCTBO D pa3MepHOCTH § H %
eCTb JIHHelHOe oTOOpaxkeHHe npocTpaHcTBa D B MPOCTPaAH-
ctBo C7, TO, KpOMe NpOU3BeJeHHUs @1, ONnpejeseH0 IpOoH3Be-
AeHHue nx, a TaKxkKe JBa IPOU3BeNAeHUS

(pm) %, @ (M.

Jlerko mpoBepsiercsi, 4T0 06a oTOOpaxkKeHHs], BHINHCAHHBIE B
NpeAbBIAYIIed CTPOKe, COBNAjgaloT MexXAy cobod. HmenHo,
MMeeT MeCTO PaBeHCTBO

() % =@ (1), (17)

T. €. IpOH3BefieHHe OTOOpaKeHHH acconuaTuBHO. [leHcTBHU-
TeJIbHO, 00a BHIpaxkeHus, cTosimiue B paBeHcTBe (17), Moxk-
HO onHcaTh cjleaylomum o6pasoM. Eciau # — npoH3BOJIbHBIH
BEKTOpP H3 npocTpaHcTtBa DS, TO K BeKTOpPY # NpHMeHseM

oto6paxeHHe x. K nojsiydeHHOMY BeKTOPY x# NpHMeHseM

orobpaxkenue 1. K nonyueHHOMY BeKTOPY mx# NpHMeHsIEM
oTo6paxKeHHe @, TaK 4TO 006a BHIpaxKeHHUs, CTOsIIMe B pa-
BeHctBe (17), mosyuarmTcs nocjaenoBaTe/JbHHIM IIPUMeHe-
HHEM K BEKTOPY # oToOpaxkeHu#l %, 1, ¢. OTCciofna U BHTe-
KaeT paBeHcTBO (17). '

PacckaxeMm renepb, Kak oToOpaxkeHHe ¢ 'MOXKHO 3alH-
caTb B KOOpAMHATHOH ¢hopMe NpH MOMOLIH TabJIHIH, HA3bi-
BaeMOd MaTpulleH.

A) Ilycts

€, €3 <.y €p, N (18)

JO PURRR P! (19)

— Gasuce mpocTpaHcTB AP W B9 coorBeTCTBEHHO. Bekrop
of; uveer B 6asuce (18) HeroTOopbie KOOPAMHATHI, 3aBHCSH-
IMe OT HOMepa j, TaK YTO 3TOT BeKTOpP MOXHO 3amHCaTb

14
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B BHIE .
of,=x7e,, a=1,..., p. (20)
Ecan
y:yﬁfa, p=1,..., q,
eCTb HeKOTOpPHIH BeKTOp H3 B9, To
QY =x=x%,, a=1,...,p. (21)

YMmHoxas coorHomenne (20) Ha y' U CYMMHPF., ero no j,
MOJYYHM

x%,=x%yPe, a=1,...,p, B=1,..0.,¢q (22)

IIpn sTOM MBI HCHOJb30BaJH JUHEHHOCTb OTOOpaXKEHUS .
13 cootHomenus (22) cienyer COOTHOIIEHHE

xt=xtyp, Pp=1,...,¢q. (23)

IHocnenuas ¢opmyna naer HaM BHIpaXKeHHe KOOPAHMHAT BeK-
TOpa x==¢y B 06a3uce (18) uepes KOOpAHHATHL BeKTOpPa Y
B Oasuce (19). Takum 06pasoMm, 3TO COOTHOLIEHHE Ipen~
CTaBJisieT cOO0OH KOOpPAMHATHYIO 3amuch OToOGpaxkeHHS @,
Yucaa xj, i=1...,p; j=1, ..., q, eCTeCTBeHHO 3aIH-

CaTh B BHJe NPSMOYTrOJbHOA TaGIHIb
11 !

xl x2 e o @ xq
2 2 2

X cee X
1 %2 q (24)
p ,p p

xl x2 e xq

ATta Tabauna HasniBaeTcs marpuyeil. Yucao ee CTPOK pas-
HO p, a YHCJIO CTosiO6LoB paBHO q. Kpatko Mbl OyneM ro-
BOpDHUTb, uT0 (24) ecthb MarTpuua pasmepoB (p,q). Takum
o0pa3oM, p eCTb BBICOTAa MAaTpHILb, g-— ee IIHpuHa. Bed
MaTpHuua (24) o6osnHavyaercs o6bIYHO oxHON GykBo#l. B naH-
HOM cayuyae o6o3Hauum ee uYepe3 X. KpaTrko MOXHO
3anucarThb

X="x]", i=11 ..., p; j=1,...,¢q.

Takum o6Gpa3oM, JHHeliHO® OTOGpa)KeHHe ¢ ONpejesserT
matpuny X © caMo onpegensieTcs 3TOH MaTpuled, eciH
sagaHs Gasuch (18), (19) oGoux npocrpancte AP u B9
(cMm. ra. 4, npumepnl 2—4).

Ecnn ¢ — auneiinas ¢opma, 3aganHas Ha B9, T. e,
oToOpaxKaeT BeKTOpDHOe IIPOCTpaHCTBO B9 B BekTOpHOE
opocTpancTBO D JeHCTBHUTEABHHX YHCEJI, TO ¥HCIO @Y
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sanuchBaeTcs B GopMe
oy =dgyf, Pp=1,...,q. (25)

Ecau $ 4 y— ABa JIMHeHHHIX OTOOpaxKeHHs] NMPOCTpaf-
ctBa B7 B mpocrpaHcTBO AP, ¢ U d — nBa JAeHCTBHTEJbHBIX
ypcsaa, TO ompeneneHo oro6paxenue ¢ (cM. (15)). I‘ch'rb
0T06pa}KeHHHM @, P, X COOTBETCTBYIOT MaTpuun X,

ITonoxum .
X=|st|, Y=|yg!} Z=]|zi|

B cuay (23) mbl uMeeM

(ey)*==x3y8, B=1,..., p;
by =ygy®, B=1,..., p;
(xyl*==z3% B=1, ..., p.

B cuny (15) nonyuaem

x}==cy}+ dz}.
Ecau mosoxXuTh

X=cY+4dZ,

X =|ey}+ dzi].

[Tocnepusis QopMyna onpenensieT YMHOXKEHHE MAaTPHLH
pa3mMepoB (p,qg) Ha 4YACIO MU CYMMHPOBaHHe [BYX MAaTpHIL
sToro pasmepa. M3 Hee BUJHO, YTO MPOCTPAHCTBO BCEX MAT-
puL pasMepoB (p, g) eCcTb BEKTOPHOe IPOCTPAHCTBO pas-
MEpHOCTH pg.

B) Ilycte AP, B9, C"— TpH BEKTOPHBIX NPOCTPaHCTBA
YKa3aHHBIX pasMmepHOcTed, @ — JuHedHOe oOToOpaXKeHHe
npocrpancrsa B? B npocrpancTtBo AP, a { — JHHelHOE OTO-
GpaxeHue npoctpanctBa C’ B npocrpadcTBo B9, ITyctsb

€ €y ...y €y fl’ f2’ M fq; g 82 -+ &

— 6a3UCBl pacCMaTPHUBaeMBIX TPeX BeKTOPHBIX NMPOCTPAHCTB
A?, B7 u C’ cooTBETCTBEHHO. B atux 6a3ucax o*roépamenmo
{ COOTBETCTBYeT HEKOTOpasi MaTpHLa =|y}| pasmepos

(g, r). Umenno, ecau
z=2Vgy, y="1p2=1yfs,
TO B CHJIy NpeAJioxKeHHuss A) uMeeM
y'=yl2v (26)
u marpuna |yif. j=1,..., ¢ k=1, ..., r, coorBercr-
ByeT oToGpaxenuio Y. Ecin temepsr X =|x}| — maTpHua,

TO MOJYUYHM
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COOTBETCTBYIOIAs 0TOGPaXKeHHUIO ¢, TO B cHiIy A)
xt= x}yP. (27)

[TopcraBisis KOOPAHHATHI BeKTOpa y Hu3 ¢dopmyas (26) B
nocjenHIon Gopmyny, nojnyuaem

xt= xiybav,

TakuM 006pa3oM, OTOOpaxKeHHIO @ COOTBETCTBYET MaTpHLA,
3ajlaBaeMasi (popMyJioH

il i=L ..., p B=1L ..., qs k=1,...,r.
' (28)

Marpuna (28) cumraercs npoussedenuem marpuy X u Y
u 3anuceiBaeTrcs B Buie XY, Tak 4TO Mbl HMeeM

XY =[] (29)

3aeck OTOOpaXkeHHIO ¢ COOTBETCTByeT marpuia X pasme-
poB (p,q), a OTOGpaxKeHHIO P COOTBETCTBYeT MaTtpuua Y
pa3MepoB (g,r). OTo6pakeHUIO @ COOTBETCTBYeT MaTpHIla
XY pa3mepoB (p,r). 34eCb Mbl YCTaHOBHJIH ONEPaLHI0 yM-
HOXKeHHs1 MaTpul X W Y B cayuae, ecnd Matpuia X uMeer
WHPDHHY g, a Martpupa Y -— Boicory ¢q. ['oBopsar, uto Mar-
puua XY oGpasyercss nmyTeM NepeMHOXKEeHHsl CTPOK MATPULHI
X Ha cTonbubl MaTpHubl Y.

Ecau napsipy c npocrpanctsamu A?, B9, C" paccmatpu-
BaeTcs elle YeTBEpPTOE NMPOCTPAHCTBO DS M oToGpaxKeHHe y
npocrpadcrBa DS B mpoctpanctBo C7, npuueM ortobpaxe-
HYIO y COOTBETCTBYeT MaTpHLa Z pa3MepoB (r,s), TO ompes
AeJieHbl POU3BEAeHHsT MaTpHUIL

XY, YZ, (XY)Z, X (YZ).

ITocKONMbKy HMeeT MeCTO acCOLMAaTHBHOCTb MNMPH NEpeMHO-
KeHuu oTobpaxenuit (cM. (17)), To AJsT COOTBETCTBYIOLIUX
MAaTpHIl OHA TOXKEe UMEET MeCTO, T. €. Mbl HMeeM

XY)Z=X(YZ).

[IpaBylo uyactb paBeHcTBa (27), onpenensiouyio Koop-
AHHATHl BeKTOpa x Yepe3 KOOPAHHATH BeKTOpa Y, MOKHO
TPAKTOBAaTb KaK NMPOH3BeleHHe MaTpuubl X Ha OXHOCTOJIG-
LOBYI0O MaTPULY §, rie § npeipcrasisieT co00H BHIIHCAHHbLIE
B BHJe CTOJNOLA KOOPAHHATH BEKTOpa y, T. €. MaTpHLy pas-
mepoB (g, 1). Camo pameHcTtBo (27) Temepb MOXKeT GHITb

3allHCaHoO B BHeE
: £=X9,
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rae MaTpuima £ npeiacraBisieT coGo#i crosbel, B KOTOPOM
BHIMHCAHBI KOODAMHATHl BeKTopa ¥. OHa HMeeT pa3MepHi
(p, 1).
C) Ecan B npepsoxenun.A) uHCIO ¢ paBHO YHCAY P,

TO MaTpuna X, cCOOTBeTCTBywuIasi OTOGPaXKEHUIO ¢, HUMeEeT
pasmepn (p, p) u sBasercs kBaapaTHOH. OcoGuili HHTEpec
npeicCTaBJisieT cjayya#, Korja mpocTpaHCTBO BY coBmapaer
¢ npocrpaHctBom AP. Torpa Marpuma X oToGpaxeHHS @
npocrpancTBa AP camoro B cebs sBJsieTC KBaJpaTHO# pas-
MepoB (p, p), HO NPH 3TOM BBHIAENSIETCS Hrparuas 0cobyio
posb enuHHuHass MmatpHua. MMeHHO, ecin oTo6GpaxkeHue @
eCTb TOXJECTBEHHOe 0TOOpazKeHHe, T. €. HMEeeT MeCTO COOT-
HOLIeHHe

X = X,
TO MBI HMeeM

e;=—=qe;,
u noromy B ¢dopmyne (20) mamo cuurath f;==e; H BCe
yHcsMa X!, NPH KOTOPHIX [ 5% j, paBHHL HYyJIO, a yucja xi
paBHH eAuHuue. Takass MaTpHLa Ha3blBaeTCsl eQUHUUHOL H

ob6o3Havaercss uyepe3 E. Jlna ee 3amucH NpUMeHAETCA TakK
HasbiBaeMbld cumeoa Kpornekepa. dTo

1, i=j,
i=
oi={o i
TakuM o6paszoM, MBI UMeeM
E=|s}

Ecau oTob6paxkeHue ¢ B npeanoxeHun B) sBasercsa Toxnae-
CTBEHHEIM OTOOpakeHueM MNpocTpaHcTBa B? = AP ma cebs,
TO €My COOTBeTCTBYeT MaTtpuua Y =FE, u u3 (29) umeem

XE =X,

TouHo Tak Xe, ecid oToGpaKeHue ¢ B npelyioxkeHud B) siB-
JseTCsl TOXKAECTBEHHBIM OTOOpaXKeHHeM  INpOCTPaHCTBA
B? = Ar na ce6s, TO COOTBETCTBYIOIlasi €My MaTpHIa fB-
JisleTCA eAMHUYHON Marpuueil £, 4 Mbl HMeeM

EY=Y. )

Oco60 GoJsbllyio poab €NHHMYHAS MAaTpHIA Hrpaer IpH
paccMoTpeHHH oToOpakeHu#l npocrpancrBa AP caMoro Ha
ce6s. Ecin @ — rakoe oro6paxeHHe, a X — COOTBeTCTBYIO-
llasg eMy MaTpuld, TO Mbl HMe€eM COOTHOLIeHHe

XE=EX=X,
18




TaK YTO B MHOXKeCTBe BCeX MAaTpHIl, ONHCHIBAOLUIHX OTOOpa-
KeHHe mnpocTpaHcTBa AP B cebs, enuHuuHas marpuua E
UrpaeT poJjib eAHHUIB B OTHOLUEHHH YMHOXKEHHUS.

. bununedinoie GopMH

D) Ilycte A" — n-MepHOe BEKTOpHOE NPOCTPAHCTBO H
€y €9 +vey €, (30)

— HeKOTOpHK ero 6asmc. PyHkuus f(x,y) or AByX mnepe-
MEHHBIX BEKTOPOB X H y NpocTpaHcTBa A" Has3miBaeTcs Ou-
Aunelinod opmoii, eciin oHa sIBJAseTCs JUHEHHOH ¢opMOH
OTHOCHTEJIbHO KaXKJOro W3 BEKTOPOB x M y (cM. ounpeneJe-

Hue 3). Tlonoxum
a;; = [ (e;, €;). (31)

x ==Xx%,, y=ybe,

[Tyctp

— 3aMnuch BeKTopoB x H ¥y B Gasuce (30). OxasniBaercs, 4TO

f(x’ y) =aagxayﬂ' (32)

Uncna a;; Ha3bIBAIOTCS K03agduyuenramu OunnHerHou ¢pop-
MH f(x,y) B 6a3uce (30). OHu ecTecTBeHHHIM 006pa3oM cO-
CTaBJISIIOT MaTPHULy, €CJAH { NPHUHATb 3a HOMep CTPOKH, a |
3a HoMep croJibLa:

A="au", i, j"—=1, eoey N

Takum ob6pasom, 6GunuHeliHOR (QopMme f(x,y) COOTBETCTBYET
B 6asuce (30) kBagpatHas matpuua A nopsaxka n. Ecau
bynkuusa f(x,y) He MeHsieTCS NpPH NepeCTaHOBKe ee apry-
MEeHTOB, T. €. HMeeT MeCTO COOTHOLIeHHE

[(x,9)=TF(y, x),

TO OunuHeHHas ¢opma f(x,y) HasbIBaeTCss cummeTpudnHodl.
CumMmerpuuyHOi OuiuHefiHoH ¢opMe f(x,y) cooTBeTcTBYyeT
cuMMeTpHyHas Martpuuna A, .T. e. Marpuua A, yZOBJeTBO-
paoomias ycJaoBHIO @;; =a;;. Eciu B OunuHeHHOH ¢Qopme
f(x,y) 3aMeHUTb BEKTOp Y BEKTOPOM X, T. €. IOJIOXKHTb
Yy =X, TO MBIl IIOJYYHM KBaapaTuuHyio dopmy f(x, x), coot-
BeTcTBywOINyIo OminHeidHO# (opme [(x,y). Ksagpatnunag
¢dopma f(x, x) aBnsierca GYHKIUHeH OZHOTO BEKTOpa X NpO-
crpanctBa A" Takum o6pa3oM, KaxAoH OuJnHeHHOH (oOD-
Me COOTBETCTBYET KBajapaTHuHas (opma. SIcHo, ¥TO HJs 1o-
Jy4YeHHs J060A KBajpaTHYHOH (HPOPMBI NOCTATOYHQ HCIOJIb-
30BaTh JIHIIb CHMMeTpHuUHble OHJHHeHHHle (opMbl. Ecan
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ucXonHas OGuauHedHass ¢opMa HecHMMeTpPHUYHA, TO KBajapa-
THYHas (PopMa, COOTBETCTBYIOILAsl €M, MoJay4yaercsd H3 CHM-
MeTpUuHOH OuauHeHHOH ¢opmb f(x, ¥), KOTOpas 3aaaercd
(opmyJioit

f (e, 9) =5 (x. )+ F (@, 2).

Ecnu koadpduunentnl O6unuuefiHod Qopmul f(x,y) cyThb aij,
TO Koa(pdunHenTsl 4;; 6ununeiinon opmnl f(x, y) 3amaorcs
no Qopmyae

1
ay =5 (a; + a;).

Keanparuunas ¢opma [(x,x) Ha3biBaeTCs N0A0HUTEALHO
onpedeseHHOl, eCiU OHA MOJIOXKHTEIbHA NPH JI060M X 7= 0:

[(x, x) >0 npu x =~ 0.
Hoxkaxem coorHowenune (32). Tak 'kak f(x,y) ecTb Ju-
HefHas OpMa OTHOCHUTEJHLHO X, TO Mbl HMeeM
[(x, y)=T[(x%e,, y)=x°f (e, Y). - (33)

Haaee, Tak Kak [(eq, ¥) eCTb JuHelHass GpopMa OTHOCHTE/b-
HO ¥, TO MH HMeeM

i(ea’ !I) = f (€q yﬂeﬂ) = yﬂf (ew eg) =yﬁaaﬁ°
[ToacraBnsia nocneanioo ¢opmyay B ¢opmyay (33), moay-

yaem popmyay (32).
Kaxpoii 6ununeitHol ¢popme f(x, y) cooTBeTCTBYET B Ga-

suce (30) marpuna A ee koadduuueHToB. B cBsA3u € ITHM

BO3HHKaeT BONpOC, Heab3ss M Bui6paTh Oasuc (30), T. e.
CUCTeMY KOOpAHHAT B IpocTpaHCcTBe A", TakuM o006pasom,
yto6bl MaTpuua A mosyuusa HauGosiee IpOCTOH BHA. DTa
3ajfavua GyAeT pelwiaTbCsl MO3XkKe AAs CJAyuyas CUMMETPHYHBIX
dbopM uaH, YTO TO XKe camoe, AJSA CJAy4Yass KBaJApaTHYHbLIX
¢dopM.

E) CummerpuuHan GunuHenHasi ¢opma ;(x,y) AByX ne-
pPeMEeHHBIX X U Y OJHO3HAYHO ONpefessieTCsl COOTBETCTBYIO-
el KBaapaTHuHOH (opMoH Kak (pyHKUHEeH ONHOH nepeMeH-
HOH. ‘

B camom pene, Mol HMeM

fxt+g. x+y)=Ff@xx)+Fx 947y x)+[@ 9.

Ho. tak kak [(x,y)=={(y,x), TO U3 3TOro mojydaem

fo =5 lfx+g x+9—F@x0—F@ 9

"3pech caeBa CTOMT GuauHelHas ¢dopMma f(x,y), a cnpaBa —,

KBanpaTHuHass gopMa OT NepeMeHHbIX X, ¥ H X1 ¥.
20
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§ 3. Onpeneantean

B JsuHefinofi anare6pe HrpaloT BaXKHYIO POJb TaK Ha3H-
BaeMhle ONpeleNuTeJIH HIH AeTEPMUHAHTHI.
Kaxpo#t kBanpaTHo#t MaTpuLe

X=|xi|, i=1,...,n j=1,...,n,

onpelesJeHHEIM 00pa3oM CTaBUTCA B COOTBETCTBHE HEKOTO-
poe guciao D(X), aBasomeecs BIOJHe onpeleieHHON QYyHK-
uvedd snemeHToB Matpuubl X. dra ¢ynkuusa D(X) Hasw-
BaeTcsl onpedeasuresem WUIH OeTepmurHantom wmatpuus X.

Onpenenntenu o61anaoT psaioM 3aMedaTesbHbIX CBOACTB,
KOTODHIMH H OOBbsICHAETCs UX pojib B anare6pe. Chopmynn-
pyeMm 3apaHee cBO#CTBa a) H b), sABASOLIHECS OCHOBHHIMH.

a) Ilyctb

xt=(x{, x} ..., x})

— i-1 crpoka marpuusl X. Oxka3biBaercs, 4TO €CJIH paccMar-
puBaTh x' KakK n-MepHbIH BekTOp, TO ompeneautenb D (X)
SIBJISIETCS1 ero JIMHeHHO# (OopMOH, T. e. 3aUCHIBACTCA B BUJE

D(X)=di, a=1,..., r,

rae koabodunneHTs 3ToH JHHeHAHON QOpMBHI, T. €. YHCIA
dl’ d2’ ¢ e 0y dn’

yXKe He 3aBHCAT OT 5JeMeHTOB i-fi CTPOKH MaTpuub X.
b) Iycrs X’ — maTpuua, noayvaromascsa 13 Matpuuu X
nepeCTaHOBKOH MecTaMH JBYX ee CTpPOK. lorza oKa3sbl-

Baercd, 4To

T. €. IPH NepeCTaHOBKe ABYX CTPOK MaTpuunl X onpexnenu-
TeJIb ee MeHsIeT 3HaK.

Ecan npucoenuHuTh K 3THM JABYM CBoiicTBaM a) H b)
ellle HUXKeCJeAylolllee CBOACTBO C), TO 3THMH TpeMs CBOfi-
CTBAMH, KaK MBI JOKaXKeMm mo3xke, ¢ynkuus D(X) ompene-
JIsleTCs ONHO3HATHO.

¢) Ecniu X =E — equHuuHass MaTpHIa, TO MH HMeEeM

D(E)=1,

T. €. ONpeJeJuTe/Nb eIUHHYHOH MaTpHIB PaBeH eIHHHIIE.

KoHcTpykTHBHOe onpeaenenne ¢pyHruun D(X) moBosbHO
CJI03KHO. M3J10:KeEHI0 NMOJTHOH KOHCTPYKUMH NPEANOULI0 He-
KOTOpOe ee OmuCaHHe.
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Qyuxuusa D (X) onpenensiercss Kax cymMMa B3gTHX ¢ QII-
penesieHHBIMH 3HAaKaMH NPOH3BeAeHHI BHAA

1 42 n
XiXG, oee %7 (34)

rae 1nocjeaoBaTe/JibHOCTh

b=(i1: Jor oo e fn)

COCTOHUT H3 pAacClOJIO2KEHHBIX B HEKOTOPOM IOpAJdKEe HaTy-
paJibHBIX YHCeJI
a=(l,2, e 0 oy n)-

Takum o6pa3oMm, mpoussefenue (34) comepKHT OLHH MHO-
XKHATeNb, B3SATHIA H3 KaxKJAOH CTPOKH, U OAMH MHOXHTEJb,
B3SITBIA M3 KaXJOro cronbua. 3HaK, ¢ KOTOPHM NpOH3Bee-
Hue (34) BXoAauT B cyMMY, cocraBasiomyio D(X), onpene-
JseTC JNOBOJILHO CN0XKHO. OH 3aBHUCHT OT TOro, B KaKOM
OTHOIIEHHH NOPANOK YHCesJ IIOCAed0BaTeJbHOCTH b Haxo-
JAUTCS K NMOPSAKY YHCeJ NOoCJaefoBaTeNbHOCTH a. [lepen Tem
KaK IepedTH K ONHCAHUIO BhIGOpa 3HAKa B INPOH3BEeACHHH
(34), nagum ¢dopmyny nasa onpenenutens D(X) B cayuae
n =2,
[Ipu n = 2 umeem

D (X) = x}x2 — x}x?

(eM. ra. 4, npumep 5).
A) ITepectanosku. Ilycts

a = (1 1} 2’ ® o o 1] n)
— NOC/IEA0BATEIbHOCTb HATYPaJibHLIX YHCesN OT 1 Jo 1 H
b={(jis jor « -+ Jn)

— I0CJIeJOBATEJNbHOCTL TE€X 3Ke UHCeJ, PaCHOJIOXKEeHHBIX B
KakKOM-TO MNMOpsAAKe, ObITb MOXKeT, H npexHeM. IlocaenoBa-
TeJbHOCTb b HAa3bIBAeTCSA nepecTaHo8Kkoll mNOCaei0BaTe b~
HOCTH a. B panpHeALINX pacCMOTpEHHSIX HE HrpaeTr Cyiie-
CTBEHHOH pOJIH, YTO IOCJNELOBATEJNbHOCTh @ COCTOHT U3
NepBLHIX n HaTypaJibHBIX UYHCeJ, PAacloJIOXeHHBIX B BO3pa-
cTamouieM nopsake. Baxuo, 4To a ecTb mocjen0BaTENbHOCTD
U3 n pas3jiMuUHBIX CHMBOJIOB, PAcCI0JIOKeHHLIX B Ollpee/IeHHOM

Innopsigke, a b eCTb NOCJIEA0BATENbHOCTh TEX XKe CHMBOJIOB,\

PACNOJIOKEHHBIX TaKXKe B OllpeJiesieHHOM NOpsiAKe, OHTb MO-
¥eT, COBNajamonieM C NOPAAKOM MOCJHENOBATeJbHOCTH 4.
INocnenoBaTebHOCTL CHMBOJIOB b Ha3nlBaeTcsl IepecTaHOB-
KOH NocJeJ0BaTeJbHOCTH Q.
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Laat ko

Ecau (4, v)— NpoU3BOJIbHAS mMapa CHMBOJIOB M3 IOCJe-
[OBATENIbHOCTH a (moxpa3yMmeBaercs, YTO u W U — JIBa pas-
JINUHBIX CHMBOJIa), TO B NOCJHENOBATEJbHOCTH b OHH MOTYyT
CTOSITb B TOM Xe NOopsJKe, YTO U B @, WJIH B IPOTHBOMNO-
JI0XXKHOM. B mepBoM ciiyyae rosopsiT, YTO NOPSALOK B IOCJ/e-
JI0OBaTeJNbHOCTH b Ha mape (u,v) COXpaHeH, a BO BTOPOM
Hapyued. Ecan uncyio Takux map (u,v), Ha KOTOPHIX MOpsi-
JIOK IIpH Nepexofie OT a K b HapyllieH, YeTHO, TO NocJjenoBa-
TeJIbHOCTh b Ha3blBaeTCsl 4eTHOU nepecTaH08KOLU NOCJeno-
BaTeJbHOCTH @, B TNPOTHBHOM Ciydyae — HeueTHod. Ecau
IepecTaHOBKAa b YeTHas, TO eH CTAaBHTCA B COOTBETCTBHE
yucao -1, ec/iu nepecTaHOBKAa b HeueTHas, TO e CTaBUTCH B
COOTBETCTBHE uHCI0 — 1. DTo 3amuchiBaeTcsl B CJAeAYIONIEM

BHJle: [%]=+1’ [%]=_1_

3
CorsaacHo onpeneJieHHIO nNocaeaoBaTeJbHOCTh @ MOXKeT pac-
CMAaTpHUBATbCA KaK IlepeCTaHOBKa IIOCJIeAOBaTE/JIbHOCTH b,

b
H [IOTOMY ONpeAe/eH0 YHCIO |—|=zk 1. 3 camoro cmo-
cofa noacyeTa UYETHOCTH HWJIH HEUETHOCTH CJelyeT paBeH-

CTBO
al__[b
[51=15]

dTto ciaexyer u3 TOro, 4ro mnapy («,v) MoxHO 6paTh Kak
B [OCJENOBATEJbHOCTH @, TaK H B INOCJELOBaTe/NbHOCTH b,
M (paKT HapylIeHHUs MOpANKa UMeeT MeCTO B OGOHX CayuyasXx.
Ecay noc/iefoBaTe/NbHOCTb b’ MojiydaeTcss H3 IOCJAeLOBa-
TeJIBHOCTH b IIyTeM IepecTaHOBKH B b MeCTaMH [IBYX CHUM-
BOJIOB, TO MHl OyldeM rOBOpHTb, UTO b’ mojy4yeHa u3 b my-
TeM napHodl mnepectaHoBKH. Cpeau NapHbIX IepeCTaHOBOK
cJielyeT BBIJEJNUTb NapHble NEepecTaHOBKH IBYX COCEeIHHX
cUMBOJIOB. OKa3bplBaeTCs, YTO HMEIOT MECTO YeThipe CleAyio-
LIUX CBOWCTBA NepecTaHOBOK:

1) Ilpu mapHoii nepecTaHOBKe IBYX COCEZHHX CHMBOJIOB
B b YETHOCTb IIepeCTAHOBKH b MeHsieTCsl Ha NPOTUBOINOJIOXK-
Hylo. Takum o6Gpasom, ecid b’ mojydyeHa U3 b nmyTeM nap-
HO¥ nepecTaHOBKH COCEJHUX CHMBOJIOB, TO Mbl HMeeM

GEE! X

2) Bceakas napHas nmepecTaHOBKa CHMBOJIOB NOCJeXOBa-
TeJbHOCTH b MOKeT OBITb MOJyYeHa NMyTeM IOCJIeN0BaTeNb-
HOro NMpPUMEHEeHHS1 HEUeTHOrO YHCJa NapHBIX NepecTaHOBOK
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coceHUX CHMBOJIOB. OTCIOfA CiIefyeT, YTO NPH NMapHOH He-
pecTaHoBKe CIpaBelTHBa Ta ke ¢popMyna (35), 4To u npu
napHO# mepecTaHOBKE COCeXHUX CHMBOJIOB, T. €. eCJH b’ no-
JydyeHa U3 b nyTeM NapHoOil mepecTaHOBKH, TO

[Fl=-17]
bl b’ 1"

3) Bcsikas mepecTaHoBKa b MoxKeT ObITh IOJy4eHa H3 a
NyTeéM KOHEYHOro YHCJja MapHBIX MepecTaHOBOK.

4) Ecnu a, b v ¢c— Tpu nepecTaHOBKH U3 n CHMBOJIOB,
TO HMeeT MecTo bopMmyna

[F1=[311=]

Jlokaxem cBoiictBa 1)—4).

Hokaxem 1). B mnocnenosaTesbHOCTH b BO3bMeM [ABA
COCEIHHX CHMBOJA ji, jet;. EciH HaA mape (jg, jr+1) €CThb
HapyuieHHe MOPsJKa, TO Ha nape (jg41, jz) ero yxe He Gy--
ReT, ¥ HaoOOpOT, ecnH Ha mape (jg, je+1) HET HapyUICHHS
nopsifika, 10 Ha nape (je+41, jz) OHO yxke 6ymer. Ecaum no-
CJIe0BATENbHOCTb b’ MNoJiyuyeHa U3 MOCAeL0BaTeNbHOCTH b
OyTeM IepeCTaHOBKH CHMBOJIOB jz H jgyy, TO HAa MNOJACUYET
uhcia HapYIIEHHH NOpAAKAa MOXKET BJHATb TOJBKO Mnapa
(je, ]k+1) APYTHX M3MEHeHHMi NpH NMepexofie OT b K b’ He
npousoitner. Takum o6pasom, cBoiicTBo 1) [gokasaHo.

Hokaxem csoiictso 2). ITycTb j#s ];—maa CUMBOJIa U3
nocjiel0BaTeIbHOCTH b, NOJABepraiouieicss napHoi nepecra-
HOBKe, npuueM k << [. OTpe3oKk CHMBOJIOB B b, HauHHalO-
HIMHCA C j, H KOHYAIOUIMHCA j;, 3aMeHHUM CHMBOJIaAMU

1, 2’ e e oy p—2’ p_l’ p-
B 3To# mociefoBaTeNbHOCTH NPOH3BEAeM NapHYIO IepecTa-

HOBKY [ABYX NOCJEeOHHX COCeAHHX MeXAY cO60H CHMBOJIOB,
T. €. yucesnn p— 1 u p. Torga nmosydyum nocaenoBaTeNbHOCTD

1, 2, ..., p—2, p, p— 1.
B stoii nocienoBaTesbHOCTH NMPOH3BEAEM NapHYW IepecTa-

HOBKY COCeJHHX CHMBOJIOB p— 2 H p. Torna nojayuum no-
C1eJ0OBaTeNbHOCTD

L2, ..., p,p—2, p—1.

[Tepenpurasi TakuM 06pa3oM 4YHCJIO p HaJieBO, Mbl IIOCTa-
BHM €ro B KOHIle KOHIIOB Ha NepBOe MecTO, T. €. NOJIYUHuM
TNI0C/IeJ0OBaTENbHOCTD

p, 1, 2,..., p—2, p—1,
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1 Traremm

npou3Bensl NpH aToM p-— 1 napHyio nepecTaHOBKY cocen-
HHX CHMBOJIOB. Tenepp TOUHO TakKUM Xe Crnoco6oM B [O-
cJAeJHe! MmocaeloBaTeIbHOCTH MeperoHHM CHMBOJ 1 B KOHer,
10CJIeI0BaTEIbHOCTH, MPOU3BOJAS MapHble NepecTaHOBKH CO-
CeAHUX CHMBOJIOB. [Ipu 3TOM MBI AO/MXKHBH OyAeM IpOHU3-
BECTH p— 2 mapHbIX IepPecTaHOBKH COCEHHX CHMBOJIOB.
1Tocsie aToro nmpousofiieTr nmapHas nepecTaHOBKa cHMBOJA |
H CHMBOJIa p B pe3yJbTaTe 2p — 3 mapHHIX NepecTaHOBOK
coceHHX CHMBOJIOB. MTak, yTBep:xKaeHUe 2) J0Ka3aHO.

YrBepxkaeHue 3) OyAeM [OKa3biBaTb HHIAYKTHBHO IO
yucay n. Ilyetb b — Ta nepecTaHOBKa, KOTOPYIO Mbl XOTHM
MOJYYUTb U3 MOCJAEAOBATEJILHOCTH @ TMyTeM KOHEYHOro
yypcJa NapHHIX MepecTaHoBOK. B nocienoBaresJbHOCTH b
uMmeercs: uucyo n. IlyreM ofHOH napHOH NepecTaHOBKH €ro
MOXKHO IIOCTaBHTb Ha MNOCJefHee MeCTO. IJTO OUYEeBHIHO.
Eciu n yxe CTOMT Ha MocjefHeM MecCTe, HaM HUKaKOH ne-
pPEeCcCTaHOBKH pesiaTh He HyxHO. IlycTe Tenepp B mocieno-
BaTE/JbHOCTH b CHMBOJI i YK€ CTOUT Ha Moc/JeJHeM MecCTe.
Torzna nocnenoBatesbHOCTD

b = (jl’ j?: ) jn—l)
ABJSACTCA IIepeCTaHOBKOf/'I MNocaex0BaTEC/IbHOCTH

a=(1,2, ..., n—1).

B CHJY NpeAmONOXeHHs HHAYKUHH IOCTeL0BATeNbHOCTh b
MOKHO MOJIYYHTb U3 IOC/JELOBaTeJbHOCTH 4 NyTeM KOHeu-
HOTO 4YHCJIa NapHbIX NepecTaHOBOK. TakuM o06paszoM, MH
nepeBesin MOCJAELOBATENbHOCTL @ B NOC/JA€J0BATENbHOCTb b
IyTeM KOHEUHOro YHcjia MapHbIX NMepecTaHOBOK. Y TBepkKie-
HHe 3) KOKasaHo.

Hokaxem 4). IIycTb p— 4McI0 NapHBIX NepeCcTaHOBOK,
NPH NOMOIIM KOTOPBIX MOXKHO M€peBeCTH MOCJel0BaTe/ib-
HOCTb a B MOCJIEIOBATENbHOCTb b, a v — YHCJO TeX NapHbIX
NepecTaHOBOK, IPU MOMOIIM KOTOPBIX NOC/JAEA0BaTeNbHOCTb
b MOXKHO IepeBeCTH B MOCJAEL0BATeNbHOCTb ¢. Toraa mocie-
JOBATeJbHOCTh g MOXHO MepeBecTH B NMOCTAENO0BaTeNbHOCTb
¢ IIPH TMOMOIIM p -+ v MapHHIX MmepecTaHOBOK. Takum obGpa-
30M.

gl=E0 [Fl=E0n [F]=Ee

Urak, cBoiicTBo 4) nokasaHo.
CnenosaTesibHO, npeJiokeHne A) NONROCTbIO AOKA3aHO.
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Jns unaocTpamuH NpelyioXeHUS A) paccMOTpuM Bce
IIepeCTaHOBKH HOC/eA0BaTeTbHOCTH

a=(l, 2, 3),

cocrosiniefi u3 Tpe€X CHMBOJIOB, H BBIICHUM Y€THOCTb H He-
YE€THOCTb 3THX NEepeCTAaHOBOK.

ITyerp
b=(1, 2, 3),

TaK 4To0 b coBnajaer ¢ ¢. B nocjenoBaTeJbHOCTH b HH Ha
ONHOH Mape CUMBOJOB He HapyulaeTcs NOPALOK, AMEIOLIHM-
cd B a, IO3TOMY NEpeCcTaHOBKa b YeTHa.

IIycto
b=(2, 1, 3).

B sToil nocnenoBareAbHOCTH b uMeeTcss HapyleHHe MOpPs-
Ka Ha nape (l,2). B mocnenoBaTe/qbHOCTA @ OHa CTOHT B
nopsaake (1,2), a B mocimenoBaTeibHOCTH b —B INOpsAAKe
(2,1). Ha ppyrux napax HapyHleHuUs NOpsaka HeT, IIO-
3TOMY MNOC/JedHsIs NepecTaHoBKa b B 3TOM cjydae HeueTHa.

Ilyctb
= (1, 3, 2J.

B »3To#i mepecTaHOBKe HMeeTCs HapylleHHe NOpsjika Ha
nape (2, 3). B nocieaoBaTesbHOCTH @ OHA CTOHT B IOPsiKe
(2,3), a B mnociaegoBaTenbHOCTH b—B mnopsagke (3,2).
B npyrux mapax HapylleHHsl NOpsJKa HeT, IIO3TOMY Iiepe-
CTAaHOBKA b HeueTHA.
ITycto
b=(2, 3, 1).
B 370#f mepecTaHOBKe b HMMeeTCsi HapylleHHe IOpSAAKa Ha
napax (1,2) u (1,3). [pyrux HapyuieHH# nopsjika HeT,
NIO9TOMY NepecTaHoBKa b B 3TOM cAyuYae YeTHA.
Hycts i}
b=(3, 1, 2). ]
B srofi mepecTaHOBKe b UMeeTCsa HapylleHHE NOPSAKa HA
napax (1,3) u (2,3). IIpyrux Hapymenu# nopsiika HeT,
MIO3TOMY NEePECTAHOBKA B 3TOM CJiyuae YeTHa.

Ilyctob
b=(3, 2, 1).
B 3Toil mepecTaHOBKe b MMeeTCss HapylleHHe NOpsAJAKa Ha
napax (1,2), (1,3), (2,3). Takum oGpasoM, nepecTaHOBKa

b HeueTHA.
[TepeiineM Tenmepb K KOHCTPYKTHBHOMY OMMCAaHHIO oIpe-

JEeJIHTEJIA.
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B) Coraacuo ONpEefe/IeHHIO, JAHHOMY B mpeanoNes
HuH A), MOCNeA0BATENbHOCTh A’ U3 1 Pa3JHUHHX CHMBOJOB
Ha3HBAaeTCsA NepPecTaHOBKOH NIOCJA€NOBATEALHOCTH g U3 TeX
K€ 71 CHMBOJIOB, €CJIM B a’ IlepenHCcaHBbl Te XKe CHMBOJLI,
KOTOpHe BXOAAT B @, HO B HEKOTOPOM HOPSIKE, GHITH MO+
JKeT, COBIaZlalomeM C g, a MOXeT OBiTh, OTJAHYHOM OT d.
OxasmniBaercs, 4TO Hepexod OT OOCJAEAOBATEJbHOCTH a K
nocjef0BaTeJbHOCTH @’ ONHO3HAYHO ONpejesisieT IepeXoj
oT JII060# nepecTaHOBKU H MOC/AeNOBaTENbHOCTH @ K HeKo-
TOPOH onpefesieHHO#H TepecTaHOBKe b’ HOCAEeN0BATENbHOCTH
a’. Takum oGpasoM, mepexoj OT NOCAeAOBATENbHOCTH g K
NOCJIEA0BaTEeNIbHOCTH 4’ onpefesisieT HEKOTOPYIO ONEPaIHI0
nepexoja oT J000H mepecTaHOBKHU b K HEKOTOPO# mepecta-
HOBKe b’. DTy omepanuio Mbl 0603HA4HM Hepe3 ¢ H GyaeMm
Ha3bBaTh onepayuet nepecranosxku. Onepanus Inepecra«
HOBKH @ CTPOUTCSA CJeAyolluM oOpa3oM. Boinuiiem mnof
NOCJIeI0BATE/NILHOCTbIO @ MOCJAeA0BaTENbHOCTh b TaK, YTOGHI
NOJA KaXJIHM 3JIeMEHTOM X MNOCJAeJOBATENbHOCTH @ OKa-
3aJICS1 HEKOTOPHIH 3JIeMEHT Yy IOC/e[l0BAaTeNbHOCTH b. DTH

X
JBa 3JeMEeHTa COCTaBAT CTOJOHK e Tak MB MOAYYHAH TO=

CJA€I0BAaTENbHOCTh H3 1 CTOJNBUKOB. Ecam Mul nmoaBeprHeM
3Ty TMOCJeAO0BaTeJbHOCTb H3 n CTOJOHKOB HEKOTOpPOH mnepe-
CTaHOBKe, TO OHAa ONpejeiHT HeKOTOPYIO NepecTaHOBKY MO-
CIeJI0OBATEJbHOCTH @ W HeKOTOPYIO NMepecTaHOBKY MNOCJeno-
BaTeJbHOCTH b, mpHYeM NEepPecTaHOBKW 3TH TECHO CBSI3AHBI
MexX Ay co6oi. [ToaTomy 0603HauuM yepes ¢pa mepecTaHOBKY,
nonyqefmyro M3 a, H 4Yepe3 @b NnepecTaHOBKY, MOJYUYEHHYIO
H3 b. flcHo, uTO nepecTaHoBKy CTOJIGHKOB MOXKHO BHIOpaTh
TaK “4TO6H @(a)= a’. Toraa nosoxum b’ = @b. Tak MH
NOJIYYUJIM HEKOTOPYIO NepecTaHOBKY b’ [OCJIE/I0BATE ILHOCTH
b, OMHO3HAYHO ONpPefe/eHHYIO NepecTaHOBKOH a’ moc/efoBa~
TeJApHOCTH a. OKa3niBaeTcs, YTO MEPEXO] OT MOCAEA0BaTE b+
HOCTH b K ee mepecTaHOBKE b’ onpejensieT Ty XKe onepauHio
NePeCTaHOBKH @, KOTOPYIO OnpejeliHi nepexon oT a K a’

Hoxkaxem sro. Ilycts c-—~HeKOTOpaﬁ nepecTaHoBKa MO«
CIel0BaTeJIbHOCTH g H ¢’ — Ta mepecTaHOBKAa I[IOCJe0Ba<
TEJbHOCTH ¢, KOTOpasi UHAYUHDPYETCs NepexofoM OoT a K a’s
IlokaxeM, 4TO mepexon OT b K b’ MHAYLHPYET TOT Ke ca<
MBHIH nepexof oT ¢ K ¢’. Inst toro uto6ul yOeaAuThLCS B 3TOM,
JAOCTaTOYHO BBLIHCATbh NMOJ NOCJAEA0BATEJbHOCTbIO @ CliepBa

nocjaeAoBaTeAbHOCTD b, a NOA b NOCIEAOBATENbHOCTD C TaK,
X
YTOOH 06pa30oBaJIICh TPEX3TaxKHble CTOJIOMKH BHAA y.
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Oka3sHBaeTcsl, YTO HMEIOT MECTO HHXKeCJeAYIoliHe YTBep
*kaenus 1), 2), 3):

1) Ecau a u b— aBe pa3inuHBIE MEepeCTaHOBKH, TO Q4
u @b Takxe pasanuHd. Iis noxkasaresnbcTsa 3TOr0 BHIIH-
1ieM MOC/IeAOBaTENbHOCTH a U b Apyr moA ApyroM. Tak Kak
NOCJeA0BaTeJbHOCTH 4 M b Pa3jHYHH, TO CYLIECTBYeT CTOJ-

X
GHK ;B KoTOpOM HHKHUHA 2/IeMeHT HE COBIafaer C BepX-

HUM. SIcHO, YTO NpH JI060H HepecTaHOBKE MONYUYEHHBIX TaK
CTOJIOMKOB H3 CTOJIOMKA MOJIYUHTCS CTOJOHK H3 TeX xKe
IBYX 3JIeMeHTOB, pa3/JHYHbIX. Mexay cob6oH, Tak 4YTO
pa 7= @b.

2) Ecnu @i u @2— [Be onepalHH MepecTaHOBKH, COBMa-
Jaloliye Ha a, T. e. eCJu

¢,a = @Q.a,

TO OMepaunHH NepPecTaHOBKH ) H (o OAHHAKOBH Ha JI000#
Ipyrofi nepecTaHoBKe b, T. . H3 Q14 = Qoa cienayer @ib =
= (gb, HHAUe roBOps, @; = Q. /I HOKa3aTeJbCTBA 3TOTO
HamnuileM MOJ INOCJeJ0BaTEeNbHOCTLIO @ NOCAEeA0BaTeJbHOCTD
b. Kax0/ u3 nepecTaHOBOK ¢; U (g NOCJIEA0BATEIbHOCTH @
COOTBETCTBYeT NepecTaHOBKa CToji6ukoB. Ho Tak kKak Ha a
@1 4 Q2 COBMNAJAIOT, TO NMEPECTAHOBKH CTOJGHKOB, COOTBET-
CTBYIOLIWE ) H @g, OXHUHAKOBHL. [10aTOMY @10 == @2b.
3) HMeer MecTO paBeHCTBO

51~ (551 a

Jna noxkasarenbcTBa 3TOH (opMyJsibl BHIOHLIEM APYr HOX
ApyroM mnocjefoBaTesbHocTH a H b. Onepauuio nepecra-
HOBKH ¢ MOXHO paccMaTpuBaTh KaK IIepeCTaHOBKY IIOJY-
YeHHbIX cTOMGHKOB. CorylacHO mpepJsioXkeHuio A) oHa MOXKeT
ObHITb OCYLIEeCTBJIEHA NMyTeM HEKOTOpPOro Yucja HapHHX me-
pecTaHOBOK. To 3Xe UYHC/JIO NMapHBIX MepPecTaHOBOK HAOCTa-
TOYHO [JIsl epexona oT a K qa u ot b K ¢b. Takum oGpa-
30M, paBeHcTBO (36) mokasaHo.

Onpenenenne 4. Ilycts

X=|xt|, i=1,...,n j=l,.,n (37

— KBafipaTHaA Marpuua pasmepoB (n,n). Ee mMm 6yaeM
Ha3biBaTb K8aodparHoi marpuyeld nopadxga n. I1ycrb

a=(il’ iz’ o0 ey in)
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Rl et SR

— HEeKOTOpasi IepecTaHOBKA IOCHAENOBATEeJbHOCTH Haty-
paabHeIX uHcea 1,2, ..., n,

b=(jl’ far o e e ]n)
— NepecTaHOBKa IOC/AeN0BaTeNbHOCTH @, Toraa onpenenu-
Tenb D(X) 3anaerca ¢opmyAroit

DX)=)[F]hal ... xin. (38)
b

3aech CYMMHPOBaHHE BeNETCS O BCEM MNepecTaHOBKaM b
I0C/IeJOBATE/bHOCTH 4.

JlokaxeM, uTo €cliH BMeCTO MOC/AeH0BATEIbHOCTH @
B35ITb JIIOOYIO ee mepecTaHOBKY

o = (i}, iy .., i) =0qa,

a BMECTO INOC/IeA0BATEJNBHOCTH b B34ATb MNOCJeLOBaTeJb-

HOCTh
b= (fp Iy - oer 1) =05,
TO onpenenurenb D(X) MOKHO 3apaTh popMyson
, / 7
D(X)=) |S-1x'1... x'n. (39)
bz' [ b ] Il jn

Hokaxem dopmyay (39). 3ameTum npexje BCero, 4tro
eCJd BBIIHCATb APYT NOA APYrOM NOCJEI0BATENbHOCTH @
H b Tak, Kak 3TO CAejiaHO B IpeajioxkeHud B), To omepa-

IIHsl @ MEepPecTaHOBKH CTOJIOMKOB PaBHOCHJIbHA IepeMeHe Io-

PAAKa MHOXHTeNeHl B OLHOWIEHe X! ... X, mpHYeM OZ-
1 n

HOUJIeH 3TOT He MeHsieTcs. Takum o06pa3oM, Mbl HMeeM pa-

BEHCTBO -

7 4

; . .

xV ... xn=x'l,.. x'n (40)
i I, i 1

B cuny yreBepxpenus 3) mpenjoxkenns B)

a’ a
[7]=3] (40
U3 ¢opmyn (40) u (41) cnemyer pasencrso (39).
Takum oGpasom, B dopmyne (38) nocsienoBaTeNbHOCTD
a MoXeT OHITb 3aMeHeHa JI000H ee NnepecTaHOBKOH a’, a

b — coorBercTByOLIEH NepecTaHOBKO# b’ (cM. B)).
Onpenenenue 5 Kaxnoi matpuue

X=|xil, i=1L ..., p j=1..0q



pasmepoB (p, g) B3aHMHO ONHO3HAYHO CTABUTCA B COOTBET- -1
CTBUE TPAHCNOHUPOBAHHAA K Hell marpuya pa3Mepos (q,p),
KoTopass o6o3Havaetrcsi yepe3 XT [as Toro uToObl 3amu-
caTh MmaTpuly X' B BHAe GOPMYJIbI, IOMOKHUM

T i . .
X =U="u]“’ t=l, v ey q, ]=1, o0 0y p-
Torga anemenTts Marpuusl U 3agamorcss QopMmynol
= xl.

JLast Toro 4ToOBl HArJIsIAHO OMHCATb NPOLECC MOJyYeHHS
mMaTpull XT, OTMETHM, 4YTO MaTpHua X T mojJyuyaercss H3
maTpuusl X TyTeM NOBOPOTa INOCHeAHEH BOKPYr IJIaBHOH
nuaroHanu. I'maBHas auaroHanb maTpuluul X — 3TO JIMHHA,
HAyLias U3 BePXHEro JIeBOro yria X; HanpaBo BHHM3 NOJA yr-

jaom 45°. Torpa npu nosopoTe MaTpuliel X ee CTPOKH Ipe-
BpamapTcd B cTOA6UB MaTtpuun X7, a crofibuet X B
cTpokn XT,

C) Ilycrs X —wmarpuna pasmepoB (p,q) u Y—mar-
puna pasMepoB (g, r). Toraa MOXKHO COCTaBHTb NMPOH3Beie-
HHe

Z=XY,

npuueM Matpuua Z umeeT pasmepn (p,r). OxasniBaercd,
UTO HMeeT MEeCTO COOTHOIIEeHHe \

ZT=YTXT, (42)
Has nokazatesibcTBa 3T0H POPMYJIBI IONTOKHM
XT=U, YT=V, ZT=W.
X=|xi} Y=[si| Z=]|zl
s TpchnonﬁpoaaHme marpul U, V, W umeem
ul=xl, vl=yh wi=2}

[lycThb

B cuny atux ¢opMya nonydyaem
wh, = 2F = xfyf = yBxf = vpub.
Takum o6pasom, ¢popMmyna (42) nokasaHa.
Teopema 1. Ilycro X — npoussossnas KeadparHas
narpuya nopsadka n (cMm. (37)), a X7 — Tpancnonuposan-

“Has K Heli matpuya. Toeda XT rakse ecto ksadparnas
marpuya nopadoka n. Oka3eisaercs, 4TO UMeeT MeCTO pa-

8eHCTBO -
D (X7)=D (X). (43)
30
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Taxkum obpazom, marpuya X U TPAHCNOHUPOBAHHAA K Hel
marpuya X7 umeroT pasnole onpedesuTesu.

HokaszarteabctrBo. [liaa mokasarenbcTBa (POpMyJH
(43) nonoxum

X" = =ul]
Ilpu sToM
b= xl. (44)
B cuny onpenenenus 4 ameeM
. al, i i 1
D(U)—;[7]u,:uj: oo W, (45)
riae
a=(i1, i2, e ey in)

— HeKoTopasi ¢HKCHPOBAaHHas TNepecTaHOBKa H3 7 HEpPBHIX
HaTypaJjibHBIX YHCE], a

b=(jis jo» - ++» jn)

— NPOH3BOJIbHASA NepeCTaHOBKA M3 n NEPBBIX HATYPaJbHHX
uynuces. CyMMHpOBaHHe BeleTCSl IO BCeM NepecTaHOBKaM b.
3aMeHsis aMeMeHTH Matpuubl U asneMentaMu MaTpuun X
no ¢gopmyJe (44), monyuaeM

, DU)=Y [-;j-] xhals L xln. (46)
b

iy

3xech B orauuyHe oT ¢opmyan (38) mocsemoBaTebHOCTD
HUXHHUX HHOEKCOB (cM. (46)) cuuraercsa ¢GHKCHPOBAHHOM,
a NOCJIe0BATEJNbHOCTh BEPXHHX HHJEKCOB ITPOH3BOJIbHOH H
CYMMHpDOBaHHe BeleTC 10 3TOH IPOH3BOJIbHOH mepecTa-
HOBKe BepXHHUX HHAeKcOoB. B dopmyne (38) c¢urcuposaH- .
HOH SBJsIeTCS NOCJAeLOBATENbHOCTb BEPXHUX HHIEKCOB, a
NOCJIeAOBAaTeIbHOCTh HHXKHHX HHJAEKCOB §BJsIeTCS IPOH3-
BOJIbHOH, U no Hefl BegeTcsi cyMMupoBaHue. [11s Toro urobul
npeo6pasoBath cyMMy (46) B cymmy (38), MBI B KaxXAOM
claraeMoMm CyMMhbl (46) mepecTaBHM MHOXKHTENH TaKUM 00«
pasoM, yToGH BepXHHE HHIEKCH COCTAaBHJIH HEKOTOPYIO QHK«
CHPOBAHHYIO IIOC/IEI0BATETbHOCTD

d=(’l:1, ?2, oo 0y 'l\.n)'

Ilpu sTOoM oOKamkeTcs, YTO HHXKHHME HHAEKCH COCTABSAT IpO-
H3BOJIbHYIO IIePeCTaHOBKY

b=(1u Tor e+ es In)
8l
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U3 MepBBIX n HATYPaJbHBIX YHCEJI. Brinuiiem Tenepb mocjae- -3

JOBaTeJbHOCTb b TOA NOCJAEeJ0BATENbHOCTBIO @ TakK,YTOOH!
o6pa3oBajiach ABYX3TaxHasli mapa CTPOK. 3aMeTHM, UTO Ie-
pecTaHOBKe MHOXXHTeJiel B cjaraeMoM CYMMBl COOTBET-
CTBYeT IepecTaHoOBKa CTOJOLOB B 3TOH MOJYYeHHOHX IBYX-
3Ta*KHOH MOCTeA0BaTeJIbHOCTH. BMecTo TOro uto6u roBo-
pUTL O IepeCTaHOBKe MHOXHTeJeHd, Mbl MOXeM Temepb
TOBOPHTDH O NepecTaHOBKe CTOJOLOB.

O6o3HauuM Yepe3 @, TaKyl ONEPALHIO MNePeCTaHOBKH
(cM. B)), uro

(pbb=d

M3 ytBepxkaenus 1) B B) caenyer, uTo ABYM pasiHUHBIM
nepecTaHOBKaM bj, bs COOTBETCTBYIOT Pa3jiUYHbIE Olepauuu
NepPeCTaHOBKH @p,, Qp,. JleHcTBHTENbHO, ecan O HMeNo
MECTO PaBEHCTBO @p = Qp, NPHU b; 5= b, TO JBE pa3jHUHbIE
ONepalHH MePeCcTaHOBKH @ H Py, NMepeBOAHNH Obl b; H b
B OIHY M TY Ke NepecTaHOBKY 4, UTO, COTJIacHO yTBepikKie-
umuio 1) n. B), HeBosamoxkHo. Takum o6pasoM, omepauuy mne-

€CTAaHOBOK (p BC€ PA3JiHUHBl U YUCJIO HX paBHO YHCHAY Ile-
geCTaHOBOK H3 n 3jeMeHTOB. [TosoxxuUM Tenephb

B = (pb a. (47)

Kak OblJl0 YCTaHOBJNEHO B yTBepkaeHud 2) B B), asym
pasJUYHbIM II€peCTaHOBKaM b; U b, COOTBETCTBYIOT ABE pas3-
JIUYHBIE ONEepalHHd @Qp H Qp,. [I09TOMY UHCIO TaK INMOJYy4eH-
HbIX IepecTaHOBOK (cM. (47)) mepBHIX n HaTypajbHbIX YH-
cell pPaBHO YHCJAY IIePECTAaHOBOK H3 1 3JeMeHTOB. TakuM

o6pa3oM, @pa = b mnpoberaeT COBOKYNHOCTb BCeX pa3JiHy-
HBIX IePECTaHOBOK H3 n MEepBHIX HaTypasdbHBIX unces. Tak

KakK B CHJy yTBepXKaeHus 3) B B) {%]=[%§%], TO HMeeM

22.“_] I 1 2;],
[%b [%a ] [ b
Tenepb ¢popmyna (45) npuoGperaer BHA

7 T

D(U)=;[%] f;:x;: NP

d=(il’ lgy ooes in)
— HekoTOpasi (PUKCHPOBaHHAs IOCJeJOBATEJNbHOCTD H3 n
nepBHIX HaTypPaJbHBIX YHCeN, a

B=(}ru }:2, ee ey j;)

rae
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— MNpPOH3BOJibHAA NEPEeCTAHOBKEa H3 MEPRLIX n HaATYypPaJbHbLIX

yucesa. Tak Kak @p(a)==>b npoberaer COBOKYNHOCTb BCeX
pasIHYHBbIX [epecTAHOBOK M3 MEePBBLIX 11 HaTypaJbHHIX YH-

cesl, TO CYMMHpPOBaHHE 3JieCb MOXHO BecTH mo b. Takum
o6pa3zoM, ¢popmyna (46) nmepenHchLiBaeTcsi B BHAE:
al1.3, i, i
DU =Z[T XJ1x2...x.1
e = Lo 17a7 T’

1 2 n

a 3ta popmyna cosnagaer ¢ popmynaoi (38). Takum oGpa-
30M, TeopeMa | nokasana.

Tak Kak MpU nepexolie K TPAHCMOHHPOBAHHOH ManIdIle
CTPOKH H CTOJIOIbI MEHSIIOTCSI MeCTaMH, TO B CHJY Teo-
peMbl | H3 BCSIKOrO pe3yJsibTaTa, OTHOCSILIEroCs K Omnpeae-
JqHTeN10, CHOPMYJHPOBAHHOMY B TEPMHHAX CTPOK, CJedyeT
aHAJIOTUUHBIH pe3yabTaT [MJsA OnpelenuTtesed, chopmyJu-
pOBaHHBIA B TepMHHax crtoabuoB. M3 cBoiicte a) u h),
copMyHpOBAHHBIX B HauaJse 3TOro naparpaga B OTHOILLE-
HUH CTpPOK, OyIAyT cjlefoBaThb cjelyiollue cBoicTBa a’) H
b’), oTHocsAIHECS K CTOJNOLAM:

a’) Omnpenenutenv D(X) Matpuusl X siBasieTcsl JivHeH-
HOH (GOpPMOH OTHOCHTENbHO 2JIEMEHTOB KaxJAoro croJabua
mMaTpuun X.

b’) Tlpu mepecTaHOBKe MecTaMH CTONOLOB MaTpHubn X
onpenenurenb D(X) MeHsieT 3HaK.

Al

§ 4. PemieHne cucTemMbl JHHEAHBIX YPaBHEHHUIH

3mecb OYAYT onucaHbl HEKOTOpble CBOHCTBA oOMpenesH-
TeJel, naionine, B YaCTHOCTH, BO3MOXKHOCTh HX BBIYUC/AEHHUS
He NPH NOMOIIH rpomMo3akoll ¢opmyab (38), a HecKOJILKO
npotue.

A) Ec.nu B Ma'rpml;e

i=1,...,n j=1,..., n,

NnepecTaBUTb MeCTAMH JiB€ COCeIHHE CTPOKH — HJIH, KaK Mbl
OyieM TrOBOPHTb, NOJb3ySCb TEPMHHOJOTHeH, BBeAEHHOH B
§ 3, «<npousBecTu napHyi0 nepecTaHOBKY COCEIAHHUX CTPOK», —
TO BHOBb MoOJiyueHHas maTtpuua U OyneT uMeTb Onpejesau-
TeJlb, OTJHYAIOLIHACS OT onpefenuTenss MaTpuibl X 3HAKOM,
T.e. OyxeT uMeTb MecTO dopmyna

D (U) = — D (X). (48)

Tak xak kaxkpasi mapHas nmepecTaHOBKa CHMBOJIOB HEKOTOPOH
NOC/Ie1I0BAaTeIbHOCTH MOXKeT OBTb moJyyeHa B pe3yJibTare

2 Jl, C, MNoutparex 33
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HEYETHOrO0 YHCJIa NapHHIX IepecTaHOBOK COCENHHX CHMQ
BOJIOB, TO H3 CKa3aHHOTO CJeAYeT, UTO ecsid MaTpuila U no«l
JyueHa H3 MaTpHUbl X NmyTeM NepeCTaHOBKH MEeCTaMH ABYX
ee pas3JInYHBLIX CTPOK, TO HMeeT MecTO popMmyiia

DWU)=—D(X). - (49)

TouHo Tak XKe, eciM MaTpHua V noayueHa H3 maTpuubl X §
NapHOH nepeCTaHOBKOH [BYX CTOJ0IOB, TO HMeeT MeCTO ]
pPaBeHCTBO . : 4

D (V)= — D(X). (50) 4

M3 dopmyan (49), B 4aCTHOCTH, CJI€AYET, YTO €CJIH B MaT+4
pulie X ecTb [Be paBHHe CTPOKH C PasjHYHLIMH HOMepaMH, 4
TO onpefenutesb D(X) maTpuus X paBeH HYJIIO:

D(X)=0.

To xe BepHO ¥ 414 cTonbuoB (cM. (50)). ,

ITpn mokasatesabctBe ¢opmynnl (48) 6yneM CUHTATb, YTO §
maTtpulia U nojyvyaercss U3 MaTpuupl X nepecTaHOBKOH k-i §
H (k-4 1)-& crpox matpunst X. ITooTOMy 3j1eMEHTH MaTe j
putn  U=|u!| onpeaenawrca dopmyramu :

uf—xf, i<k, is=k+1,

B — yk+1 B+l — ok

CornacHo onpepeneruio 4 (cm. (38)) umeem

DU)=Y [%] upuh, oo ul
b

rpe
a=(1,2 ..., 0), b=Li1 jor « s J)-

IlpousBoass B mpaBoH yacTu nocnenHefi ¢GopMysbl 3aMeHY
3J1eMeHTOB MaTpulb U Ha 3jeMeHTH MaTpHUb X, MOJAYYHM

— k+1
D)= Z [b]xflx"z cee Xig xfk-l—l ce xfn’
b
YTO MOXKHO HHaue 3anucath QopMyJoh

DW= X [F] priy---

ad=,2, ..., k—1LE+ 1Lk EF}2 ..., n).
Tak kak B cuny yrBepxaenus 4) m. A) § 3

[F1=[=103]

rae




b b
4Cb 3THM COOTHOIIE€HHEM, IToJydYaeMm

D(U) Z[ ]]l ]2...xj:=-D(X),

COOTBeTCTByIOUlee _yTBepKAeHHe AJs CTOJOHOB, T. €. ¢op-,
myna (50), caenyeT H3 paBHONPaABHS CTOJOLOB H CTPOK.
Takum o6pa3oM, npeanoxenue A) noKa3aHo.

B) Ilyctp

X=|xi, i=L.p j=L .

a’ a’ a
H OYeBHIHO, YTO [—a—]= — 1, To [——]= — [——] ITonp3y-

— IPOU3BOJIbHASL, BOOOLIE TOBOps, HEKBaapaTHas MaT-
puia pasmepoB (p, q). Beigenum aBe Bo3pacraioniye nocie-
IOBaTeJbHOCTH HATYypaJbHBIX UHCE:

N<ip< e <ip 1P (1 <jp< oo <jo §<4.

(51)
PaCCMOTpHM Tenepb ManPIU;y X COCTOHULYIO U3 3JIEMEHTOB
ManI/IH.bI X BXOAAIHUX B CTpOKPl C HomepaMn L], 12, ooy lp
H CTOJIﬁU,bI C HOMepaMH ]1, ]2, sy ]s HMQHHO IIOJIO2KUM
It xh xh
]! 12 e ]s
1.1 i i
S X2 X2 X2
X — jl 12 e0 IS . *
xir xir xir
]! ]'2 ® e 0 ]S

Marpuna X umeer pasmepnl (r,s). OHa HEKOTOPHIM ompe-
JeNneHHbBIM 06pa3oM cocTaBJjieHa H3 3JEeMEHTOB MaTpulbl X.
Takoro poga MaTpuibl WIHPOKO yNoTpeOnsAOTCH B ajnrebpe,
HO IJil HUX HeT CHerHa/ibHOro Ha3BaHusl. §I ux Oyny Hasbl-
BaTh noaMartpuuaMu martpuubl X. Iljas toro yto6Bl 3a4aTh
mMaTtpuny X, Hy:XKHO yKa3aTb HOMepa CTPOK U CTOJOLOB, OT-
MeueHHBIX ¢opmysoii (51). byaem ynoTpe6asaTb HECKOJbKO
Ipyryio, Ho 3KBHUBaJeHTHYI0 dopMyaupoBKy. HMIMeHHO, roso-
pAT, 4T0 MaTtpuna X nojyueHa u3 MaTpHuubl X-BblUepKHBa-
HueM BCeX CTPOK, HOMepa KOTOpbIX He COBNAfaloT ¢ YHC-

JaMmHu iy, i3, ..., iy, H BCEX CTOJIOLIOB, HOMEpPaA KOTOPHLIX HeE
COBIAZAIOT C i, j2, ooy Js-
C) Ilycrw
X=||x§”, i=1,...,n, j=1,..., n (52)

~— NPOM3BOJIbHAs KBaJpaTHas MaTpuua nopsaka n. [TycTb
najee k— HOMep HEKOTOpO# cTpOKH MaTpuiH X, [ — HOMep

2* 35



HekoToporo cronbua marpuusl X. Takum obGpasoMm, B Mar-
pune X ectb sneMeHT x%. B dopmyne (38), onuceiBaomeii

onpeaenutenb D (X), uMmeloTcs udJeHbl, COAepIKailiue MHO-
xutenu x® HMx cymmy o6o3Hauum uyepes ¢*. OnumeMm 3Ty
CYMMY.

BriuepkHem u3 Marpuusl X k-0 CTPOKy H [-ii cTonGelr.
Takx nonyueHHyo = moaMaTpuny MaTtpuiunl X pa3MepoB
(n—1, n— 1) o6o3nauum 4epe3 X.. Onpenenurenn ee Ha-

3blBaeTCsl MUHOpoM 3nemeHTa xf Marpunnl X. OxasbiBaer-
csl, UTO cyMMa o¥ 3anaercst popmyJion

o = (— 1)*+7xkD (X1), (53)

Hokaxem mnpennoxenne C), umenHo ¢opmyay (53).
Paccmorpum cnepBa cayua#t, korga k=1, =1, 1. e.
KOr/la 3JeMeHT X% CTOMT B BepXHeM JIEBOM YIVIy MaTpPHILI

X. Byzem cuutaTh, UTO NMPH NOCTPOEHUH CyMMHl (38)
a= (1,2, ..., n), b=C(pa ++es ju)

rie b — npousBosibHAs TMEpPeCTaHOBKA MOCJeA0BaTENbHOCTH
a. Cnaraemoe B cymMe (38), coleprkallee MHOXHTeNb X|
HMEET BHJ

142 n
\xlsz * o o x]’nt

Bce satu cnaraembie COOTBETCTBYIOT IlepecTaHOBKe b, 3aja-
BaeMOH (opmynon

b=(1, o, .2y fp)
ITonoxum

A=1(2,3, ..., 1)y b="_(js jar ++-» fn)-
Tenepp Mbl MOXeM HamucaTthb
a=(1,d), b=(l, b).

SIcHO, YTO [JIsT NMOJNyYeHUsS NepecTaHOBKH b H3 IOCIEHOBa-
TeJIbHOCTH a NyTeM MapHLIX NePeCcTaHOBOK HYKHO NepecTaB-
JATb TOJILKO CHMBOJIBI, BXOASIIIME B @, TaKUM o00pa3owm,
uyTOOBbl MOJIYYUTb nepectaHoBKYy b. [TosaTomy

b b )

Z a
I — 1 - 2 3 n
b
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CymMa, BxoJsuiasi B NpaByl0 YacTb MOCJEIHEr0 PaBeHCTBA,
OYEBHHO, PaBHA ONpENeNHTEeNI0 MaTpHUb X|, TAK 4TO MH

MoJiyuyaem
| — 1 {
cl——xlD (X1)~

Hasa nonyuenus popmynsl (53) npu npousBOJIBHBIX k H
! mpousBeneM MapHyI NepecTaHOBKY k-#i CTPOKH MaTpHIbI
X ¢ mpenmiecTByIOled CTPOKOH, T. €. CO CTPOKOH C HOMe-
poM k— 1. B moayueHHOH MaTpuue NpOU3BEAEM MapHYIO
NepecTaHOBKY CTPOKH, cTosdmed Ha (k—1)-M MecTe, C
npenpuecTsyiomed crpokoir. Tak O6ymem mpojosKarth, Moka
He IepecTaBdM k-10 CTPOKY MaTpHub X Ha IepBOe MECTO.
IIpn stom MBI DpousBeneM k£ — | napHbiX MNepecTaHOBOK
coceIHHX CTpPOK. TouHO Tak xKe mepeaBHHeM [-# cToJsbell
Ha nepBoe MecTo. [lsisi 3T0r0 OyldeM INepeABHUraTh ero Io-
CTeNeHHO HaJjeBo. Toraa Mbl npousBeseM [— 1 napHBIX Ie-
pecTaHOBOK cocelHUX cTos0LOB. [TonyyeHHy0 B pe3ynbTare
3TUX onepaunui Marpuuny o6o3nauum uyepes U. Tak kak npu
nepecTaHOBKAaX CTPOK U CTOJOLOB MaTpuuibl X OblJIO NpOU3-
BefeHo Bcero (k— 1)+ (/— 1) mapHbIX NepecTaHOBOK CO-
CeHUX CTPOK H CTOJIOLOB, TO MbI uMeeM (cMm. A))

D (U) = (— 1)e+! D (X). (54)

B Marpuie U B JleBOM BepXHeM YrJIy CTOHT dJeMeHT xF,

a npd BHIYepKHUBAHUM U3 MaTpuub U nepBoH CTPOKH H Iep-
BOro CToji0lla Mbl NOJYYHMM MNOAMATpPHIy, KOTOpasi COBNa-
AaeT C noaMaTpuled MmaTpulbl X, MoJyvalouedcs BblYep-
KUBaHHeM k-H CTPOKH H [-ro cronbua. M3 dopmynn (54)
cnenyer ¢opmyaa (53). HMrak, npeanoxenue C) noka-
3aHo.

Jlagum Tenepb onpejesieHHe PassiOXKeHHsS ONpeleHTeNs
MaTpPHUIlbl N[O 3JeMeHTaM k-H CTPOKH H 3jeMeHTaM [-ro
cTosb1a.

D) HwmewT MecTo ABe cieAylomHe BaxHbie GOPMYJIbL:

D (X) = (— 1)#+oxgD (X%), (55)
D (X) =(— 1)"*"PxD (Xp)- (56)

@opmyna (55) paer pasyoxKeHHE ONPELENHUTENS IO dJle-
MeHTaM k-fi cTpokHu, a ¢opmyna (56) paer pasoxKeHHe
TOTO Ke OnpeJe/uTeNsl Mo 3jJeMeHTaM [-ro crTosbLa.

Hns mokasatenbcTBa opmyanl (55) cobepem B cymme
(38) cmauanma Bce uiieHbl, cofepxkaiie sjneMeHT xF. Tlpu

3TOM uX cyMMa pjaetcsi popmynoit (53). 3ateM cobepem
Bce usleHH cyMMbl (38), comepxamue MHOXHTeNb X%, H,
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npojosKas Tak jAajee, HaKoHel, coGepeM Bce claraemnle,
colepxaline MHOXHTeNb x©. DTum Oyaer ucuepmana 6es

nepekpuiTuil BcA cymma (38), Tak Kak B KaXKAblll ee UWJeH
BXOAHUT POBHO OJHH MHOXHTeJNb U3 k-H cTpoku. Takum 06-
pasoM, popmysa (55) BepHa. TouHO TaK e HOKa3biBaeTcCs
dopmyaa (56).

E) Ilyctb X — npousBonbHasi KBaJipaTHasi MaTpUIa Io-
panka n (cM. (52)). ITonoxum

xF=(x, 2, ..., xb).

3necb B nNpaBOH 4YacTH BHIIHCAaHbBI MOAPSAA BCE 3JIEMEHTH
k-# cTpokd matpuubl X. Mpl XOTUM paccMaTpuBaThb HX KaK
KoopAuHaThl BeKTopa x*. Takum ob6pasom, Mbl OyiaeM NOHH-
MaTb CTPOKY Kak BeKTop. TOUHO Tak e MOJOXKHM

X, = (%}, ¥} ..., X})

31echb B IPaBOH YaCTH PABEHCTBA BHINHCAHBI 3J€MEHTH [-T0
cronbua. Mei 6yneM paccMaTpuBaTh HX KaK KOOPAHHATH
BeKTopa x;. TakuM o6pas3oM, Mbl 6yneM HOHMUMAaTb croJbel
MaTpuLbl- X KaK HeKoTophi#t Bekrop. O6paTtuM Tenepb BHH-
MaHHe Ha 3aBUCUMOCTb ompefeautenss D(X) oT 3neMeHTOB
k-# CTpOKM M OT 3JieMeHTOB [-ro ctoabua. Has atoro mo-
A0XUM D(X)=D(x*) u D(X)=D(x;). U3 npennoxeHus
C) cienyer, uro dyuxkuun D (x¥) u D (x;) siBAAIOTCS JHHeH-
HBIMH (OpMaMH OTHOCHTEJIbHO BEKTOPOB x* u x;. IlycThb

U=1(Uy, Ugy 0.y Uy)

~— HEKOTOpPHIH 7n-MepHHIH BekTOp. COCTaBHM Telepb CyMMY
D (X%) = (— 1)*"u,D (X%)- . (57)

[IpaBas yacTb MOCJEAHEr0 paBeHCTBA OTJHYAeTCs OT Ipa-
BOf yactu paBeHCTBA (5D) TOJBKO TeM, UTO BMECTO BEKTOpa
X%, COCTaBJeHHOTO M3 3JIEMEHTOB k-# CTPOKH MaTpulln X,
NOCTaBJIeHbl JIEMEeHThl BEKTOpa # M NOJy4YeHHas TakK Mar-

puila oGosHaueHa yepe3 Xi Takum 06pa3oM, npaBasi 4acTb
pasedHctBa (57) mnpeacrtaBaseT co60f omnpenenuTeNb Mar-

pulsl Xk B KOTOPOil k-1 CTPOKa 3aMeHeHa CTpoko# #. ITpo-
JesaeM To Xe caMoe ajas cToa6uos. ITycTh

= (0,62 ..., 0"
— HEKOTOpHI BEKTOp pa3MepHOCEH n. CocTaBUM cyMMY
D (Xg) = (—1)"*Pe°D (Xxg)- (58)
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[IpaBas 4acTb MOC/IEIHEr0 PaBEHCTBA OTJHY2eTCs OT Ipa-
BOoHi uacTu paBeHcTBa (56) TOJILKO TE€M, YTO BMecTO [ ro
crojabra Marpuub X mocTtaBjieH crosbell O # mosaydyeHHast

!
TaK MaTpHiia o0o3HayeHa yepe3d Xy Tak uTo nmpaBas 4acTh
paBeHctsa (58) mpencraBasier co60H onpeaenuTe]b MaT-

PHIH Xg, B KOTOpOH [-i cTONOCI, 3aMeHeH cTon6noM 6. ITycts
Tenepb
u=x",

T. €. BEKTOD # COCTOHT H3 3JIeMEHTOB CTPOKH C HOMEPOM m
matpuns X. Takum ob6pasoMm, cymma (57) naetr Ham ompe-

JlelTHTeNIb MaTpuuy X%, MojyuyeHHoll U3 marpuusl X 3ame-

HOH k-#i cTpoku Martpuubl X Ha m-10 ee CTPOKY. Takum 06-
pa3om, npu m =k Qopmyna (57) naer Ham omnpene/uTelNb
D(X), a npun m ==k —HyJb, TAK KaK 3TO CrTb ONpeLeJH=
Telb MAaTPHUIBl, KOTOpas UMeeT JBe COBNAJAaIOUiHe CTPOKH.
Htak, Mb nonyuaem '

(— 1)™*x3D (XE) =8F'D (X). (59)

3aech B NpaBoi YacTH CTOUT cuMBOJ Kponekepa 67, KOTO-

pHi paBeH eAuHMIEe, KOTKA ero HHIEKCh HUXHUH U BepX-
HUH paBHBl MexXAy Co00H, H HYJIO, eCTH HHAEKCH He PaBHHI
Mexay coboi. [IponensiBasg Te e BBHIKIaAKU Aas [-r0
cTosI0La, Mbl MOJAYYHM caeaywuyo Gopmyay:

(— 1)™*8x8 D (Xx§) = 61.D (X). (60)

B cayuae, ecniu D(X)5~=0, Mmbpl Moxem cooTHouieHHs (59)
u (60) pasgenuts Ha D(X). Ilaa Toro uToGHl NepenucaThb
9TH COOTHOLUeHHs B yAOOHOH pJsisi Hac popme, MOJOKHUM
D (x!
Yp=1(— 1)k+'—-———D((X’§) : (61)
Takum oGpasom, ¢opmyas (59) u (60) mepemuchBaTCs
Tellepb B BUJE

xmys = o, (62)
ypxb =39, (63)
ITonoxum Tenepnb o
Y=|yi]
ITonb3ysch 3TuM 06GO3HAUeHHEM, MB MOXKeM IepenucaTth
Gpopmyay (62) B Buze '
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rae E — enuHuunas Marpuna, a ¢opmyay (63) B suze
YX=E. (65)

@®opmyan (64) u (65) noxaspiBaloT, YyTo Martpuuma Y sB-
asietcs 06parnoll Ans MaTpullbl X Kak cnpaBa, TaK M CJeBa
H NOTOMY ob6o3Hauaercs yepe3 X~!. Takum o6pasom, MH JO-
Ka3ajii, 4yTo ecau onpegenurtenb D(X) He paBeH HYJIO, TO
y Matpuub X cymiectsyer o6patHas Matpuua X—!1 =Y,

Jo cux mop paccmorpeHue onpejesnuteseii HHUeM He
6uii0 onpaBaano. Tenepp, monb3ysACh pe3y/bTaTaMH, H3J0-
JeHHHMH B npepsioxeHHH E), Mb MOXeM IOKa3aTb, 4TO
onpeenuTe] i AAIOT HaM annapart AJsl pellieHHs BaXKHOH H
€CTeCTBEHHOH aJire6paHyecKoH 3ajmayH, — UMEHHO, AJif pe-
IIeHHUs] CHCTeMBl YPaBHEHUH NepBOH CTeNeHH C HeCKOJbKHMH
HeH3BeCTHRIMU. Mul' 6ygeM paccMaTpuBaTb CHCTEMHI H3 1
YpPaBHeHUH C n HeH3BeCTHBIMH. [lepeHecs Bce uJieHBl, CO-
Jlepxauiue HeH3BeCTHHIe BeJHUHHH B JIEBYIO CTOPOHY YypaB-
HeHHs, a H3BeCTHble BeJHYHHH B IPaByI0 CTOPOHy YpaB-
HeHMs; MBI MOXeM 3alHcaTh CHCTeMY TaKHX ypaBHeHHH B
BHJe

aix®*=ct, i=1,2,...,,n a=1,2,...,n
(66)
31ecb KQOOpPAHHATH BEKTOpa
x==(x!, x2 ..., x")

SIBJISIIOTCS. HEHU3BECTHBHIMH BeJIHUHHAMH, a CaM BEKTOp X —
HeH3BeCTHHIM BeKTOpoM. KoadduuueHTH HPH 3THX HeH3Be-
CTHBIX COCTaBJISIIOT MaTPHULY

A=|al|; i=1,2,...,n j=1,2,...,n

31ech KOOPAKHATH BEKTOpa
ce=(4¢c% ..., "

SIBJSIIOTCSL NPaBbIMH H3BECTHHIMH YacTSIMH CHCTEMbI YpaB-
HeHuil (66).

F) Dymem TpakToBaThb BEKTOPH ¥ H € KaK MAaTpHIbI
pasmepoB (n, 1), T. e. KaK OZHOCTONOLOBbIE MAaTpPHIIbI Bhi-
cotnl n. Torga cucreMy (66) MOXHO nepenucatb B Cledyio-
1leM BH[eE:

Ax=c. (67)

31ech cieBa CTOHT MaTpula A pasMmepoB (7,7), YMHOMKeH-
Hasg Ha ONHOCTOJIOLIOBYI0O MaTpHLy X pasMepoB (n,1), a
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ciipaBa — ogHocToNOUOBass MaTpuua ¢ pasmepos (n,1).
Ecnu onpenenurend D(A) matpuubn A oTiHUeH OT HYyJA:

D (A4) 0,
TO ypaBHeHHe (67) uMeeT peuieHue
x=A_lc (68) R

M NPUTOM €JUHCTBEHHOE.

Cnenyer orMeTuTb, 4T0 ecau D(A)=0, To peweHue cHu-
creMbl (67) Bce XKe MOXKET CYIIeCTBOBATh.

Jdas nonyueHus peutenus cucremb (67) B cayuae
D(A)=0 HocTaTOYHO YMHOXKHTb cooTHolleHHe (67) Ha
matpuny A-! ciaeBa. Pemenne 310 egumHcTBenHo. omy-
CTHM, YTO CYLIeCTBYIOT JBa pelleHHA X; H Xp. Toria Mhl
HMeeM JIBa COOTHOLIEHHS

Ax,=¢, Ax,=c.
BrlunTass BTOpoe H3 3THX PaBEHCTB H3 MEPBOro, NMOJYUYHM
A(x; — x,) =0.
YMHOXKHUB 3T0 COOTHOLIeHUe Ha A~!, mosyuum
X — X, =020.
Takum o6pa3oMm, x; =x,, M HaIlX pellleHUs COBMAaLAIOT

MeXy coOoH.

Hanum Tenepp OGosiee TpaJHIHOHHYIO 3aNUCh pelueHHs
CHUCTEeMBI YpaBHeHHH (66).

Teopema 2. Pewenue cucremot (66) daerca gopmy-
A0l :

D(A}
xl =—b%)—)'. (69)

e0e marpuya Al noayuaercs usz marpuyst A 3amenoi ee

-0 croabya croabyom c. Takum obpa3om, 04 noay4eHUus
Heu3B8ecTHOU BeAuduHbl X' HYmHO 8 marpuye A 3ameHuTd
ee [-#1 cToabey croabyom ¢ u onpedeauTenb 3TOU MATPULbL
paadeauts Ha onpedesuress D(A). ‘

HdokxaszateabcTBO. Jlas nokasatenbcTBa (GopMmyisl
(69) Mbl BocmosibayeMcs dopmynoit (68), HanucaB ee B
Pa3BepHYTOM BHU]E.

Ilyctp

A" '=B=]|si]

Torpa B cuay (61) umeem

i i D Ai
bj=(—-l) +1 D((Aj)) .



@opmyna (68) sanuBleTcs B BUE

D (A}
xlzbé()ﬁ:(-—l)l—i-s (3) ﬁ=

D@ ¢
(—n"*PPp(Af)  D(a))
= D (A) =D (4)

{cm. (58)). Takum o6pa3oM, Teopema J0OKa3aHa.

§ 5. dnemeHTaprbie nMpeobpasoBaHHA MaTpMl

B srom naparpage OyayT omucaHbl TaK Ha3bIBaeMble
3/ieMeHTapHHle NMpeoOpa30BaHUs MATPHUILL H HX OHpeJeuTe-
Jie. Dyaer HOKa3aHO, YTO 3JeMeHTapHHM mnpeobpa3oBa-
HHUEeM MAaTpHLIY MOXKHO NIpuBecTH K OoJjiee MpOCTOMY BULY,
YAOOHOMY AJi1 BbIYHCJIEHHS ee OnpefenuTtess. TakKUMH
yAOOHBIMH [/ BBIYHUCJEHUS onpefenuTesedl BUAAMH MarT-
pHI, SIBAAPOTCH TaK Ha3biBaeMble TPEYroJibHble U JUAroHaJb-
Hble Matpupbl. X onpeneneHue OyAeT naHO B MNpenjoxe-
HuM A) storo maparpada. ITocne onucaHusi sJeMeHTapHbIX
onepanuid Mbl NPpUMEHUM NOJyUYeHHbIE KOHCTPYKUHH MJIs 1O-
Ka3aTe/JbCTBA Ba)KHeHllleH TeopeMbl, — UMEHHO, TeOpeMbl O
TOM, UTO OMNpeleNHUTeNb MPOU3BENEHUS [BYX KBaApaTHHIX
MaTpUL, pPaBeH NPOHM3BEAEHHIO HX oOnpenenutenei. 1o Oy-
JeT 3aKJI0UATENbHAs TeOpeMa Hacrosiiero naparpada.

A) Ilyctb

x=1x]

-— KBaJpaTHasg MaTpuua nopsaka n. I'aasnot Ouazonaasto
MaTpHUbl X HasblBaeTcsl IPSAMOJHHEHHBIH OTPe30K, Beay-
IIKMH M3 JIeBOrO BepXHero yrja x; B IpaBblil HHKHHH, T.e.

K 3JeMeHTYy x". DjeMeHTHl, JexaiHe Ha 3TOM NpPAMOJH-
HellHOM OTpe3Ke, T. €. 37eMeHTHl

xl, xb ..., 1%, (70)

HAa3HIBAIOTCA OUACOHANbHOIMU INeMEeHTAMY MATPUIL X, OHH
COCTaBJISAIOT €€ IVIaBHYIO JuaroHajb. Marpuma X HasuiBaeT-
CHl TpeyzoabHOll, ©CIU BCE ee 3JeMeHTHI, Jexaige CIpaBa
OT [AUAaroHaji¥, paBHLl HYJIO, T. €. €CJU BLINOJHEHO COOT-
HOLUeHue

xt=0 mpu Jj>i.

YacTHBIM CJIy4aeM TPeyroJibHOM MaTpHIbl SIBASETCH TaK Ha-
3biBaeMasi OuacoOHAAbRAA MaTPHLa, B KOTOPOH OT HyJs OT-
JIMYHBI TOJIbKO 3JIeMeHThl MAaTPHILBl, CTOSLIHE HA ee IJIaBHOH
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nuaroHand, T. €. sjneMeHTH (70). OxkaswiBaercs, YTO oImpes-
JeJquTe/ b TPEYroJbHOH MATPHIL paBeH NPOW3BENECHHIO ee
AUaroHaJbHLIX 371€MEHTOB, T. €. eCJH X — TPeyroJibHas MarTs
pHula, To

DX)=xlx2... xm (71)

Hoxaxem mnocaennior ¢opmyny. Onpepeautenp D (X)
TPeyroJbHOH MaTpuun X OyAeM BHUUCAATL NO (QopMmyJe
(38). Ilycrs

a

[3-] x}!x"}z o X} (72)

— OTJIMYHOe OT HyJis ciaraemoe B cymme (38). 3mech MH
NpPeAnoIOKUM, UTO

a=(t" 2’ ..’., n)’ b=(jl’_ ]"2’ ..., j-n).
Hcxona us cnaraemoro (72), onpenenuM HaTypaJibHOE YHCH

JOo R, oGuajawuiee TeM CBOHCTBOM, 4TO HpU { << R ji=i.
Eciu HarypasbHOrQ 4ucsa, o6/1afaloHiero- aTHM CBOHCTBOM,
HeT, To cuuTtaeM, uto k =0. Jlokaxkem, uto k= n. Hony-.

CTHM NPOTHBONOJIOXKHOE, T. . 4yTo £ << n. Torga B npousse-

neHur (72) CymecTBYeT MHOXHTEb x?,:r‘ . Tak Kak j, 7=
1

=k -+ 1, To UMeOTCcs ABE BO3MQXKHOCTH: jp41 >k -+ 1 H
je+1 << k-4 1. Eciu uMeer MecTO IepBoe H3 3THX Hepa-
BEHCTB, TO B CHJY TPEYroJibHOCTH MATPUUBI X MHOXKHTeNb

x?,:rl =0 wu oaHouwien (71) BooGme He paccMaTpuBaercs.
1

Ecnu uMeeT MeCTO BTOpPOe HEPABEHCTBO, T. €. jrp1 << B+ 1,
TO NPH i = jpy; Mbl HMEEM j; = [ = jp4;. 1aKUM 00pa3om,
B DALY HHKHHMX HHIEKCOB oaHouneHa (71) umeercs nBa
PaBHBIX: j; U jg41, UYTO HEBO3MOXKHO, TaK KaK b eCTh Iepe-
CTaHOBKa HATYpa/bHBIX 4yuces a. Tak, Mbl HMeeM

jl=1’ j2=2, ¢s ey jn=n,

ay .
A IIOTOMY [—51= 1. Takum o6pa3zoM, eAUHCTBEHHQE CJjaraes

Moe, OTJIMUHOE OT HYJsi, BXOAsiee B cyMMy (38), saBasercs
NpOH3BEICRAEM [JHATOHAJNBHBIX WIEHOB MAaTpPHIEl X, H MH
nonyuaem Gopmyay (71).

B § 4 6biin AOKa3aHpt BaxkHeHIude CBOHCTBA oOmpeje-
autens D(X) marpuns X, chopmynuposaHHbIe elle B Ha-
yaje § 3 (cm. a), b) § 3). DTu csoicTBa ONpEACJIHTENSA
MOFYT OHITb CHOPMYJAHPOBAHBI KaK B TEpMHHaX CTPOK, KakK
3TO cAejlaH0 B HayaJjie § 3, Tak ¥ B TepMHHax CToOJOLOB,
uyTo cmesnaHo B KoHie § 3 (cm. a’), b’) § 3). Oxnako. onpe-
Aenutenb D(X) sABAseTes He eAHHCTBEHHO# QyHKUUeH
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MaTpHIBI, YAOBJETBOpPAIOUled 3TuM ycioBusM. Eciau yMmHO-
xuTh GOyHKuHU0 D(X) Ha nMpOU3BOILHYI0O KOHCTAHTY, TO MHI
HoJNyuYuM (YHKHUIO, YAOBJETBOPSAIOILYI0 TeM Ke YCJIOBHSM.
ITo3TOMY MBI PACCMOTPUM NPOH3BOJIbHYIO (DYHKIHIO MATPULLbI
X, YROBJIETBOPSAIOMIYIO YKa3aHHBIM YCJOBUSAM, NIPHYEM YCJIO-
BUs 3TH OyAeM paccMaTpuUBaTb B TepMHHAX CTOJOLOB, T.e€.
B Bujae a’), b’) § 3. Iast toro uto6ul cHopMyJHPOBATH BHI-

'CKa3aHHbIe ycjoBus, OyleM 3anuchbiBaTh MaTtpuuny X B che-

AYyIolLleM BUIE:
X=|x% ... x,]

31ecb Xi, X2, ..., X, 0003HAUeHH CTONGHB MaTpuun X,

"HFIX MBI MOXeM TPaKTOBaTb KaK OJXHOCTONGLOBHE MaTpHILHI

HJIU KaK BEKTODHI.

B) O6o3nauum uepe3 F(X) ¢yHKUuIO KBagpaTHOH Mart-
punsl X nopsiika n, YAOBJETBOPSIONULYIO ABYM CJeAYIOLIUM
YCJIOBUSIM:

1) Ilpu nepecraHoBke AByX cTos6i0B MaTpHub X QyHK-
uns F(X) menser 3Hak (cM. b’) § 3). B Buge popmyanl 310
3anpllieM Tak:

FX)=—F(llx%g ... x;, ... x, ... %,01), p<gq.

M3 sroro cnenpyer, uto ecnu gBa ctonbua Matpuusl X co-
Bnajamwort, To F(X)=0.

2) F(X) saBnsiercs JauHeifiHO# (GOpPMOH OTHOCHTENBHO
cronbua x, Marpulbi X. B Buge dopMmynanl 3amuineM 3TO
Tak. [1ycTh

x,=cy -+ dz. -
Torna

F(lxxy... % ... x,[)=
=:cF(llx%y ... ... 2, 1) +dF(llx%5... 2... 2,]])-

B nanbHeidmieM Mbl Bcerga 6ynem oGosHauaTh uepe3d F(X)
¢GyHKUMIO MaTpuubl X, YIOBJIETBOPSMOUIYI0 YCJIOBHAM 1)
u 2).

C) BsemeM Tak HasbiBaeMble 3JieMeHTapHBIE OIepaluu
Hax matpuued X, npu Kotopbix ¢yHxuus F(X) aubo me-
HsAeT 3HaK, MU00 OCTaeTCs HeU3MEHHOH.

1) Onepaunﬂ nepectraHoBkH cTosnbuoB. Ilpu Hed (pyHK-
LUSi MaTpULbl MEHseT 3HaK.

2) Ilpu6GaBneHue K OGHOMY H3 CTOJIOLOB JIHHEHHOH KOM-
6HHALMH HEeCKOJbKHX ApYrux CTONOOB C AEHCTBUTE/bHBIMH
Koapodunuentamu. IIpu 3710ii omepauuu ¢yHruus F(X) nue
MeHsleT CBOero 3HaueHusi. HanuimeM sto B BuJe GOPMYIIHI,
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AJid onpeaeJieHHoCTH, JiaA n-ro cTonbLa CJAeAYyIOUIHM 06pa~
soM. IlycTp
: caxa, a=l, 2, ¢ ooy n_l,

— JiuHeliHass (opMa OTHOCHTEJIbHO NepBuX n— 1 cTonb1oB
matpuubl X. Toraa

F(X)=F(llx%3 «c. 2, Fc%ll), a=1,2,..., n—1.
(73)

Ioxkaxem nocienHioio ¢opmyay. B cuay csoiictBa 2)
npeanoxenus B), koroppiM obmajgaer ¢ynkuus F(X), Mol
HMeeM

FX)=cF(llex ... %, 1)+ F(llxx; ... x,1). (74)

Tak xak marpuua [[x1xz ... x|, i << n— 1, umeer ABa pas-
HBIX CcTOJOLA, — UMEHHO, {-d W MOCHeAHHH,— TO B NpPaBOH
yactd ¢opmyanl (74) Bce uneHbl, KpOMe MOCAEJHEr0, PaBHbl
HYJ10, ¥ Mbl NojJydyaeM H3 Hee dopmyay (73).

Onepauusa 2), npubaBjeHHe K HEKOTOPOMY CTOJOGIY JIH-
HeHOH KOMOMHALUM HEeCKOJbKHX [APYTrHX CTOJOLOB, 4acTo
Oymer cocTosATb B NpuUbGaBIeHHH TOJAbKO OAHOro CToJ011a,
YMHO>XEHHOTO Ha AEHCTBHUTENbHBIA KO3(PPHIHEHT.

Tenepp MBI 3aliMeMcsi AOKa3aTeJbCTBOM BaXKHOH Teo-
pemnbl 3. [lepen TeM Kak cpopMynHpoBaThb ee, HAIOMHIO, UTO
JUHEeHHOH 3aBHCHMOCTBIO MEXAY CTO0IaMH MaTpULibl X Ha-
3bIBAeTCSl 3aBHCHMOCTb MeXAY ee cToJn0LaMu KakK BeKTO-
pamMu. MIMeHHO, cTONOUBLI X;, X2, ..., X, MaTpuupl X CYH-
TalOTCsl JIHHEHHO 3aBHCHMBIMH, €CJd CYLIeCTBYIOT AeHCTBH-
TeJbHble 4yHcaa ¢, i=1, ..., n, He BCe paBHHE HYJIO,
TaKHe, YTO HMeeT MeCTO COOTHOLIeHHe

c*x, =0. (75)

Tenepp Mb MoxeM chOpPMyJHpOBaTh M [0OKa3aTb Teo-
pemy.

Teopema 3. Onpedeasurese D(X) Ksadparnod mar-

puyor X =|x}| ro2da u ros6r0 TO200 pasen Hyato, Kozda

cToA6ybL maTpuyel X Aurelino 3asucumeol.

HJokaszarteabcTtBo. Teopema 3 cocToMT H3 [BYX
yrBepxaeHuii: 1) Ecau croa6ubl MaTpulbl JUHEHHO 3aBH-
CUMBI, TO ONpefeNuTenb ee paBeH HyJio. 2) Ecau omnpene-
autenb D(X) marpuubn X paBeH HyJsio, TO CTOJNGUH MaT-
pHUBl X JIMHEHHO 3aBUCHMHI.

ITepBoe yTBepxjaeHHe M- IOKaxkeM Aus dynkuuu F(X).
Tak kak onpemenuteqb D(X) maTtpuusl X eCTb YaCTHBIA
cayuait dyukuun F(X), To nepBas uacTb yTBEPXKAEHHUS TeO-
peMbl OyJleT KOKa3aHa.
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JlonycTHM, UTO HMeeT MeCTO JIMHeHHasi 3aBHCHMOCTb
I(75) MeXAY cronéuaMH MaTtpuisl X, npH 3TOM XOTd OBl
OnuH KOSGOHIMEHT ¢!, BXOAAUIMH B JHHEHHYIO 3aBHCHMOCTB
(75), He paseH nygo. JlonycTuM, 4TO 3TO KO3(P(HUIHEHT
c". bynem cuuraTbh, YTO OH paBeH enuHume. Torjga B CHIY
¢dbopmydibl (73) MBI MONYYUM

FX)=F(l|l*%; ... x,_,0])=0.

Honyctum, uto ompefenutenp D(X) marpuusl X paseH
HyJ 10, H AOKaXeM, YTO CTOJOUL ee JHHEHHO 3aBHCHMBI.
JlokasaTenbcTBO OydeM BeCTH HHAYKTHBHO, MO MNOPSIAKY 7
matpunbl X. [Tpu n = 1 yTBepxKeHHE OUEBHIHO.

Ecaiu Bce sjeMeHTH mociegHed CTPOKH MaTpuubsl X
paBHBI HYJIO, TO TaK Kak CTOJOLOB OHa HMeeT 1, a pa3Mep-
HOCTb KaxKJAOro crosnbLa KaK BeKTopa paBHa n— 1, TO B
cuay npensoxenusi B) § 1 atu cronbusl Kak BEKTOPHI JH-
HeHHO 3aBUCHUMBL. TakuM 00pa3oM, Mbl JOMKHBI PaccMOT-
peTb caydad, Korja He BCe 3JeMeHThl MNOCIefHEH CTPOKH
MaTtpunbl X paBHB HyJo. [onmycTuM AJisi onpenesieHHOCTH,
YTO OTJUYEH OT HYJS NOCJeJHUH 3JIeMeHT mocjejHeH cTpo-
Ku. ITyreM nepectaHoBKu [ABYX CTOJNOLOB MaTpulnl X, OT
Yero MOXKeT H3MeHHTbCS TOJbKO 3HaK ompegnenutens D (X),
MBI MOXeM Bcerga AoOGutbcsi 3Toro. Takum o6pasoM, HaM
clieflyeT paccMOTpeTh JHLIb cayda#, Koraa x" == 0. Pac-

CMOTpPHUM Ternepb cToa0el MaTpuunl X ¢ HOMepoMm i, T. e.
BeKTOp x;. MoxxHO nono6GpaTh Takue JeHCTBUTENbHbIE YHCA
Ci, UTO BEKTOD

X+ Cix,
MMeeT cBoeH mocnenHed koopnuHaTod HyJb. [IpousBemem
n—1 snemenrapunix onepanuid. [Ipubamnsss K Kaxaomy
cTosibuy ¢ HoMepoM i, i << n— 1, mocjenHu#t cronben ¢
KO3 HIHEHTOM C;, MBI mosiyyum matpuny X co cTonbuaMu
X + C1Xns X9 + CoXpy ooy Xp_y + Crn_1%Xn) X4- (76)

B nocnenHeﬁ CTpPOKe 3TOH MaTpulbl OYAYT UATH HYJIH IO

MOC/IEAHEro 3JeMEeHTa X,. BHuepkHeM Temepb B Matpuue X
NocjeJHUA CTOoN6el, W MOCJHeJHIO CTPOKy. Toraa Mbl HO-

JyduM Mmatpuuy X,. Pasmaras onpemenutenp matpuibl X
IO 3JIeMeHTaM IOoc/efAHeHd CTPOKH, Mbl IIOJIYUYHM

D (X) = xiD (Xz).
Tak xak D (X)=0, xF =0, 10
D(Xm) =o.
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Martpuua X, uMeer NopsAROK n—1, n M0 NPEeANOJI0XKEHHIO
MHAYKIHH CTONOUbl ee JHHeHHO 3aBHCHMBL. CTONGLE 3TH
COBNAJAIOT C NMepPBHIMH 7 — 1 cToji6LlaMH, BHNMHCAHHLEIMH B
CTpoKe (76), 3a HCKJIIOUeHHEM TOrO, YTO B MaTpHue X IO-
ciaegHue 3JeMeHTBl B CToji6Lax (76) Bce paBHB HYJIIO.
VIMeHHO MO3TOMY MOXKHO BHIIHCATh BMECTO 3aBHCHMOCTH

CTONGLOB MaTPHUL X, 3aBHCHMOCTb MEXAY NepBHIMH 71— 1
cronbuamu B Qopmyte (76). Kosabduuuents 3TOH JNHHEH-
HOH 3aBHCHMOCTH 06Go3HauuM uepe3 b’. Torma MBI monyyum

b (x4 + cox,) = b"%, + b%c, x, = 0.

OTO COOTHOILEHHE NpeaCTaBjsieT COO00H JHHeHHYIO 3aBHCH-
MOCTb Mexay cronbuamu marpub X. Takum 06pa30M T€O~
peMa faoKa3sasa.

CnenctBue TeopeMmHB 3. Cucrema sunelinolx
ypasHerutl

iea .
xag =0’ l=l’ e o 0y n, (77)
ede Bl B2 ..., E"— Heu3secTHble, TO20a U TOAbKO To20a
HMeeT HeTPUBUAAbHOE pewierue, T. e. TAKOe peulenue, y KO-
TOopo2o He gce &, j=1, ..., n, pasne. HYyst0, KO2Oa onpe-=
Oeautens marpuyst X pasen Hyato:
D (X)=0.

HoxaszareabctTBo. Ecin ompegenurens D (X) mar-
puuul X paBeH Hy/IO, TO B CHJAY TeOpeMbl 3 CTOJGUH MaT+
pulnl X JIMHEHHO 3aBHCHMHI, T. €. cucteMa (77) uMeeT He-
TpUBHaJNbHOE pelreHne. Ecau, Haobopor, cucrema (77)
HMeeT HeTPHBHAJbHOE pelleHHe, TO CTOJGIB MaTpHUH X
JUHEHAHO 3aBHCUMBI H, CJIeJOBATEJIbHO, B CHJIY TEOpPeMH 3
onpenenurtensb D(X) paBeH HyJ10.

Gameuanune. Ecau B marpune X crombubl JHHEHHO
3aBUCHMBEI, TO PpyHkuus F(X) obGpauiaercss B HyJb.

D10 yTBepxKJeHHe ObLIO JOKa3aHO NPH JOKa3aTeJbCTBE
NepBOH YaCTH TEOPEMHI.

Jlokaxkem Tenepb emie ogHy TeopeMmy. Ona y Hac Oyner
HrpaTh BCIIOMOraTe/NbHYI0 pPOJb, NTO3TOMY MBI Ha30BEM €6
JIeMMOH.

Jlemma 1. Ecau onpedeauresv D(X) marpuyer X oT=
AUder OT Hyas, TO matpuyy X ssemenTaproimu npeobpaso-
BAHUAMU MOXMCHO NPUBECTU K OUASOHAALHOMY 6u0Y, RpULER
6ce ee OUA2OHAANbHbBIE 3/NeMEHTbL OTAUUHbL OT HYAS.

JoxasarteabcTBo. Jloka3zaTedpCcTBO OyAeM BeCcTH
MHAYKTHBHO 1o nopsaky n Matpuun X. Ilpu n =1 yrBep-~
XKJleHHe 0UeBHIHO.
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Pasnoxum onpepejurenb Marpuusl X no sjeMeHral!
nocaenHeit crpoku (cM. D) § 4). 3anuuiem 3TO pasyoxe-
Hue (cM. (b5)) B BHIe

D(X) = (—1)""*x2D (X2).

Tak kak onpegenutenb D(X)== 0, To Xorss 66 OAHO M3 CJa-
raeMblX, CTOSILIMX B MPaBOH YacTH MOCJHeJHEro paBeHCTBA,
OTJUYHO OT Hyas. IlepecTaHOBKOH CTONOGLOB MaTpHILBL

MOXKHO AOOHTbCA TOTO, YTOOBl OTJIMYHBIM OT HYJIs1 OBLIJIO IO-
C/llefiHee cjaraemoe, T. €. UTOOB MMeJNH MeCTO HepaBeHCTBA

xn %0, D(X})s=0.

ITpuMensis x marpuue X 3/eMeHTapHYIO onepaluio npubaB-
JIEHUSl Toc/eJHEero cToafLa, YMHOXEHHOrO Ha HeKOTOpoe
YHCJIO0, K KaXKAOMY M3 NpeAblAYINHUX CTOJNGIOB MaTpHUH X,
MOKHO [AOCTHYb TOro, YToObl B MOJYYeHHOH MaTpHIe BCA
NIOC/JeHAS CTPOKA COCTOsiJia M3 HyJield, KpoMe IOCHeIHEero

ee JeMeHTa xn. [loNyueHHYI0 MaTpHIy BHOBL 0GO3HAUMM
yepe3 X. B stoit maTtpune X Bce 3/eMeHTH NOCHAELHEH CTPO-

KH, KpOMe NOCJIeJHEr0 JEMEeHTa Xp, paBHH Hymo. Jlo6beM-
Csl Tenepb TOro e AJIsl NOcJelHero CToJfIa.
Ias atoro coctaBuM n— 1 ypaBHeHu#t ¢ n— 1 Hewus-
BECTHBIMH
ul, w2, ..., url,

Cucrema ypaBHeHu# Gyner ciaeayouias:
x:‘!ua=——xril, i=1’ 2, a0y ﬁ—lo

dta cucreMa 3 n— | ypaBHeHHH ¢ n— 1 HeHU3BECTHBHIMH
yKe pacCMOTpPeHa HaMHu B mpembinyuieM maparpade. Tak
KaK OnpefénuTeNb MaTpPUlbl K03huUHEHTOB X, OTIHYEH
OT HyJs, cHcTeMa uMeeT pelieHue. CaexoBaTesbHO, 4Yucaa
ul, u?, ..., u*! cymectsylor. [IpousBesem tenepbp Ham Mart-
puneii X ajieMeHTapHYIO ONepaluio, — UMeHHO, NPUOaBUM K
Noc/efIHeMy €e cToJ6Hy BCe NpeAblayllHe, T. €. CTOJOIH

xl, x2’ ¢ 0 0y xn_l,

YMHOXHWB Kaxnablfi ctonben x; Ha uuciao u’. Torma B mno-
cjaegHeM CTOJIOIEe TakK MOJYYeHHOH MaTpHubl 0o06paTATcsa B
HyJlb BCe 3JeMeHTbl, KpOMe HOC/IeNHero Xn. IlosyueHHYiO
MaTpHUy BHOBb 0603HauuMm uyepe3 X. B Hell B nociennem
crosbie M DOCHAeAHeH CTpPOKe eCTb eJAHWHCTBEHHBIH 3Jie-
MEeHT Xp, OTJIMUHBLIH OT Hyas. OnpeieiuTenb MaTpuubl Xp
JAJs Hee OTJAuYeH OT Hyas. Kaxnas aneMeHTapHas omnepa-
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nus Haj MaTtpuued X, Mexsionias TOJbKO ee mepsbie n— |
CTOJIOLOB, T. €. CTOJNOIH Xi, X3, ..., Xu—1, NOPOXKIAAET 3Je-

MEHTapHYIO OMepaunuio Haj CTONGLAMH MAaTpHub X, W Ha-
060pOoT. DTO NPOUCXOAUT NMOTOMY, UTO B NOCJAeAHeHd CTpOKe
MaTtpuubl X BCe 3JIeMeHTH, CTOosdl[Me Ha Mectax 1, 2, ...
..., n—1, paBup Hymio. [lo npennonoXeHUI0 HHIYKIHH

9/IeMEHTAPHbIMH OnepamusiMi MaTPUly X, MOXKHO NPHBECTH
K AHaroHaJbHOMY BHAY, a BCe 3TH 3JeMEHTapHble omepa-
MM MOXXHO PacCMaTpPUBaTb KaK MOJyyeHHBie B pe3yJ/ibTaTe
3jIeMeHTapHLIX onepaului Haj CTONOLAMH Xi, X2, ..., Xn—i

maTpuuel X. Tak kak martpuma X, npuBeleHa Tenepb IO
NpeAnoNOKeHHI0 HHAYKUUY K AHAroHaJbHOMY BHAY, TO MNO-
JyueHHas maTpuua X okasanacb AHaroHajbHOH.

Hrak, nemma | pokasana.

JloKaxeMm Tenepb elle OGHY JeMMYy.

JlemMma 2. Oxa3seigaercs, uto 0aa ¢pyuxyuu F(X) mar-
puyot X, yodosaersoparoweti ycaosuam 1), 2) npedirosce-
nHua B), ecez0a soinoaneno cooTHouwenue

F (X)=D (X) F (E), (78)

2de E — eOunuunas marpuya.

HoxaszarteabcTBO. B cayuae, ecaiu D(X)=0, ¢op-
Myaa (78) BepHa, Tak kKak ¢yuxkuus F(X)=0 (cMm. 3ame-
YaHue K TeopeMe 3).

Tenepr paccmorpuM cayuaii, xorga D(X)5=0. Oas no-
Ka3aTe/JbCTBa NpuUBefieM MaTpuly X K AHaroHaJbHOMY BHUAY,
NOJNb3ysCh 3/IeMeHTAapHBIMH ONepaunusiMH, YTO BO3MOXKHO B
cuny nemmbl 1. Kaxkaas sneMeHTapHas onepanusi, 3akKilo-
Yallascs B MepecTaHOBKe CTOJNOLOB MaTpPULbl X, OAHOBpe-
MeHHO MeHsieT 3HakK Qynkuuit F(X) m D(X). Takum oGpa-
30M, HaM OCTaJOChb AOKa3aTb JieMMy 2 JHLIb B NpeAnoJo-
JKeHuH, 4yto Marpuua X AMaroHajdbHasi M Ha JHAroHaJaH
CTOSIT OTJIMYHBIE OT HYJIS1 UHCIA.

Hrax, Mbl 6yaeMm npeanosiarath, 4YTo MaTpuua X auaro-
HaJbHasi ¢ OT/IHYHbBIMH OT HYJs AHArOHaJbHBIMH UYJIeHaMH,
H Oynem paceMatpuBaTh ¢ynkuuwo F(X). OyHkuus aTa sB-
JisleTcsl IMHeHHOH (QOpMOH OTHOCHTENBHO KaXKAOro CToJbia
Matpulbl X. [losaToMy u3 Kaxpaoro ctonbua 3TOH MaTpHLbI
X MBI MOXeM BuHecTH 3a 3Hak ¢yHkuuu F(X) uyuc/i0BOH
MHOXHTEJIb, — HMEHHO, H3 CTOJI6lA C HOMepOM i YHCIOBOH
MHOXHTeab x:. B pesy/ibrare NOJYYHM COOTHOIIEHHE

F(X)=xx; ... x;F(E).
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OHo mnoJiyyaeTcss B pe3yJbTaTe BbIHECEHHMSI H3 KaxkKJIOTO
cTon6Lla MHOXHTeJNs, CTOSLLEr0 Ha JauaroHaad. B Komme
KOHIOB Mbl MOJIYYHM [HAroHaJbHYI0 MaTpHIY, rle Ha AHa«
FrOHaJIM CTOAT €JUHHLH], T. e. MaTpuuy E. B cuay npenno«
KeHusa A) nmpoussefenue xlx3 ... x%, crosuiee nepen F(E),
paBao D(X). Takum o6pasom, dopmyna (78) mokasaHa.

IlepefineM Temepb K IJIaBHOH TeopeMe HAacCTOsIero nas
parpada, mjas KOTOpod OBIIM [OKa3aHbl Npelhaylive JBe
JIEMMBHI. /

Teopema 4. Ilyctro X u Y—dse xsadparHole marT-
puybl. adHoeo u T020 e nopadka n. Toeda umeer mecro
caedyrouian hapmyra:

D(XY)=D (X)D (Y). (79)

Taxkum o6pasom, onpedeaurese npoussedenus 08Yyx Keaod-
parHelx marpuy 00H020 nopadka pasen npousgederHuto On«
pedeaurtenell 3TUX MATPUY,.

JokaszateabcTBo. [Tomoxum

XY=Z =[], X=|#} Y=|si}

l'Io’Ka}KeM TeNepb, YTO 3JEMEHTAPHBIM ONepalUsM Haj
MaTpuled Y COOTBETCTBYIOT 3JeMeHTapHble OlepaunuH Hax
matpuneii Z. HauHeM ¢ mepecrtaHoBKH cToJ61OB. ITycTh
V =| v} | —wmaTpuna, nonyuensas u3 MaTpuub Y nepecra-

HOBKOH CTOJIOLLOB C HOMepaMHu p H ¢. Toraa MH HMeeM
vi=y, npu k%p, k£gq vi=yl, vi=yl

IMonoxum
W=XV.
Torna '
wi=xiyt=2 npu k<p, kFgq.

lla.ne'e,
! — viO e 4oL 90— i
wp = xaz)p _...xayq_ zq,
(80)

| 2l @yl O i
W, = %,0g -—xayg-—z .

Takum o6Gpa3om, nepecTaHoOBKe JBYX CTOAOHOB MAaTpHUIE Y,
COOTBETCTBYeT NepecTaHOBKa CTOJNOLOB MAaTPHOH Z C TEMH
JKe HOMepaMH.

JlokaxeM Teneps, YTO

F(¥)=D(XY) _

sIBJISIeTCS JIMHeHHOH (opMoOH OTHOCHTENBHO K-ro cro/iblia ¥
MaTpHUH Y,
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Ilycte h; u h;— nBa n-MepHbIX BeKTopa. IloacraBum
BMECTO k-ro Ccrojibua martpuubl Y JuHedHYI0 KOMOHHALHIO
®TUX [BYX BEKTOPOB, T. €, NOJIOKUM

Y. = Cihy 1 sk,

ITonyuennyio Takum o6pasoM MaTpHLy 00603HauuM uepe3 Z.

IloacraBnsass na MecTo k-ro crosnbua y, MaTpuln Y
CTONGUH h; U My, MBI TIONYYHM MAaTPHIBI, KOTOpPHE 0603HAa-
yum yepes H; u H,. ITonoxum, panee,

P=XH1, S=XH2;

k- cronben matpuusl P 0603HauuM Yepe3 pg, a k-# croj-
Oer, MaTpuibi S 0003HauuM uUepes Sz, Mbl HMeeM Tenepb

i 1,0 i igQ
P = xahy, Sg=Xahs-

Orcioga BHAHO, YTO NPH 3aMeHe cTojbUa ¥, Martpuubn Y
JIMHeHHOH KoMOuHamuedt BeKTOopoB h; u hy ¢ kKoadpdunueH-
TaMH C; U C; B MaTpule Z k-i ctonbel 3aMeHsIeTCsS JIMHeH-
HOH KoMGuHauuel ¢p, + co5:. Tak kak onpenenutensb D (Z)
sIBJIsieTCA JUHeHHOH (opMoH k-ro ee cronbua, TO Mbl B KO-
HEYHOM CUeTe NoJy4YyaeM

D(Z)=c¢,D(XH,) 4+ ¢,D (XHy) = ¢,F (H,) 4 c,F (Hy).

TakuM 06pasoM, LOKasalo, 4To (yHRUUS F(Y) aBsaser-
csa JUHeHHOH (opMoH k-ro cronbua MaTrpuub Y u QyHKUHA
F(Y) ynoBaerBopsier o6ouM ycaoBusm 1) u 2) npenjoxe-
HHs1 B). Takum o6pa3oM, B CUIY JIeMMBl 2 UMeeM

F(Y)=D (Y)F (E).

Ho rak kak D(XE)= D(X), to nocnenuss ¢popMmyJaa nepe-
IIHCBIBAETCSl B BUJeE

D(XY)=F(Y)=D (X) D (¥).

Urak, ¢opmyna (79) mokasaHa v JOXKa3aTeJbCTBO TEOPEMLI
3aBeplleHO.

3aMeuaHHe K Teopeme 4, KagparsHas marpuna
X uMeeT Torga H TOJbKO TOrza oOpaTHYIO MaTpHIly, KOraa
ONnpejesuTeNb €e OTJIHYEH OT HYJA.

Yike 6b1s10 nokasano (cMm. E) § 4), uto ecau D(X)+#0,
ro Marpuua X umeer o6patHyio matpuuy. Ho eciu ompepne-
JIUTE/Nb MAaTPULLBI pPaBeH HYJI0, TO YpaBHeHHE

XY=E
b1



Hepa3peulMMO OTHOCHTeNIbHO Y. B cuay Teopemn 4 Mbl

uMeeM
D(X)D(Y)=D (E)=1,

YTO HeBO3MOXKHO, eciid D(X)==0 (cM. ra. 4, npumep 6).

§ 6. Panur marpuubi

3hecb OyAeT OMHCAHO MOHSITHE paHra MaTpHUb. 3aTeM
Ha 3TOA OcHOBe OyleT JaH KpHTepUH DPa3pelIMMOCTH CH-
cTeMbl JIHHeHHBIX YpaBHEHUH, YHCJIO HEH3BeCTHHIX B KOTO-
poH MOKeT He PaBHATLCS YHCJY ypaBHEHHI.

A) Ilycts

X=ux;n, i=1...,p, j=1,..., 9

— IPOH3BOJIbHAsA MaTpHuua pa3mepoB (p, ¢). Kak 6wa10 pac-
cKa3aHo B § 2 (cM. mpeasioxenue A)), 3TO# MaTpuue co-
OTBETCTBYeT JHHellHOe 0TOOpaxkeHHe ¢ BEKTOPHOro Ipo-
cTpaHCTBa B9 pa3MepHOCTH ¢ B BEKTOPHOE NPOCTPaHCTBO AP
pasMepHOoCTH p. Kak Obio cKazaHo TaMm Xe, o6pa3 @B?
npocrpancTsa B9 B npocTpaHcTBe AP SIB/ISIETCSI BEKTOPHBIM
NOANPOCTPAaHCTBOM mpocTpaHcTBa AP. Panecom matpuum X
Ha3bIBaeTcss pPasMEepHOCTb BEKTOPHOrO MpocTpaHcTBa B9,
Tlycts

€1, €3y <.y €y, (81)

fl’ f2’ AR fq (82)

— 6a3ucel npoctpaHcTB AP u B9, mpu noMomu KOTOPLIX
Mmatpuna X onpenensier oro6pakeHue @. ¢f; ecTb BeKTOp
B npocrpaHcTBe AP, KOTOphii, OyAyud 3anucan B 0Gasuce
(81), saBnsierca [-M ctonbuoM Mmatpuubnl X. B Bume ¢op- -
MYJIBl 9TO 3anulleM Tak: ,
ofr=x,.

TakuM 06pa3oM, cpead CTOJGLOB MaTpuUH X HMeeTcs
CTOJIbKO JIHHEeHHO He32BHCHMBIX CTOJIOLIOB, KAKOB PaHr MarT-
punbl X. O603HaYuM 3TO UYHCAO JIHHEHHO HE3aBUCHMbLIX
cTonbuoB uepes r. OkasbiBaercs, 4yto MaTpuua X HMeer
KBaJpaTHYI0 NMOAMAaTpHIy MOpsiAKa r-C ONpeJesuTeNeM, He
pPaBHbBIM HYJIO, H He HMeeT KBAaApaTHOH NOAMATPHIH MNO-
psAAKa s > r c onpejenuTeseM, OTJHYHBIM OT HYJs.

OkasbiBaercs, gajee, 4To MaTpHLa X HMeeT r JMHeHHO
He3aBUCHMBIX cTpoK. TakuM o6pa3oMm, YHCJIO JHHEHHO He3a-
BHCHMBIX CTPOK MaTpHUbE X paBHO YHCIY JNHHEHHO He3aBH-
CHMBIX CTOJIOLOB MAaTpHLBI: ¥ TO M APYro€ paBHBI PaHry r,
MatpHusl X (cM. ra. 4, npumep 7).
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JokaxeM mnpennoxkenue A). HM3mcHum npexne EBcCero
HyMepauuio 6a3ucHbiX BeKTOpoB (82) Tak, uToObl JIHHEHHO
He3aBHCHMBIMH CTOJIOLaMU Matpuubl X cTaju CTOJOIB

xl, x2, o 0 oy x,--

CocTaB/eHHYI0 H3 3THX CTOJIOLOB MAaTPHLY O0O3HAUHUM uYe-
pe3 U. Torna Mbl 6yaeM umeTb

U:——::"u;‘-l!’ u;=x§, i=1’ ¢ ey p’ j=1, ees I
3aMeTHM npexie BCEro, 4To
p=r,

TaK Kak, ecnu Obl OblI0 p << 'r, TO MBI HMeJaH Obl r JUHEHHO
He3aBUCHMbIX BEKTOPOB B HpOCTpaHcTBe AP pa3MepHOCTH
p <<r, 4TO HeBO3MOXHO (cM. mpenjoxenue B) § 1).

Ecau p==r, 1o matpuna U KBajapaTHas H CTOJIOLbI ee
JMHHEHHO He3aBHCHUMBI, IIO3TOMY OfpeAeNUTE]b ee OTJIHYeH
OT HyJs (cM. Teopemy 3). Takum obGpasoM, B caydae p=r
Ans Marpunbel X HaligeHa kBajapartHas noamatpuma U no-
psilKa r C OnpefesiuTeNeM, OTAUUHBIM OT HYJIS.

PaccmorpuM ciyuait, xorga p > r. BuluepkHyB H3 MaT-
punbl U CcTpOKy C HOMEpPOM R, NMOJyuUM HEKOTOPYIO MarT-
puny U* pasmepos (p—1,r). JonycTuM, 4TO CTOJOGIHI
Marpuun U* nuHeiiHO 3aBucuMbl. Torjfa CyuecTBYIOT 4ucia

r
Cl, 02, ° o oy C,

He BCe paBHbIe HYJIO, TaKHe, 4TO
uc*=0 npu ik

Ho npu i = k 3T0 paBeHCTBO HEBO3MOXKHO, TaK KaK TOria
OKazaJjiocb Obl, 4TO cTos0LB MaTpuliel U JUHEHHO 3aBH-
cuMbl. Takum 06paszom,

ukec, =y #0,
H MBI IOJyYaeM
cOxt=vwel, a=1,2,...,71.

Hrak, 6a3ucHbI BEeKTOp e, npoctpaHctsa AP gBiasieTcs JiH-
'HeffHOH KOMOHMHaLHed BEKTOpOB X1, X2 ..., X, COCTaBJsIO-
KX 6a3uc NMOANPOCTpPAaHCTBA ¢BY, TaK YTO BeKTOp e, OKa-
3bIBAeTCA BEKTOPOM, NpUHaLJNEKallUM BeKTOPHOMY MNoOA-
npocTpancTBy @B? npoctpanctBa AP. CnenoBaTesbHO, MBI
NPUUIH K BBIBOAY, YTO ecad y matpuiubl U BHIYEPKHYTb
R-10 CTPOKY H moJjiyuieHHass MaTrpuuna GyAeT HMETb JIMHEHHO

) b3



3aBHCHMBbIe CTOJIOLBI, TO Ga3HCHBIH BEKTOD e, APOETPAHCTBA
AP npUHALJIeKUT BEKTODHOMY NOANPGCTPaHCTBY @BY9. 3znech
YHCJIO £ MOXeT NPHHUMATh 3Hauenus 1, 2, ..., p >>r. Ecn
Obl 0Ka3aJjioch, UTO NMPH BHUYEepKUBAHUU U3 MaTpuubl U Jio-
Go#l CTPOKH C HOMEpPOM R <C p MHl noayuyaem marpuuy UZ,
CTONIOLBl KOTOPOi# JIHHEIH0 3aBHCHMEL, TO 0Ka3akoch Ol
YTO B IIPOCTpaHcTBe @BY uMeercs p = r JUHEHHO HEIABHCH-
MBIX BEKTOpPOB, YTO HEBO3MOXHO, TaK Kak p > r. Takum
oOpa3oM, HalileTcs TaKOA HOMep kR CTPOKU MaTpulb U, 4To"
NPpH BblYEPKUBAHUH k-H CTPOKH B 3TOH MATpHLE Mbl HOJY-
yum Matpuny U%, cronbubl KOTOPOH JHHEHHO He3aBHCHMBL.
DTOT IpOLeCC MOXKHO NPOZOJNXKAaTh A0 TeX INOpP, NMOKAa Bl
cotra Mmartpuunl U, noayyaeMol IyTeM MNOCJeLOBaTeJbHOrO
BHUeDKHBAHUSA CTPOK, He cTaHeT paBHOi r. Torma ocras-
1mascss MaTpuua O6yxeTr KBafpaTHOH H B He#t cTOJNOUB OYAYT
JIUHEHHO He3aBUCHMBL, TaK YTO ONpENENUTE]b 3TOH MaTPULBL
OTJiHYeH oT Hyns (cM. Teopemy 3). Mrak, Mbl Hamm B MaT-
pune X KBaJpaTHYI0 MaTpuULly DNOpsIAKA r, ONpPEREIUTEND
KOTOPOH OTJIHYEH OT HYJ.

JtonycTum Temepb, uTO y MaTpulbl X ecTb KBaJgpaTHas
noaMatpuua © nopsaaka s, onpenesuTe]b KOTOPOH OTIHYEH
oT Hyss. M3smMeHnMm HyMepamuio CTPOK H CTOJNOLOB MaTpHUIbI
X Taxum o6pasom, YTOGH

o=|o!], oi=xf, i=12...,s j=1,2 ..., s

ITokaxem Tenepsn, uTo y Marpuiibl X, MOJyUeHHOH H3Me~
HeHUEeM nopsiika CTPOK U CTONOLOB, NMepBble S CTPOK JIH-
HeHHO He3aBucuMbl. JlonmyctTum mnpoTuBonosioxuoe. Toraa
HMeeT MeCTO COOTHOIIeHHe

c,x2=0, a=1,2..,5 y=1,2..¢q (83)

IIpUYeM He BCe YHCA
Cl’ 02 LRI CS

pasHbl Hysi0. M3 oTHowenus (83), B YaCTHOCTH, NOJy4yaeM
cax‘}=0, a=1,2,...,s j=1,2, ..., s.

ITO COOTHOUIEHHE NOKAa3hiBaeT, YTG BO B3STOH HAM#U KBajg-
paTHO} moaMaTpHle © CTPOKH JUHEHHO 3aBHCHMBL, YTO He-
BO3MOXKHO, TaK KakK OnpefejiuTellb ee QTJIHYEH OT HWIL.
Tpancnouupys martpuuy X, T. e. Geps MaTpuuy X', Mu
H3 CKa3aHHOTrO MOXKEM cJeJiaThk BHIBOX, UTO eCJIH Y MaTpPHIH
X uMeeTcs kBajpaTHas moamaTtpuia U nopsjlika s ¢ ompe-

AeauTedaeM, OTVIHYHbIM OT HYAs, TO B MATPHIE XT HMEETCH
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s JIMHEHHO He3aBUCHMEIX CTPOK. DTO 3HAUUT, YTO B HCXOJ-
Hoit martpyume X HMeeTCs § AUHEHHO HE3ABHCHMBIX CTOJS-
noB. Ho Tak Kak 4ucjI0 JHHEHHO He3aBHCHMBIX CTOAOHOB
MaTpuubl X paBHO ee paHry r, TO CIPaBEJJIMBO HepaBeH-
CTBO S < 7.

Takum o06pa3oM, MH MOKa3aJ¥, YTO B HCXOAHOH MarT-
pulle X paHra r uMeeTcs KBajpaTHas NOAMATPHLA TIOPAAKa
r C OnpeAesuTesieM, OTAHYHBIM OT HyJis, HO He HMeercHd
KBaZpaTHOH moAMaTpuubl OOJbHIEr0 NOPSAKA C ONpPeeTH-
TeJeM, OTAMYHBIM OT HyJs. OZHOBpEMEHHO MHl IOKa3ald,
4YTO B MaTpuie X HMeercsd POBHO r JHHEHHO He3aBHCHMBIX
CTPOK M POBHO r JUHEHHO He3aBHCUMBIX CTOJGLOB.

Hrak, npennoxenue A) moxasaHo.

IIpuMenuMm Temepb BBILIECKa3aHHOE K pelleHHIO o6ieH
CUCTEeMBbl JIMHEHHBIX ypaBHeHuH. KIMeHHO, MH paccMOTPHM
CHCTEeMY ypaBHeHHH BHIA

aly*=>5!, i=1,2,...,p, a=1,2,...,4q9. (34)
3AeCh
y=u\ % ..., V)

— HeH3BeCTHble BeJMuuHH. Uucaa @) cocTtaBasioT Kospdu-
IIHeHTE CHCTEMBl ypaBHeHn# (84) u oOpa3yioT MaTpUILy

A=lal|, i=1,2...p j=1,2..,4,

b=(b', B2, ..., bP

~— H3BECTHHIE TIpaBble YacTH. TakuM oGpasom, marpuua A,
cocTaBJieHHas] U3 KO3(PGhUIMEHTOB CUCTEMBI ypaBHeHuH (84),
HMEeT p CTPOK, T. €. BEICOTY p, H ¢ CTOJIOIOB, T. €. LIUPUHY (.

Huxecnenyomas TeopeMa OTBeYaeT Ha BOIPOC: IPH Ka-
KHX YCIOBUSX cucTeMa (84) uMeeT peuieHue.

Teopewma 5. Ilpucoedurum k marpuye A, umetoued
wupuny q, euwje o0un crorbey,— umenno, crorbey b (cm.
(85)). Iloayuennyro Tax marpuyy ob6o3nayum uepe3 B.
Marpuya B umeer pasmepst (p,q -+ 1). Oxa3esaercs, 410
cuctema (84) umeer peuienue T020a U TOAbKO TO20a, K020Q
marpuyst A u B umeror odurnarxossie parau.

HoxasareanbctBo. Ilycts paur marpun A u B pa-
BEH r. 3TO 3HAYUT, YTO B MaTpHue A CyUIeCTBYeT r JUHEHHO
He3aBHCHUMBIX cTOI6I0B (cM. A)). Ilpucoenunsass K 3THM

(89)

- crosiGrram croaben b (cM. (85)), Mml moayuum r -1 au-

HefiHO BaBHCHMBIX CTOJIOLIOB, TAK KaK B NPOTHBHOM Clydyae
marpuna B uMena Gbl Kak MUHHUMYM paHr r -+ 1. Brnuch-
Basl 3Ty JAHEHHYI0O 3aBHCHMOCTb, Mbl BHJAHM, YTO CHCTeM3
I(84) paspemuma. Ecam cucrema (84) paspemmma, TO
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cronben b snuHeHHO 3aBHCHT OT cTONOLOB MaTpHUBl A H,
CJie[0BaTeNIbHO, paHr MaTpHLb B paBeH paHry marpuub A
(cMm. A)).

Hrak, TeopeMa 5 foKa3aHa.

B cayuae, ecin cucreMa ypaBHeHu#l (84) umeer pelue-
Hye, ONMIIEM COBOKYIHOCTb BCeX pellleHUH, TaK KaK pellle-
Hue MOXeT ObITb He e AHHCTBEHHO. :

O6o03naunM paHr matpuun A u B uepe3 r, cuuTas yxe,
YTO paHT¥ 3TUX MAaTpHUll paBHH. MeHsis HyMepauHio HeH3-
BeCTHHIX cucteMnl (84) W HyMepauuio ee ypaBHEHUH, MH
MOMeM 00uTbEs . TOro, YTOOB KBajpaTHas noaMarpuua 6
nopsiika r MaTpull A, ompefenuTesb KOTOPOH OTIHYeH OT
HYJifl, CTOsia B BEPXHEM JIeBOM Yy MaTpHusl A, Tak 4TO
MH HMeeM

8=|di], i=12...,r, j=12,...,1.

Kak 370 BUAHO H3 A©KazaTeJbCTBA NpeljioxeHus A), mep-
Bbie r CTPOK MAaTpHulibli B jiuHeAHO He3aBHCHMBI, OCTaJIbHbIE
JIHHEHHO 3aBHCHMBI OT HHUX. s Toro 4ro6nl yA06HO 3amw-
caThb 3TOT (aKT, 0603HAYHM KOMIOHEHTH BeKTopa b uepes
at,,i=1,2, ..., p. 3anumem Tenepb B BUAe (QOPMYJHI
TOT (pakT, YTO NOCJefHHE CTPOKH MaTpuubl B juHelHO 3a-
BUCAT OT MEPBHIX 7 €€ CTPOK:

‘ a}=uaa}‘, i=r+1,r4+2,...,p,
Tae Uri1, Urig, +.., Up CYThb UHCJIA. DTO IMOKa3bIBaeT, YTO

B cHcTeMe ypaBHeHHH (84) mocienHue p — r ypaBHeHUH JH-
HefiHO 3aBHCSIT OT MEPBHIX r ypaBHEHUH U MOTOMY SIBAAIOTCA
HX CJIeJICTBHEM, TaK UYTO HX MOXKHO OTOPOCHTb, He MeHSs
pewrenusi. Takum 06pa3oM, HaM IOCTATOYHO PELIUTb CHCTEMY
ypaBHeHHH

acy®=>v', i=1,2,...,r, a=1,2,...,q,

HJIH, 4TO TO XK€ CaMoe, CUCTeMY yYpaBHeHHH

aéya=béyﬁ’ i=l’ 27"" r’ a=l, 2, o0 0y f,
p=r+4+1,..., q.
31ech HEH3BECTHHIM Yryj, ..., Yq MOMKHO MPHAATH IPOH3-

BOJIbHBIE 3HAYeHHs H peliaTbh NOJYYEHHYIO CHCTEMY IO CIo-
co6Gy, ykazaHHOMy B TeopeMe 2. Takum o6pa3oM, COBOKYI-
HOCTb pellieHUH CHCTeMbl ypaBHenuil (84) 3aBHCHT OT g —rr.

NapaMeTPOB Yril, «.+., Yg-
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§ 7. EBKANAOBLI BEKTOPHBIE NPOCTPAHCTBA

Onpenenenue 6. BexropHoe mpocrpaHctso E” Ha-
3bIBAeTCsl €8KAUO0BLIM, eC/IM B HEM OMPEAEIEeHO CKajsipHOe
npoussenenue. MiMenno, B E"” 3ajgaHa HeKOTOpasi CHMMeT-
puuHas OuinuHediHas ¢opMma f(x,y) C NOJOKHUTEJBHO Onpe-
AEJeHHOH KBaApaTHYHOH ¢(opMoi f(x, x) ¥ cKajJsipHOE mpO-
u3BelleHne (x,y) sanaercsa GpopMyaoit

(%, y)=f(x’ y)'
Hnuna Bektopa |x| > 0 onpenensercs GpopmyJof

| x B=(x, x).

el’ 82, * e 0y en

Ilycts

— HEKOTOphI# 6a3uc npocTpancrsa E”, Tak 4To
x=1x%,, y=yPe,.
Torna B cuny npemnoxenus D) § 2 Mpl HMeeM
(%, 4) =1 (ea €g) x°YP. (86)

M3 npepdoxenuss E) § 2 caemyer, uTO, 3Has [JIUHY
KaxaAo0ro BEKTOPA, MOXKHO BHIUHC/JHTb CKaJspHOE [pOU3Be-
AeHHe NBYX JIOObIX BEKTOPOB 3TOr0 MPOCTPaHCTBA.

OproHopManbHas CHCTEMA
A) Cucrema BekTOpOB
el, e2’ o oy ep (87)

Ha3blBaeTCsl OPTOHOPMANALHOL, €CIH HMEET MECTO COOTHOIIe-
HHe

1, i=j, ]
(e e;)=5ii={0’ ], i=1,....,p, j=1,...,p.
(88)

Takum 06pa3oM, Kaxkable ABa Pas3JHYHBIX BEKTOPA CHCTEMBbl
(87) opToronanpHbl MexAay co6o#, a AJMHA KaxKAOro BeK-
topa (87) paBHa enuHule.

OpronopmanbHas cucreMa (87) Bcerga JiMHeHHO He3a-
BHUCHMA.

JeficTBUTENBHO, €CJIH UMeeT MECTO COOTHOIIEHUE
c%e, =0,
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TO, YMHOXKAasl 3TO COOTHOLICHHE CKaJspHO Ha e;, MoOJiydaeM
¢; = 0. Takum o6pa3oM, ecjau p =, TO CHCTEMA

€5 €3y caey €, (89)

SIBJISIETCS. OPTOHOpPMAaJbHBIM 0a3WcoM mpocTpancrea E7,
B cnyuae oproHopMaJsbHOro 6asnca (89) ckamsipHOe NPOH3-
BejeHne (86) B koopAHHATHOR (popme 3amUCHIBAETCS B BHIE

(x, y) = [(x, y)= ; x0Y® = 6a3xay5'

Basuc {(89), ynmoeaerBopsmomui ycnosuio (88), HasH-
BaeTCs OPTOrOHANbHBIM, ITOTOMY UYTO KaKAble JBa pasjHy-
HbIX €ro BEKTOpa OpPTOrOHaJbHbH MeXAYy co60H; OH HOpMH-
pOBaH INOTOMY, YTO JAJIMHA KaKJAOro BeKTOpa paBHa enH-
HUILE.

B nanbHefiieM 6yneT yCTaHOBJEHO (CM. HpeasioxKeHue
C)), uTo B eBKJIMJA0OBOM BEKTOPHOM mpocTpaHCcTBe E™ Bcerja
1iIMeeTCss OPTOHOpMAaJbHLIHA 6a3uc.

B) B eBkaHI0BOM BEKTODHOM mpocTpaHcTBe E® Kaxpaas
JuHeHHasa ¢opma @x (cM. ompejeseHHe 3) 3anNaeTcs B BHIE
CKaJIIPHOr0 NpOU3BeLeHHS

px = (u, x) (99)

HEXOTOPOro BEKTOpa @ Ha BEKTOp X, MpHYeM BEKTOp @ Of-
HO3HAYHO ompejessieTcsl JHHeHHOA (popMoH .

BeiGepeM B mpoctpaHcTBe E" HeKOTOpHH OPTOHOPMaJib-
Huifi Oasuc. Torma JsiuHeliHas ¢opMa ¢ ofpeaensieTcs pa-
BeHCTBOM (cM. (25) § 2) ,

Qx == dgxP,
Torza Bektop u = (u',u? ..., u") 3anaerca ¢GopmyJoH
u'=d,.
Ilpu TakoM BhiGope # paBeHcTBO (90) BHMOJHEHO. ﬂPKa:
’KeM, YTO BEKTOp # OAHO3HAYHO OIpejelsercss JHHeHHOH

dopmoii ¢. B camom  pene, JONYCTHM, YTO OJHOBPeMeHHO
HMeEIOT MeCTO ABa paBeHCTBA

ox = (u, x), ox=(u!, x).

Torna Mb HMeeM
(u—u', x)=0

npu mnpoussoibHoM x. CienoBaTenbHO, NpU X =u—u!
nMeeM ‘
(u—u', u—u')=0,
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STO BO3MOKHO JIMLIb TOrja, Koria
u—u'=»0.
C) Kaxpaa nuHefiHO He3aBucHMAas CHCTEMa BEKTOPOB
xl, x2, LI xp (91)

OJHO3HAYHO OMNpeje/sieT OPTOHOPMAJBHYIO CHCTEMY BEKTO-
€1 €5 cevy &

poB
s (92)

ITIpouecc nepexoma ot cHcteMn BekTopoB (91) K cHcreMe
BeKTOpoB (92) HasbiBaeTcsl opronopmuposarnuem. Onuiuem
ero.

Tak kak cucrema BekTopoB (91) JHHefiHO He3aBHCHMA,
TO BEKTOD X*; %0 H, cJeLOBaTenbHO, €ro AauHa |[X;|=0,
M#1 nosmaraem '

IIanee nonaraem
I 4
e,=x,— (%, &)e,.
M=l uMeem
4
(82' &) = (%5, &) — (%, &)=0.

Takum 0Gpa3om, BeKTODH! €, H €, OPTOTOHAJIBHEI MeXIY €O-
6oir. IIpu atom BekTOp &) %= 0, TaK KaK BEKTOPH X H X3
JIUHEHHO He3aBHCHMEI, a CJEAOBAaTeJbHO, JHHEHHO He3aBH-

’

CUMBI BeKTOpDH &, u &,. Temepp HOPMHpyeM BeKTOp €,
VIMeHHO, MOJIOXHM

e,=¢,/| A
Takum o6pasom, nonyuaem
(89 82) =1,

ITycTs e, €2, ..., & yXe INOCTPOEHBI TaK, YTO OHH COCTaB<
JSI0T OpPTOHOpMaJbHYI0 cHcTeMy. [locTponMm BeKTOp &it1.
ITonoxum

€ =% — %y &) 8 —
— (xiH, 82)82 —_— .. — (xi+l, 8&) e,

ITpexne Bcero, BekTop €, , 7 0, TaK KaK u3 AHHeAHOH He<

3aBUCUMOCTH BEKTOPOB Xi, X2, ..., Xiy; CJHCAYET JHHeHHas
He3aBHCHMOCTb BEKTOPOB

81, 82, ° 00 8‘, x;_i_‘o
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YMuOXKasi BEeKTOP €] , Ha NPOHM3BOJBHEIA BeXTOD &, j< i,
MOoJIy4aeM
( i+1 )_‘0

Takum 06pa3oM, MOCTPOCHHbIH BEXTOP €),, OPTOroHaleH

KO BCE€M BeKTOpaM 81, 82, v..y & H OTJIHYEH OT HYJA.

Hopmupys BekTop €] ,, T. e. moJjaras
4
it

e =
- i+1 |9z+1 I
Mbl 1OJIy4aeM BEKTOP &;41.

D) Kaxpoe BeKTOpHOe NOANPOCTPaAHCTBO BP eBK/AHAOBA
BEKTOPHOrO npocTpaHcTBa E” caMo ecTecTBeHHbHIM 006pa3oM
SIBJIIETCS1 eBKJAHAOBBIM BEKTOPHBIM InpocTpaHcTBOM. J[lei-
CTBUTEJbHO, KaXAas napa BeKTOpOB H3 BP siBjsieTcss mapoi
BeKTOpPOB H3 E", U noTtomMy [Jisi Hee ONpeJesieHO CKaJjspHoe
npousselieHne. Bekrop 2 npocrpancTBa E”, 0pTOroHa/JbHHIH
KaxXJIOMY 'BEKTOPY 43 nojanpocrpaHcTBa BP, cuuTaercs op-
TOTOHAJIbHBIM BceMy npoctpaHcTBy BP. O6o3pauum uepe3 C
COBOKYNHOCTb BCeX BEKTOpPOB ImpocTpaHcrBa E™®, oproro-
HaJIbHBIX BeKTOpPHOMY mnoamnpocrpaHcTBy BP. OkasmiBaeTcs,
yTo C sBJISIETCS BEKTOPHBIM MOANPOCTPAHCTBOM NPOCTPaH-
ctBa E™ pa3smMepHOCTH ¢ == n'— p, IIpHYeM BEKTODHOE IpoO-
cTpaHcTBO E™ pacnajaercs B MPSAMYI0O CYMMY CBOHX NOAIpO-
crpaHctB B? u C == C9. IloanpoctpancrBo CY Ha3biBaeTcs
opTozonanbHoim AonoaneHuem mopnpocrpaHcTBa BP. Oxa-
3bIBaeTCsA, UYTO MOANPOCTPAHCTBO BP siBnsieTrcss OpTOroHaJb-
HbIM JONOJIHeHHeM noanpocTtpaHcrsa CY.

Ina AoKasaTeqbCTBa JAHHOrO YTBep:KAeHHs BhibepeM
B eBKJHJOBOM BEKTOPHOM MpOCTpaHCTBe BP opTOHOpMAJib-

HBIH 6a3uc
81, 82, o 0y 8po

JlaHHylo CHCTEMy BEKTOPOB MAONOJHHM [0 MaKCHMaJbHOM
JIMHEeHHO HEe3aBHCHMOH CHCTEMOH BEeKTOpPaMH Xpij, ..., Xn
(cM. D) § 1). Torza Mbl MOTYYHM MAaKCHMAaJbHYIO JHHEAHO
He3aBUCHUMYIO CUCTEMY

81, 82, o0 0y ep’ xp+l, o0 oy xno

Tenepb nogBepraeM 3Ty CHCTEMY NpoLeccy OPTOHOPMHpPOBa-
Hust (cM. C)). Ilpu 3TOM mepBBIe p BEKTOPOB €1, &2, ..., &
He MU3MEHSTCS, 3 BEKTOPHI Xpi1, Xp42, - .., X¥n 3AMEHATCH APY-
THMH BeKTOpaMH. BHOBb NOJYYeHHYIO CHCTEMY 3anulieM
B BUIE

81, 32, oo oy 8p, 8p+l, e 0 0y 8"'

€0




ITocnennsis cHcTeMa SABJSIETCS OPTOHOPMAaJbHBIM 0a3ucoM
npoctpaHcTBa E”, TaK UTO KaXKAbIH BEKTOP X NPOCTPAHCTBA
E" 3anuceiBaeTcs B BHOE

X = x%¢,.

Hansa toro 4To6bl BEKTOp x ObIT HOPMAaJbHBEIM KO BCEMY IIPO-
CTpaHCTBY BP, Heo6XOAHMO H AOCTATOUHO, YTOOBI OH OBLJ
HOpDMaJbHBIM K KaXXAOMY BeKTOpy &, i= 1, 2, ..., p. Ta-
KUM 00pa3oM, AOJIKHO OLITh BLHINOJHEHO YCJIOBHE

(x, ei)=0, i=1’ 2, ° 0 0y p.
Hs nocJjieJHEro yCjioBusli BhiTEKaeT
xl - 0’ ¢ o oy xp == Ol

Takum o6pa3oM, BeKTOp 2, HOpMajIbHHI KO BCEMy HpoO-
CTpaHCTBY BP, 3anucniBaeTcsl B BHIE

z==xPeg; Pp=p+1, ..., n

COBOKYNHOCTb BC€X BEKTOPOB TaKOro BHAA COCTaBJsET BeK-
TOpHOe noanpocrpancTso C9 npocTpancTBa E” pasMepHOCTH
g =n — p, KOTOpPOE SBJIeTC OPTOrOHAJbHLIM JOMOJIHC-
HueM noAnpoctparctBa BP. §flcHo, uTo moampocTpaHcTBo B?
B CBOIO OuUepelb SBJSETCS OPTOrOHAJbHBIM JONOJHEHHEM
noanpocrpancrea C9.

Jlalum reoMeTpHuyecKoe onucaHue CKaJasipHOro npousse-
IeHus: ABYX BEKTOPOB NpocTpaHcTBa E™.

E) Ilycrs

X, Y

— [Ba JIMHEHHO He3aBHCHMBIX BeKTOpa NpocTpaHcTBa L”
COBOKYIHOCTb BCEX BEKTOPOB

u=cx - dy,

raie ¢ 1 d — nNpous3BOJibHbIE NeHCTBUTEJIbHBIE YHCJ/IA, COCTAB-
JIIeT ABYMEpPHOEe BEKTOpHOe NOoAnpocTpaHcTBO E? BekTOp-
Horo mpoctpaHcTBa £”. MHoxKecTBO E2 siBNI€TCST BEKTOPHBIM
ABYMEpPHBbIM €BKJHJAOBbIM [POCTPAaHCTBOM, HHAaue TroOBOpS,
eBKJAHAOBOH mnjockocTblo. Takum 00pa3oM, BEKTOPH X H ¥
SIBJIAIOTCS JIHHEHHO HE3aBHCHMBIMH BeKTOPAMH IUIOCKOCTH
E2 u sicHO, uTO TakKoe yros Mexay HuMu. OO03HauuM ero
yepe3 @. OkasplBaeTcs, YTO CKassipHOe MpPOU3BEeHHEe BeK-
TOPOB X U ¥ BbIpaxkaeTcs B clelyiolieM BHAE:

*, y)=I|x|ly]|cose. (93)
61



IOna npokasatenbctBa (opmyas (93) opToHOpMHpyeM
napy BEKTEPOB X, Y. Mu monyuum TOrja ABa BEKTOpA g, e2,
COCTaBJAIOUMX Ga3UC JBYMEPHOrO eBKAHADBA IPOCTpaH-
crBa £2. Ilpu aTom

x=|x|e;, y=|yl(e cos @+ g sing).
Taxkum o6pasowm,
(*, y)=(lx2;, |y|(e,cosp+ & sing))=|x||y]|cosq.

Takum obpasom, ¢dopmyna (93) mokasama. B ciyuae, eciu
X W y JUHeHHO 3aBUCHUMBI, ClelyeT CUMTaTh, YTO YIroJ @
MeXAy HUMH paBeH HyJI0 HJIH ;. IIpu 3ToM 06a oHH Bhipa-
JKaloTcsl yepe3 OAHH U TOT XKe BEKTOp

x=|xle, y==x[yle.

Torma MBI HMeeM -
(x, yy=|=x|lylcosO

HJIHU
(x, y)=|x]|ly|cosm.

Takum obGpasom, ¢opmyna (93) umeer MecTo ANA JIOOHX
IBYX BEKTOPOB X U y u3 E™,

F) Orto6paxkenue ¢ eBKJIUIOBA BEKTOPHOrO IPOCTpaH-
ctBa E£" Ha eBKJMJIOBO BEKTOPHOE MPOCTPAHCTBO E™ HAa3bl-
BaeTcss M30MOpP(HBIM, €CAH OHO JUHEHHO (cM. ompexeJe-
Hue 3) U COXpaHsieT CKaJsipHOe NMpPOU3BeJEHHE, T. €. eC/H
JJIs1 JByX JIoObIX BEKTOpPOB ¥ H y u3 E™ uMeer Mecto dop-
MyJia

‘ (9%, gy) =(*, y).

Kak 310 caenyer us E) § 2, coxpaneHHe CKaJspHOro mnpo-
H3Be/JieHUSl BBITEKAeT M3 COXpaHeHHA JIHHB BEKTOPOB IpH
oto6paxeHuu ¢. FIMeHHo, ecin 151 1060ro BekTopa x & E#
HMeeT MeCTO COOTHOUIeHHe

|px [=]x1,

TO MPH OTOGPaXKeHUH ¢ COXpaHsIeTcs H CKajsipHOe NPoH3Be-
IeHue,

B eBkA#[J0BOM BEKTOPHOM NPOCTPAHCTBE OlpeAeseHO
PaccTosiHue P (X, Y) MeXKAY KAXIHMH ABYMH €ro BEKTOpaMH
x 1 y. OHo 3amaeTcad HOpPMYJIOH

px g)=|x—yl




OpToroHalbHEE MaTpHULH

G) Ilycte E™— eBKAMAOBO BEKTOpHOE IIPOCTPAHCTBO
Pa3MepHOCTH n H \
el, e2’ L en (94)

— HEKOTOPHIfi ero OpTOHOpMasbHLIH 6asuc (CM. Npensoxe-
uue A)). Ilyctb manee, ¢ — HeKoTOpoe uzoMop¢Hoe oTobpa-
JKeHue npoctpancrtBa E” Ha ce6a (cM. F)).

Martpuna

X=|sff

L, eeo,n, j=1,..., 1,

COOTBETCTBYOHIasi 0TOGpaXKeHHI0 ¢ B OpTOHOpMaJjibHOM 0a-
3uce (94), HasniBaercs opToeonaseHol. Ecan @) H @ — ABA
U30MOpQHBIX oToGpaxeHusi npoctpaHcTBa E” Ha cebs, TO
oroOpaxeHHe @@, €CTb TOXe H30Mop(pHOe OTOOpaXKEeHHE,
II03TOMY NpoH3BeleHUe [ABYX OPTOrOHaJbHHIX MAaTPHUIl €CTb
TaKKe OPTOrOHajibHas Marpuia. Marpuna X, COOTBETCTBYIO-.
masg oTro6paxKeHHIO ¢, ONpefenseTcsd COOTHOIIEHHSIMH '

pe; = x7e,.
Hdagum Tenepp uYeThipe XapaKTepUCTUKH OPTOrOHaJbHBIX
MaTpHll.
Mbu uMeeMm

(pej=xj=(x', x?, ceos x;‘)

DTO .3HAYUT, YTO IJTEMEHTH j-ro CTOJN6La MaTpHUH X sB-
JSI0TCS KOOpPAMHATaMHM BekTopa @e; B Gasuce (94). Taxk
Kak oToOpa:keHHe @ COXpaHseT CKajlspHOe NpOH3BeLeHHEe,
TO

(pe;, per) =239z

ITepemuceiBast 370 BHIpa:KeHHe B KOOPAHHATHOH (opme, I0-
JyYUM

a; X1 =19, ©(95)

SIcHO, uToO ecnH AaA MaTpUUbl X BHIIOJHEHO 3TO COOTHOILLE-
HHe, TO OHA SBJISIETCS OPTOroHajbHOH. MOXHO CKasaTb, UTO
cron6ubl Marpuubl X COCTaBJSIIOT OPTOHOPMAJbHYIO CH«
creMy BekTopoB. OkaasmBaercs, uTo ceerHoueHHe (95)
5KBHBAJIEHTHO COOTHOLIEHHIO

X"X=E. (96)

Yenosusa (95) u (96), namoxkenHule Ha marpuny X, cdop-<
MYJHPOBaHH B TepMuHax cronbumos. OKa3biBaeTcs, 4TO HX
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MOHO c)OPMYJIHPOBATb B TEPMHHAX CTPOK. MIMeHHO; HMeeT
MECTO COOTHOLIEHUE

D xhxk =ik, (97)
B=1

CootHowienue (97) MOXHO mnepenucath B BHAe (OpMyJnl
XX"T=E. (98)

OkasbiBaeTcsi, 4YTO ecJ# MaTpHua X YAOBJETBODPSET OX-
HOMY H3 cooTHouleHu#d (95)—(98), To oHa opTOroHaJbHa.
OrrocutenbHO (95) 3TO yTBepKAeHUEe yiKe ObLIO BbICKa3a-
HO Kak oueBHpHoe. HaMm ocraercs mokasathb, YTO Kaxioe
u3 cootHoueHud (96)— (98) 2xBHBa/NEHTHO COOTHOLUEHHUIO
(95).

OxasbiBaeTcsi majee, YTO ONMpEIEUTE]b OPTOTrOHaJbHOH
MaTtpuubl D (X) ynoBseTBOpsieT YCJAOBHIO

*D(X)== 1. (99)

JoxkaskeM, mpexae BCero, KBHBAaJEHTHOCTb COGTHOLIe-
Hu# (95) u (96). s 3TOro MOJIOKUM -

. :
XT=U=]|ul,

Tak YTo
i
u]_xio

CootHoulenne (96) 3anucbiBaeTcsi B BHAE

ulxd — o,

3amensa sfech u/ uepes x%, Mb noayuum dopmyay (95).

Takum o6pasom, cooTHouieHHs: (95) u (96) sKBHUBAJEHTHHI.
DKBHBaJEHTHOCTb COOTHoweHH# (97) u (98) nmokasm-
BaeTcs aHaJOTHYHO.
Jokaxem cootHoueHnue (99). B cuay teopemmn 1

D(xT)=D(X).
B cuay atoro, TeopeMu 4 u cooTHomeHHs1 (96) ™Mbl HMeeM
D(X)D(X)=1,

oTkyna u caepyer ¢dopmyna (99). Takum obpa3om, B ua-
CTHOCTH, ONpEeHeNUTe/]b OPTOrOHANbHOH MAaTPHLBI OTIHYEH
OT HYJis, H I0O3TOMY OPTOrOHaJbHas MaTpHIla HMeeT obparT-
Hylo (CM. 3aMeuaHHe K TeopeMe 4).

Tenepy noxaxeM, uto cootHoueHuss (96) u (98) skBH-
BaseHTHH. s aTOro coornouende (96) ymHoxum crnpasa
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Ha X-1. Toraa Mbl NOJYYHM
XT=x"

YMHOXKas 3TO cOOTHOIIeHHe Ha X cjeBa, MOJy4YHM
XXT =E.

Takum ob6pasoM, u3 cootHoueHusi (96) BbITeKaeT COOTHO-
meHue (98). AnajnornuHo u3 cooTHouieHus (98) caeayer
cootHouieHue (96). Takum ab6pasom, cooTHouleHHss (96) u
(98) sKBHUBaJIEHTHHI.

Hrak, Bce cooTHolueHus1 (95)— (98) sKBUBa/NEHTHbI APYT
IpPYTy H 03HAYAIOT OPTOrOHAJNbHOCTb MaTpulbl X (cM. ri, 4,
npumep 8).

' 8 JI. C. INontparaa
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KOPHN MHOTIOYJIEHOB

§ 8. KomnaekcHbie uucia

31ech s KPaTKO PacCKasblBald O TOM, KaK BO3HUKIH H
YTBEPAHJUCh B MaTeMaTHKe KOMILJIEKCHbIE YHC/Ia. 3aTeM
JAa10 HX OnpeiesieHHe, ONUCHIBAIO NpaBHia JeHCTBHHA Hax
HUMH, ynorpeb/ss NMPH 9TOM HUX TeOMETPHUYECKYIO HMHTEp-
npeTanuio, HO He MOJb3YIOCh NPH 3TOM KaK H3BECTHBIMH
TPUTOHOMETPHUECKHMH (OPMYJaMU KOCHHYCa CYMMbI H CH=
Hyca CyMMBI.

‘

HcropunuecKkasa copaBKa

KomniekcHble uncaa ObliiM BBelleHbl B MaTeMAaTHKY MJs
TOro, 4YToOHl CAeJlaTb BO3MOXKHOH ONepaunuio H3BJCUYEHHS
KBaJApaTHOrO KOPHsI U3 JI060ro MAEHCTBUTEJNbBHOrO YHCIA.
DT0, OLHAKO, He HBJsETCS1 JOCTAaTOYHHIM OCHOBaHHEM JJd
TOro, YToObl BBOAHUTb B MAaTeMaTUKYy HOBble 4uciaa. Okasa-
JIOChb, YTO €CJIY NPOU3BOAHUTbL BHIUHCJIEHHSI 10 OOBIYHBIM Npa-
BUJIaM HaJ BbIpa*KeHUSIMH, B KOTOPHIX BCTpeuyaeTcs KBa/-
paTHbIH KOpeHb U3 OTPULIATEJbHOrO YHCJIa, TO MOXKHO MPHHTH
K pe3yJbTaTy, yixKe He cofepiKalleMy KBaJApaTHbIH KOpeHb
u3 oTpuuaTenbHoro uncaa. B XVI B. Kaprano nawen ¢op-
MyJqy IJs pellieHuss KyGudeckoro ypaBHeHHsi. OKa3sajoch,
YTO MUMEHHO B TOM CJiyyae, KOraa KyOuueckoe ypaBHeHHe
HMeeT TpH JelCTBUTENbHBIX KOpHS, B (Qopmyne Kappauo
BCTpeuaeTcss KBaJApaTHbIA KOpeHb M3 OTPHIIATEeJIbHOrO YHcJa.
ITosToMy KkBajpaTHbhe KOpPHH H3 OTPHILATEJbHHIX UHCeJI
CTalu ynorpe6/asiTb B MaTeMaTHKe H Ha3BaJH HX MHHMBIMH
YyUCIaMH — TéM CaMbiM OHH KaK Obl NpHOOpeNnH npaBo Ha
HeslerasicHOe cyuiectsoBaHue. IToTHbIE IpaKnaHCKHe NpaBa
MHAMBIM unciaM Ha rpand XVIII—XIX crosernit naa
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Tayce, koTophii Ha3Ban HX KOMINUIEKCHBIMH YHCJaMH, HaJk
HM TeOMeTPHYeCKyl HHTepnpeTamui H, YTO Camoe TIJaB-
HOe, 0Ka3aJl OCHOBHYIO TeopeMy ajreOphl, yTBEpKAAOULYIO,
YTO KaXXJbld MHOrouJieH HMeeT XOTA Obl OOUH HeHCTBHUTE/b-
HbIH HJIH KOMIUIEKCHBIH KOpEeHb.

OnpeneneHue KOMNJEKCHB X YHCEJ

Mu 6yneM HCXOLHTb H3 TOro, 4TO JEHCTBHTEJbHHIE UYHC-
Jla HaM u3BeCTHH. Mbl 3HaeM, UTO JJIs1 HAEX oNpefesieHbl NBa
OCHOBHHIX JEHCTBUS — C/IOXKEHHE M YMHOXKEHHE — H HMEIOT-
¢ oOpaTHble K HUM [eHCTBHS — BHIUHTaHHe H AejeHue. [lis
STHX NEeHCTBHH BBLIMOJNHSIOTCS XOPOILIO H3BECTHHIE TPaBHJIA,
KOTOpHE OOBIYHO YHOTPeOJsIOTCS COBepLIEHHO aBTOMATH-
YeCKH — I09TOMY 51 UX He Oyay 3aecb GopMynTHPOBATb.

ITocraBuM Temepp mepex coGofi 3agauy pacLIMPUTH IO-
HSITHE YUCJIa TaKUM 06pa3oM, YTOOH ypaBHEHHE

w?+1=0

uMmeno peiieHue. KopeHb »5TOro ypaBHeHHS 0OBsABAsETCA
HOBHIM YHCJIOM M 0003HayaeTca yepe3 j. Takum obGpasom,

JJIst [ UMeeM
2= —1. (l)

Tak Kak B MHOXKeCTBe HOBBIX UYHCENl COAEpIKATCS Bce neli-
CTBUTE/bHbIe YHCJIA H 3JeMeHT | U TaK KaK B HeM BO3-
MOXHBE AeHCTBHS CJ0XKEHHS H YMHOXEHHS, TO B 9TOM MHO-
3KeCTBE [MOJIXKHBI COAEPIKATbCS BCEBO3MOXKHBIE MHOIOUJIECHHI
OTHOCHTENbHO | C AEHCTBHTEJIbHBIMH K03(pdHLUEeHTaMH, B
YaCTHOCTH BC€ MHOrO4/eHbl MepBOH CTemeHH, T. €. Bblpaxe-
HUs BUJIA

2=x+yi=x+1iy,

TAe X U y— JeHCTBUTEebHble YHCIa. DTH BHIpAXKEHHS U Ha-
3BIBAIOTCS KOMnAeKCHoimU yqucaamu. JLeHCTBHS Hajx HHUMH
MH onpefieiUM KaK JeHCTBUS HAJ MHOrOUJeHaMH, YUHTHI-
Bag npHE 3ToM yciaoBue (1). KoMmiekcHble uucia BHAA

2=x+0i=x
ABJAIOTCA OelicTeuTrenrvHbimy yuciamu. KoMIieKCcHBIe YHCaa

BHJA
2=0-4yi=yi

Ha3bIBAIOTCS UUCTO MHUMbIMU YUCAAMU.
Iyctb 21 = x1 + y1i, 22 = X9 -+ Yol — ABA KOMILIIEKCHBIX
gucaa. CoryiacHoO BHICKAa3aHHOMY NpaBHJAy CyMMa Y IpOHU3-
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BEACHHEC 3TUX KOMIIJIEKCHBIX YHCEJ OIIpenejsiloTCsd paBeH-
CTBaMH

2y + 2o =(x + yii) + (X2 + yoi) = (%, + Xo) + (4, + y2) i, (2)
212y = (%1 + y1i) (X + Yol) = X1 % + (X, + y1%2) i +
+ 9192 = (%1% — Y1y2) + (Y2 + y1x9)i. (3)

[lpy nonyvyeHuu NOCTeZHEr0 PaBEHCTBA Mbl HCMOJIb30BAJH
ycaoBue (1).

B cnyuae, ecam yuciI0 2) = X; NeHCTBUTe/JbHOE, MOJY-
qyaem

X129 = X1X3 + X1Ysi. (4)

W3 ¢dopmya (2) u (3) BHAHO, 94TO CyMMa H IpPOH3Bejie-
HUe JBYX KOMILJIEKCHBIX YHCeJ eCTb TaKXKe KOMIIJIEKCHOE
UHCJIO.

Iast Toro 4tobnl yOeauTbCsl, UTO AEHCTBHE BHIUHTaAHHS,
ob6paTHoe [eHCTBUIO CJOXKeHHUs, CYHIECTBYeT, MOCTAaTOYHO
HaWTU YUCAO0 —=2, MPOTHUBOMNOJIOXKHOE YHCIY 2, a JJIS TOro
uToObl YO6eAUTbCA B TOM, UYTO BO3MOXKHO [AeJieHHe, OOCTa-
TOYHO Ansg 270 ykasarb uyucao 2!, o6paTHoe uYHCTY
z = x -+ yi. Hucsna 3TH, Kak Jierko BHIAeTb, 3aawTcsa ¢op-
MyJaMu

—2=—x—yi,

x Yy
%2 F y2 - 12+ y2
Takum obpa3oM, BenuuuHa z~!, o6paTHast K 2z, CyLIeCTBYyeT
Bcerzaa, koraa z %= 0.

27l = i

FeomMeTpuueckoe H3obpaxeHue
KOMNOJEeKCHB X YHUCEeJ

O6o3Hauum yepe3 P mJAOCKOCTb HAIUEro YepTexka H Bbl-
GepeM Ha Hed NpPSIMOYTOJbHYIO CUCTeMY KoopauHaT (puc. 1).
KoMmmyiekcHOe 4HCNIO 2 = x -+ yi Mbl IOMECTUM B TOUKY 2 ==
==(x, y) ¢ KoopauHaramu x, y. O6G03HAUYUM TaKKe uepes 2
BEKTOp, MAYIIMHA uM3 Hauyaja kKoopauHatT O B Touky z. Ta-
KuM obpasom, OyKBa z 0603HauaeT y Hac OJHOBPEMEHHO
KOMIJIEKCHOE YMCJIO, TOYKY 2, H300paxalollyl0 3TO KOMII-
JIEKCHOe YMCJIO, H BEKTOP 2, COOTBETCTBYIOIIUA 3TOMY KOMII-
JekcHOMy uyucay. Ilpu sToM H300pazkKeHHH HeHCTBUTENbHBE
YypcJia nmomnajaloT Ha och abGCIHCC, MO3TOMY OCb abciuce Ha-
3biBaeTca OelcTs8UTeAbHOU 0C6/0 NJOCKOCTH P KoMIekc-
HOH NepeMeHHOH, a YUCTO MHUMBIE YHCJA NONajalmT Ha OCb
OpAHHAT, MO3TOMY OCb OPAHHAT HA3LIBACTCA MHUMOLU OCbIO
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IVIOCKOCTH P KoMmnJjeKCHOH nepeMmeHHo#. Hynb monanmaet B
HayaJio KOOpAHHAT.

JlnuHa BeKTOpa z HasblBaeTcs MOOysem KOMIJIEKCHOIO
yHcaa 2 = x + yi 1 o603Havaercs |z|:

2=+ VTP

KoMnniekcHbie uucia 2z, YHAOBJETBOPAIOILHME YCIOBHUIO
|z|=1, cocraBnsioT OKpPYXKHOCTb paauyca 1 ¢ LEHTpOM
B Hayaje koopauHat. Ha stoii ok-
py:KHOCTH JexXHT uucao 1. U3 tou-
Ku 1 OTJIOXHM IO OKPYKHOCTH Ayry ¥
3aJlaHHOH JJIUHBEI ¢ B HanpasJieHUH
IPOTHB 4YacoBod cTpesku. KoHen
9TOX Ayru 0603HauuM 4epe3 ().
Ecaiu ¢ — orpunatenbHoe uncio,
TO AJIS NOJydyeHUs: (@) HYXKHO OT-
JIOXKUTb OT TOYKH | JJHHY Ayru
|p] mo uacoBo#i ctpenke. Kak us-
BeCTHO, abcuucca TOYKH () ecThb Puc. 1
COS @, a ee opAuHaTa sin ¢. Takum
o6pa3oM, KOMIJIeKcHOe uyHucao (@) 3agaercs Qopmy-
JIOH

Y .
z=2+iy

(p) =cos ¢ + i sin @. (5)

HTakK, BCsIKOe KOMIJIEKCHOE YHCJIO 2, 0 MOAYJIO PaBHOE
1, 3anucuBaercs B Buae (5). Eciu z— npousBosibHOE KoMI-
JIeKCHOe YHCJIO, MOAYJb KOTOpOro |z|==p oriuuex ot 0, 10

4
HCJIO - SIBJSETCS KOMIUIEKCHBIM MHC/IOM, N0 MOAYJIIO paB-
ueiM 1, © moToMy 3amuchiBaeTcsi B Buae (5). M3 paBencrsa

—:—=cosq>+isinq>

MbHl [OJIy4aeM
2 =p(cos ¢ + i sin @). (6)

3anuch (6) HasbiBaeTcss TpuzoHomeTpuueckou popmoil
KOMIIJIEKCHOrO 4Hcia 2. UHCHIO ¢ Ha3bIBAETCHA AP2YMEHTOM
KOMIIJIEKCHOTO 4Hcia 2. Ecau MOAY/Ib p KOMIIJIEKCHOrO YHC-
Jla 2z OTJIHYeH OT HyJisl, TO apryMeHT ero ompejesjied ¢ TOY-
HOCTBIO HO cjaraeMoro 2km, rie k— nenoe uucjo. Ecan xe
MOAY/b p KOMIUIeKcHoro umcaa paseH 0, To dopmyna (6)
TaKKe HMeeT MecTO, OAHAKO B 3TOM CJyyae apryMeHT KOMII-
JIEKCHOTO YHCJIa BOBCe He OIpejeseH.

Uncna p U @ HA3bIBAIOTCA NOAAPHOIMU KOOPOUHATAMU
TOYKH 2. ‘
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TeoMeTpHYEeCKOe HCTOJKOBaHHe HReficTrBuil
Hajg KOMNOJEKCHBHMH YHCJHAMH

U3 ¢opmyn (2) m (4) caenyer, 4TO KOMILJIEKCHHIE THC-
Jla CKJIaJblBAIOTCS M YMHQXKAIOTCs Ha JAeHCTBUTEJbHBIE YHCs
Jla, KaK BEKTOpHI.

'eoMeTpHUeCKHH CMEICJ CAO0XKEHHS KOMIJIEKCHHX YHCeJ
OUYEeBH/IEH: BEKTOP 2; -+ 22— 3TO AMAroHaJb NnapaJljaejorpaM-
Ma, [IOCTPOGHHOr0 Ha BEKTOpax z; H zz. OTcrola BhiTeKaeT
BajXKHOe HepaBeHCTBO

|21+ 2 <<|2 |+ ]2 (7)

Jnsi Toro 4ro6bl naThb TreoMeTpPUUYECKOEe HCTOJNKOBaHHE
YMHOXKEHHSI KOMIIJIEKCHBIX UYHCeJ, HYXKHO YINOTPeOHUThL oOlles
panuio NOBOPOTa BEKTOpa, WJIH, YTO TO XKe caMoe, KOMII-
JieKCHOro yucsia. [IoBepHYB BEKTOD 2 MPOTHB 4acOBOH CTpeJI-
KU Ha yroJl o, Mbl MOJYYHUM HEKOTOPHIY HOBBHIH BEKTOp, KO-
TOpbii 0003HAauuM uepe3 Ry (z). I'eoMeTpuyecKH sCHO, UTO
“omepanus NMoBOopoTa R, HMeeT CJeAYollee CBOHCTBO: €CIH
a — AelCTBUTENbHOE YHUCJIO, TO

Ra+ﬁ (Z) = Ra (Rpr(z))’ R, (az) = aRa (2),
R, (21 + z2) =R, (21) + Ra (22)-

U3 nmocnegnux nByx QopMyJ cClaenyeT, YTO €C/IH @) H Qg —
JBa NeHCTBUTENbHBIX YHCJIa, TO HMEeT MeCTO COOTHOUIeHHUE

R, (a2 + as25) = a,Rq (7)) + a2R, (25). (8)
HeﬁOCpeﬂCTBEHHO SICHO TaKxXe, 4TO
R, (1)=cosa + i sin a. 9)

JlokaxkeM Tenepb, YTO MOBOPOT KOMIJIEKEHOTO YHCJIA
2=x-4 yi Ha yroJ o« paBHOCHJIEH YMHOXEHHI0O ero Ha
KOMIIJIEKCHOe UHCJIO cOS o -} i sin o, T. €, UTO

R, (2) = (cosa +isina)z. (10)
Jnisi aTOro paccMOTpMM CHayaja OT[eJbHO MOBOPOT Ha
yroa st/2. B aTom cayuae cos—g— +i sin—g— = { U paBEeHCTBQ
(10) npunuMaeTt BHA Rn/s(2) = iz. [IpoBepuM 3ty dopmyay.
C onHOH CTOPOHBI, reOMEeTPUYECKH OUEBHIHO, YTO Ry o (l)==
=i, Rn/2({)=—1. C npyroi cropoHu, il =1, ii = —1, Ta«
KHM 00pasom, .
Rﬂ/2(1)=z1, Ry (B) = ils
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W3 dopmyan (8) HemocpeICTBEHHO BHTEKAaeT
iz=ilx+iy)=xi+y(—1)=
=XR;;p (1) + YR, (1) =R, (x1 + yi) =
=R, p(x+iy) =R, (2).
Takum o6pasom, dpopmyna (10) nokazana aas o = m/2.

IIycte Tenmepp o — NpOU3BOJIbHOE [EHCTBUTENbHOE YHCe
Jo. I1pu 2 =cos a + i sin ¢« nonyuaem

gi=i2=R_,(8) =R, ,(cosa+isina)=
== COS (a +—g—) -+ i sin (a +-g-) =
=Ra(cos—°f:——|—isini;-)=Ra(i). (11)

Takum o6pa3oM, dopmyaa (10) nokazanHa mpu z =i.
[Tepefinem Tenepn K poKazaTedbCTBY dopMyan (10) ans
NIPOHU3BOJIbHOIO KOMIJIEKCHOTO YHCJa

z=x-+1y.
B cuny dopmya (8), (9), (11) umeem
R, (2) =R, (x +iy) = xRy (1) + yR, (i) =
= x (cosa -+ isina)+ y(cosa 4 isina)=
== (cos a + i sin a) (x + yi) = (cos @ + i sin a) 2.

Takum o6Gpasom, ¢dopmyna (10) monHoCThIO DOKa3aHa.
IIpumensis dopmyay (10) K KOMIJIEKCHOMY YHCHAY
2 == cos §§ - i sin B, noayuaem ’

(coso -+ isina)(cosp 4 isin p) =R, (cos p + i sin ) =
=Ry (Rg (1)) =Rgp (1) =cos (@ + B) + i sin (a + B).

Takum o6pasom, )

(cos a4 i sin a) (cos § + i sin B) = cos (a« -+ B) + £ sin (a+B).

IIpousBoass mepeMHOKeHHe KOMILIEKCHBIX YHCes, CTOSA-
IMX B JeBOH uacTH, no ¢opMmysae (3), MB NMONYUYUM

(cosa i sina)(cos p + isin p)==
= (cos a cos  — sin a sin B) + (sin a cos 4+ cos a sin B) i.

3HauuT, MB NOAYYHJIH (PQPMYJH [AJisT KOCHHYCa M CHHYyCa
CYyMMBI:
cos (a -+ p) =cosacos p — sin a sin f,

sin (@ - p) = sin a cos § 4 cos a sin f.
g



EIR XY

IIisi NPOM3BOJBHBIX KOMILIEKCHHIX UHCEJ, KOTOPHE MBI
sanuumeM B Buuge r(cosa -}-isina), s(cosfP -4 isinf) mno-
Jyuaem

r(cosa - i sin o) s(cos § + i sin p) =

=rs(cos (a+ B) + isin (a4 B)). (12)
Takum o06pasoM, NpH NepeMHOXKEHHH ABYX KOMILJIEKCHBIX
YyHCceJl UX MOLY/H NEPEMHOXAIOTCS, @ apryMeHTHl CKJajhl-
BalOTCA.

@opmyay (12) oueBunHBIM 00pa3oM MOXKHO pacmpocTpa-
HHTb Ha MPOU3BOJIbHOE YHCJIO COMHOXHTeneH. Ecau Bce
3TH COMHOKHTENH PaBHbI MeXJy COO0H H paBHbl KOMIJIEKC-
HOMY uHcay r(cos o 4 i sin &), TO Mbl nOJy4aeM

(r (cos a + i sin @))" = r" (cos na + i sin na).

drta ¢opMyna oueHb uHTepecHa. OHa faeT BO3MOXKHOCTb
H3BJIeYb KOPEeHb n-# CTemeHH U3 IPOHM3BOJILHOTO KOMIJIEKC-
Horo uyucsa p(cos @ -+ isin @). iMeHHo, OKa3biBaeTcsl, 4TO
KOJIHYECTBO KOPHeH  n-i

CTEeINeHH U3 4Hcaa p (cos -+

cos%’ﬂsin%—”‘ + ising)0 paBHO ~,
npHyeM KOpPHH 3TH pacmo-
JIO)KeHbl Ha OKPYKHOCTH

n.__
pamuyca 4/p ¢ LeHTpOM
B Hayaje KOOpPAHHAT H CO-
CTaBJISIIOT BepUIMHB Iipa-
BHJILHOTO £-yroJIbHUKA. DTO
yTBEepXKAeHHe 51 NpenocTaB-
JSI0 U1 A0Ka3aTesabCTBa
YUTATESIM.
Puc. 2 B yactHocTH, KOpeHb
n-4 CTeneHH W3 eZHHHIH
HMeeT n 3HauYeHHH, KOTOphle $BJSIOTCS BepIIHHAMH Mpa-
BUJIbHOTO n-YrojibHHKa, BIUCAHHOTO B €JMHHYHBIH KpYT, NpH-
YeM OJHA M3 ero BepuUIMH eCcTb eJuHHIa (puc. 2). B Buge
GopMysbl 3TH KOPHH 3alHCHIBAIOTCSA CAEAYIOIHM 0GpasoMm:
n

VT =cos Z& isin 22, p=0, 1,2, ..., n—1.

KoMnoaexkcHo cConpaXeEeHHBle UYHCJ A

IIpn paccMOTpeHMH KOMILJIEKCHBIX YHCeJ BaXHYIO POJb
HrpaloT TaK Ha3biBaeMmbie KOMIJIEKCHO CONMpPSIXKEHHbIE YHCJa.
Eciu 2 = x + iy — HeKoTOpOe KOMIJIEKCHOE YHC/IO, TO YHC-
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J0 Z, KOMIIJIEKCHO CONpSIXKEHHOe C YMCJOM 2, OnpelesisieTcs
dbopmysioi
Z=x—1iy. (13)

Taxkum o6pasom, 4HCJI0 Z, KOMIIJIEKCHO CONPsSi>KeHHOe C YHC-
JIOM 2z, SIBJIsieTCA 3epKajbHbBIM O0pasoM UHuCJa z OTHOCH-
TeJIbHO AeHCTBUTEJNILHOH OCH, H Mbl HME€EM, B YaCTHOCTH,

z=2.
Ecau
z=r(cosa - isina),
TO
Z2=r(coso —isina)=r(cos(— a) 4} isin (— a)),

H, CJIeI0BATEJIbHO, aPryMeHTHhl ABYX KOMIIEKCHO CONpsi:KeH-
HBIX YHCeJ OTJHYaloTcs JUlIb 3HakKoM. M3 dopmyn (2), (3)
CleAyeT, YTo

m =21 + 2. (14)
N3 dopmya (8), (13) caenyer, uto
212, = 2,2, (15)
3aMeTHM eile, YTO PaBeHCTBO
2=z (16)

MMeeT MeCTO TOr4a M TOJbKO TOrAa, KOria z eCTb nefi-
CTBUTEJbHOE YHCAO (CcM. ri. 4, npuMepnl 9—11).

§ 9. OcHoBHas Teopema ajaredpni

3nech OynmeT J[OKa3aHa OCHOBHAasi TeopeMa aJreGphl,
yTBepKJAalolas, YTO BCAKHA MHOTOUJeH MNOJOXHTeJbHOH
CTelleHH ¢ KOMIVIEKCHBIMH K03 pHIUMeHTaMi HMeeT No Kpaii-
Hell Mepe OJHH KOMIIEKCHbIH KopeHb. Ilpu stom peilcTBH-
TeJbHbIE YHCJIA CYHUTAIOTCS YACTHHIM C/lydaeM KOMIUIEKCHBIX
ypces. DTa TeopeMa BnepBhie Oblia goKaszaHa ['ayccom B
1799 r. ajis 4acTHOro cjy4asi MHOrOYJIEHOB C AeHCTBHTE/Ib-
HbIMH KoadduuueHntaMu. ['aycc nokasaj, 4TO BCAKHI TaKo
MHOrOYJeH HMeeT [0 KpafiHe#l Mepe OJUH HeHCTBHTENbHBHIH
MJIH KOMIJIEKCHBIH KOpeHb. DTO 3HAYHT, 4TO, paccMaTpHBas
KOpDHH ajire6panyecKuXx ypaBHeHHH (T. e. KODHH MHOrouJe-
HOB), Mbl He MOMKEM NPHHTH K HOBBIM YHCJIaM. 34ech 3Ta
TeopeMa J0Ka3biBaeTcsl AJsi MHOIOYIEHOB C KOMIIJIEKCHBIMH
Ko3pPuuueHTaMu.

JloKa3aTesbCcTBO OCHOBHOH TeopeMBl ajreOGpbl OCHOBaHO
Ha KOHKPETHOM PacCMOTpPeHHH KOMIUIEKCHHX uHcena. Crpo-
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roe N0Ka3aTeJbCTBO OCHOBHOM TeopeMH ajireGpHl, OMHpalo-
meecss Ha TeopHi0 GYHKIHH KOMIJIEKCHOH NmepeMeHHOMH, NpH-
BeieHOo B MOeH KHHre «AHanu3 GecKOHeYHO MaJbx» (CM.
npuMep Ha C. 246).

3necb 1 NMPUBOXKY He CTPOroe, HO reoMeTpHYecKH yOe-
AUTe/NIbHOE J0Ka3aTeJbCTBO, OCHOBAHHOE HA pPacCMOTPeHHH
NnyTed B MJIOCKOCTH KOMIIJIEKCHON NnepeMeHHOH H ux aedop-
mauui. J{okazaTenbCTBO 3TO He TOJBLKO AOKAa3biBaeT TeO-
peMy, HO OO HEKOTOPOH cTeneHH OOBSACHSAET, NoueMy OHa
BepHa.

Kak cnenctBue OCHOBHOH TeopeMbl ajre0pbl MBI AafUM
PasyioKeHHe MHOroYwieHa ¢ KOMIJIEKCHBIMH (B YacTHOCTH,
NeHCTBUTENIbHBIMH) K03Q(PHuLUEeHTaMH Ha MHOXKHTEJH.

IlyTu B NJIOCKOCTH
KOMNJEeKCHOH mepeMeHHOH

Ecnu Touka z B IJIOCKOCTH P KOMMNJIGKCHOH nepeMeHHO#H
nepeMenaeTcss BO BpeMeHH, KOrfa BpeMs { MeHseTcs B Ipe-
nenax tp <<t << t;, To MBI CUMTaeM, 4TO B IJIockocTH P 3a-
JaH nytb (puc. 3). TakuM oGpasom, nyTh ecTb (QPYHKLHUSA

yh
t""f[
e
\ 0 z
t=1t, ¢ i=t, =%,
Puc. 3

2(f) nelicTBUTEJNLHOH NepeMeHHOW {, MPUHHMAOIAss KOMII-
JIeKCHbIC 3HAUeHUs_H 3afaHHas Ha OTPe3Ke fy << § < Iyt

2(), LI,

dopmMysa sTa 3ajaer nyTh. Pedb HAET 3%ech O ABHKe-
HUHM TOYKH, OCYIECTBJIIEMOM, €CTeCTBeHHO, 0e3 CKauKoB,
Tak 4To OQYHKuMs z(f) sBAseTcss HempepbiBHOA. Mu He
VTOUHSIeM 3AeCh IOHSITHE HeNpepbIBHOCTH, CUHTAas, YTO ‘OHO
HHTYMTHBHO SICHO Kak [ABHXeHHe ToukH. CilelyeT OTYeTJIHBO
IOHMMAaTh, YTO NYTh €CThb NPOLECC ABHUKEHHS, a He Ta JH-
HHsl, KOTOPYIO ONHCHIBaeT ABHXKYyuiasics touka. OgHy H Ty
3Ke JIHHHIO MOXKHO OIHCATh Pa3HBIMU COcOOaMH.,
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B npouecce ABHXKeHHs TOUKa z(f) B pasHhle MOMEHTH
BPEMEHH MOXKET [ONajaTh B OAHY H TY e TOYKY IJAOCKOs
CTH, TaK 4TO He HCK/IOUaeTcs PaBeHCTBO

2(h)=z2() npun L4

Takum o6pa3oM, NyTb MOXKeT MMeTb caMonepeceueHus. OH
MOXEeT faxe COCTOSITh U3 OLHOH TOUYKH, HMEHHO, B cJyuae,
Korjaa Touka z(f) BOBCe He MepeMellaeTcs INPU HU3MEeHeHHH
HajlpHerleM, eCjiM 3TO A
He OyZeT OroBOpPeHO cHellu-
albHO, MEl Bceraa GyxeM / ﬂ
npeamnosaratb, 4T0 NYyTh He o
IPOXOIMUT Yepe3 HayaJ0 KOop- 0 z
AUHAT, T.e.4YTO BeJHYHHA 2(f)
HH NMpH KaKOM 3HAaYeHUH [ He
oOpaniaercss B HyJb. TouKa
2(to)= z; HasHBaeTcd Hada~ JamuHymoie nymi
AOM TYyTH, a TouKa 2z(f)==" Puc. 4
= 2;—ero kKouyom. Ecau :
HMeeT MeCTO PaBeHCTBO 2y = 2|, TO NYThb HA3HIBAETCH 3AMK~
HyToim (puc. 4).

Tak kKak KoMIJeKCHOe 4ucao z(f) He ofpainaercs B
HY/lb, TO AJISl BCSIKOTO 3HaYeHHs1 [ onpefejieH apryMeHt
¢ (f) KOMIJIeKCHOro 4Yucjaa z(f), Ho OH onpefeseH JHIIb C
TOYHOCTBIO O cjaraeMoro 2km (k— uenoe 4ucao). dra He«
ONHO3HAUYHOCTb AJIS1 Hac HexejarteabHa. Jlas TOro 4toGnl
0cBOOOAUTLCA OT Hee, Mbl BhibepeM AJisi HauaJbHOH TOUKH
2o BIIOJIHE ONpefiesIeHHBIH apryMeHT @o = @ (fo). |

3arem no Mepe BoO3pacTtaHus { Gyaem BbLIOHpaTb apry-
MeHT ¢ (f) Touku z(f) TaK, 4TOObl NPH MaJHIX H3MEHEHHAX
t OH MeHsICSI Maao. DTHM HEOAHO3HAYHOCTb BhHIOOpa apry-
MeHTa OyxeT ycTpaHeHa. Jlo6aBiieHHe K apryMeHTy 4Hca
2kn npu k=0 npuBesio Obl Cpa3y K Pe3KOMY H3MeHEHHIO
BeJIHUUHbL @ (f). Bri6paB HauanbHOe 3HAaueHHe apryMmeHTa
p(fo)=@o u cnenss 3a TeM, uTOOBl apryMmMeHT @(f) TOYKH
2(t) MeHsiICSl BMeCTe C [ HenpepbiBHO, Mbl IOJYy4yaeM BIOJI-
He onpeAejeHHyl0 GYHKUHIO (f), MeHSOLYOCA Henpe-
PBIBHO, T. e. 6e3 cKaukoB. Eciu BHIOpaTh HavajbHOE 3HAUE«
HUEe apryMeHTa o HHaue, H3MeHUB ero Ha 2kw, TO OH OyneT
OTJIHYATbCA OT paHee BHIGPAHHOrO POBHO Ha 2Rm Ha BCeM
NPOTsAXKeHHH U3MeHeHus f. Orciona caefyer, UTO IpH TaKOM
cnocoGe NoCTpoeHHuss PyHKUHH ¢ (f) BeJH4YHHA :

@ (1) — @ (%) (17)
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He 3aBHCUT OT CJAy4YaHHO BHIOPaHHOrO HaYaJIbHOTO 3HAUYeHHUS
aprymeHTa 4ucia zg.

Eciu nyTh 3aMKHYT, TO TOYKH 2o M 2; COBNAjalT H,
ClefNoBaTeNIbHO, HX apryMeHTol @(fy) 4 ¢(f1) MOryr oTiH-
yaTbca JUlIbL Ha 2kn. IloatoMy uucio (17) B ciyuae 3aMk-
HYTOro nyTu ectb 2km. Llenoe uucno k HaswiBaeTcsi uHoek-
COM 3aMKHYTOrO NYTH B IJIOCKOCTH KOMIIJIEKCHOH IepeMeH-
Hoil z. Cnenyet ellle pa3 MOAYEPKHYTb, UTO HHAEKC 3aMKHY-
TOTO NYTH MOXKHO ONpe[esHTb JHUIb B TOM CJydae, KOrja
NyTb He NPOXOAUT Yepe3 HayaJso KOOpAUHAT.

y)
/ k
0

Y
k=1

L /77N
=

fymu ¢ undexcamu 0,1,2

A

Puc. 5

Hnpekc k uMeeT NpocTod reoMeTpuyeckud cMmoica. HMmeH-
HO, OH YKasbiBaeT, CKOJbKO pa3 Touyka z(f), ONHUCHIBas
3aMKHYTBHIH NyTb, OOXOAMT Hayaso KoopauHaT (puc. 5).

PaccmoTpum npoctoit npumep. ITyThb

1 4r(cost+ising), 0<<Ii<2m, (18)

sBJIseTCs 3aMKHYTHIM. OH ONHMCHIBAeT OKPYXKHOCTb C ILeHT-
poM B TOUKe | M pajuyca r ¥ NPOXOJAUT OKPYKHOCTb C Te-
yeHHeM BpeMeHH [/ pPaBHOMEpHO IPOTHB UYacOBOH CTPEJIKH.
Ecnu uyucno r MeHblie 1, TO OKPYXKHOCTb He COLEPIKHT
BHYTpU ceOsi HayaJjla KOOpAHHAT M HHAEKC nyTH paseH 0.
Ecau r Goablie 1, TO OKPYXKHOCTb COAEPIKHT BHYTPH cels
HavaJ/i0 KOODJAHHAT M MHAEKC nyTH paBeH 1 (nmposepbTe 3TO
caMocToaTeNbHO). B ciayuyae r=1 nyTb npoxomur uepes
HayaJio KOOpJAHMHAT W ero HHIeKCc He omnpenesaeH. Ecau uuc-
Jio r MeHsietcs, 10 nyth (18), kak rosopaT, fedopmMupyercs
(puc. 6). MBI BUAHUM Ha 3TOM NpUMepe, YTO BO BpeMs Je-
(opMagHy 3aMKHYTOro NMYTH €ro HHAEKC He MeHsIeTCs, eClH
TOJBKO NYTb B KAKOH-TO MOMEHT AePopMalHH He MPOXOAHT
yepes HayaJI0 KOOPAHMHAT.

I'oBOpsi, uTO mMyTh OMUChIBAeTCs [BUXKEHHEM TOUYKH BO
BpEMeHH, MBI JIMIIb XOTeJH IpujAaTb O6ojieeé HHTYHTHBHbLIH
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XapakTtep onpefeseHuio NyTH. B neficTBUTENBHOCTH XKe peyb
uieT O 3aBUCHMOCTH KOMIIJIEKCHOH NMepeMeHHOH z OT HeKO-
TOPOro JAeHCTBUTENbHOro mnapaMerpa { (KOTOpPbI MOKHO
o603HauyuTh U Apyrod OykBoi). Tak, Hanpumep, nytb (18)
MOXHO 3amnHucaTb B BHIE

1 4 r(cos a + i sin a),
0<<a<g 2n, (19)

raie napaMeTpoM yxe fB-
asieTcs He t,a o. SIcHO, uTO

nyte (19) omnucoiBaercs o
TO4YKO# 1+ 2z, Korga Touka
Z ONHCHIBAET NMYTb

0<<a<<2m. nymic 1+r(cos @+isine)npu ugMeHeHILY T

31ech r ecTh YHCJIOBOH Ma- Puc. 6
paMeTp, OT KOTOpOTO 3aBU-
CUT caM nyTb. ['oBOpSAT, uTO mMpH u3MeHeHuH r nyTb (19)
nedopMupyercs.

Ilagum GoJiee CJI0XKHBIH MpUMep 3aMKHYTOrO MyTH, KOTO-
pblii Mbl 0603HauuM uyepe3d K,. Ero 3apagum ¢opMmynoi

2= (1 4 scos?)(cosnt+ isinnt), 0<I<2m.

3necb Mbl cuntaeM, uto 0 <<s <1, w moromy |z|=1+
+ s COS { ¥ NONOKUTEJIEH [IPH NTPOU3BOJILHOM {.
[Iyte K, umeer camonepecedeHHs.
[Ipp n=2 omHO camonepeceueHue,
npu n=23 ABa.
BeeneM noHsTue aedopmanud my-
Td. ByneMm cuutartb, 4TO nyTh Aedop-
MHDYeTCsl, €C/JH OH [IOCTeleHHO Me-
HATCS1-6€3 CKAYKOB B 3aBHCHMOCTH OT
HEeKOTOpOro napamerpa, KOTOpH# AJs
nyta (19) obo3naueH depe3 r, a BO-
o6uie MoxeT ObiTb 0003HAYeH U APY-
roii OykBo#, HanpuMep s (puc. 7). neqopmanus
Takum o6pasom, pedopmupyowHics nymu
NyTb 3anucbeiBaercs (opMynoH

2@, 8), @KOKO, SHNSKS§;
(20)

31ech NpH KaxIO0M (PUKCHPOBAHHOM 3HAa4YeHHH NapaMeTpa s
Mbl HMMeeM OINpeje/ieHHbIH NyTb, ONHCHIBaeMbli BO BpeMmd

7

Puc. 7



M3MEHEHHUS o OT Ol JO Oy, @ IPH H3MEHEHHH § CaM NYTb Me-
HsaeTcsi, Aedopmupysck. JlcHo, yto ecaum nyth (20) 3aMmk-
HYT, T. €. €CJH NpH J1000M 3HaYeHHH S HMeeT MECTO paBeH-
CTBO

z (o, s)=2(ay, s),

TO B TeueHHe AepopManum WHIAEKC NYTH AOJKEH MeHSATbCH
6e3 ckauykoB. A TaK Kak OH eCThb LieJioe YHCJIO, TO HHIEKC
yh 9TOT OCTaeTCAd MOCTOSIHHBIM. Ko-
HeYHO, 3TO BEPHO TOJbKO B TOM
caydae, Koraa JIJsi IIPOH3BOJIb-
\ Horo 3HaueHuss S nytb (20) He
NPOXOJAHUT Yepe3 Hayajao KOOpIH-
HaT. B mporuBHOM cJyuae nud
4 o 9TOr0 3HaYeHHs S HHAEKC NyTH
a / @ wue onpenenen. Takum oGpasom,
Mbl MOXKE€M BHICKa3aTb CJeayIO-

iee yTBepiKIeHHUe,
Ecaiu 3aMKHYTHIHH nyTh He-
npepuiBHO JedopMupyercs, He
Puc, 8 npoxoAs B mnpoilecce aedopma-
IIHH uYepe3 HAYajJO0 KOOpAHHAT, TO HHIEKC €ero He Me-

HAETCH.
JdaguMm enie OAMWH NpUMEP 3aMKHYTOrO MNYTH:

r*(cosna 4 isinna), 0<<a<<2n. (21)

$IcHO, 4TO myTb 3TOT ONHUCHIBAETCA TOYKOH 2", KOrja TOYKa
2 ONHNCHLIBAET 3aMKHYTHIH NYTh:

) r(cosa+tisina), 0<<a<<2m.

BunHo, uro Koraa o MeHsiercss oT 0 10 27, apryMeHT TOYKH
2" meHsercd or 0 g0 2nm. Takum o06pa3oM, HHAEKC MNYTH
(21) paBeH n (puc. 8, rae cxeMaTHYeCKH NOKasaH Cjayudai
n=3).

KoMnaekcHboe QYHKIOHH
KOMIOJIEKCHON nNepeMeHHOH

Eciu uncioBoe 3HaueHHe KOMIJIEKCHOH mepeMeHHOR Be-
JIUYKHBl @ MOXKHO HaHTH, 3HAas YHUCJIOBOE 3HAUeHHe Apyro#
KOMIIJIEKCHOH IepeMeHHOH BeJHUUYUHH 2, TO IepeMeHHas Be-
JUUHHA ®w Ha3biBaeTcCsl Qyuxyuel nepeMeHHON BEJHYHHH 2,
4TO 3aNUCHIBAeTCsA B popme

w={[(2). "
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Ecan koMmiekcHas ¢QyHkuus f(z)' KOMIJIeKCHOR nepe<
MEHHOH z HUMeeT NMPOH3BOAHYIO, TO OHA HA3bIBaeTCH QHAAU-
Tuueckol ¢ynkyueti. Teopuss aHaMUTHIECKUX (PYHKUUH 1B«
JseTcs Temepb OAHUM H3 BaXKHEHIINX pasfesioB MaTeMa-
THKH. 34echb Hac 6YAYT HHTepPeCOBATh JIHIIb aHAJHTHUECKHE
(GYHKIMA OYeHb YaCTHOrO BHJAa, HMEHHO MHOrOYJIEHH *),

PaccmoTrpum MHOrouseH

w=f@==2"+az '+ ... +a,_124+a, (22)

rae ai, asz, ..., G,— KOMIJIEKCHble KO3(p(PHUHEHTH, a n —
HeOTpHIlATEeJbHOEe I[eJI0e YHUCJI0, KOTOpPOe Ha3LIBaeTcs CTe-
neunvto MHorouneHa. llesbio Hamlero HcciiepoBaHuss Oyaer
J0Ka3aTeJbCTBO TOr0, UTO MHOrouaeH (22) moJioKHTeJbHOH
CTeNIeHU HMeeT KOPeHb, T. €. YTO ypaBHEHHE

[(2)=0,

rae f(2)— mHorousneH (22) u n > 0, uMeer peueHue. as
JL0Ka3aTeJbCTBA 3TOT0 MBI PACCMOTPHUM 3aMKHYTHIH NYTb

f(r(cosa4isina)), 0O0<<a<<2n, (23)

KOTOpHIA ONMHCHIBaeT TouyKa f(2), KOrga Touka 2 ONHCBHIBAEeT
3aMKHYTHH NyTb

r(cosa+isina), 0<<a<<2m.

Canyuait, KOria CBOGOOHHIH YieH a, MHOrowieHa f(z)
paBeH 0, He TpebyeT pacCMOTpeHHs, TaK KaK B 3TOM CJY-
yae MHOrouwjeH f(2) HMeer ouUeBHIHHHA KopeHb 2 == (. ITo-«
5TOMYy MH OyAeM CYHTaTb, 4TO @, F* (0. 3aMKHyTHH nyTh
(23) saBucHT OT mapameTpa r U NpH H3MeHeHHH mapameTpa
r nepopmupyercs. Ilpu r=0 uucio z pasuo 0, u nyrs
f(2) COCTOHT U3 HENOABUIKHOH TOUYKH A, Takum o6pa30M,
ero uHaekc npu r =0 pasen 0. Mu gokaxkeM, UTO ecCJH
B3SITh r JOCTATOUYHO GOJIbLIMM, TO HHAEKC nyTH (23) paBeH
n. Ho no npeanonoxenuio n % 0, no3TOMy IpH H3MEHEHHUH
ypcaa r OT GOJIbIIOrO 3HaueHHs K Hymao nyTth (23), medop<
MHUPYSCh, NPOHAET MPH KAKOM-TO 3HAYeHHH r yepe3 HayaJso
KOOpAMHAT, a2 3TO U 3HAYHUT, YTO NPU HEKOTOPOM 3HAYEHHHU Z
¢yukius f(z) o6paTHTCA B HYJb, T. €. KOpeHb y 3TOrO MHO<
rousieHa cyuiectsyer (puc. 9). . \

Ins nokasaTenbcTBa TOrO, YTO NPH AOCTATOYHO O6OJIb=
ILIOM r 3aMKHYTHH nyTb (23) HMeeT HHJIEKC, DaBHBIA 1,

*) 3aMeuanne 0 NPOH3BOAHON MMeEET LEJbIO JIHIIb YKa3aTb Ha Cys
IIECTBOBAHHE TEOPHHM AaHaJHTHUYECKHX (YyHKIHA. B naabpHelimeM npomse
BoAHasd (QYHKIHH KOMINVIEKCHOH IePeMEHHOH HCMOJb30BaTbcAd He OyJner.
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npoaedopMUpyeM 3TOT NyTh B GoJsiee NPOCTOH, HHAECKC KOTO-
pOro Jierko COCYHTATh.
[Ipexpae Bcero Mb paszo0beM MHOrou/eH f(z) Ha cymMmy

ABYX MHOI'ouJ/JieHOB
f(R)=2"4+ g(2),

rie g(z) 3apaerca dopmynoi
gR)=az" 14 ae" 2+ ... +a,_2+a,.

Tak kak xko3Qp(ULHEHTH aj, Q2 ..., G, MHOrOWIEHa g(2)
CYTb BIOJIHE ONpefesieHHbIe YHC-
Jla, TO OHH BC€ He NPEBOCXOAAT
Mo MOJYJIO HEKOTOPYIO KOHCTaH-
Ty ¢. U3 HepaBencrBa (7), pac-
NPOCTPAHEHHOr0 Ha MpPOU3BOJIb-
HO€ YMCJIO cJlaraeMblX, CJIeAyerT,
yTo npu |z| > 1
g (@) ISnelzr=1]. (24)
Paccmorpum MHorounen f(z,
§), 3aBHCAIMA OT mapameTpa s,

0<<s<<Cl, 3apgaBaeMulil cJe-
Puc. 9 nywiuei Qopmynoii:

f(z, s)=2"+ sg(2).

Mbl umeeM paBeHCTBO

2" ={(2, s)—sg(2),
OTKyJaa

[2° 1| (2, 8)|+1—58(@)I<If(2 8) |4 nclz— s <

<IF(z, 8) [+ ncl 2t
(cM. (24)). Orciopna caengyer =

| f (2, s)|=12"|— nc|zr!|.

OGo3HauuMm |z| uepe3 r, TOrza nocsnejgHee HepaBEHCTRO
NPHHHUMAaeT BUJ,

17 (2, 8)|==r" — nern=t = r=1 (r — cn).

Takum o6GpasoMm, npH r > cn npaBass 4acCTb MNpelblay-
IIer0 HepaBeHCTBA MOJIOXKUTeNbHA. ClieA0BaTeIbHO, MOAYJlb
¢yHKOuH f(2, s) He oOpaiiaeTcs B HYJb HH NPH KaKOM 3Ha-
YeHHUH §, €CJIH TOJbKO r => Cn.

O6patum BHUMaHHe Tenepb Ha TOT (HakT,yto npu s =0
MHOrOuJIeH f(z,s) npeBpaliaercd B M3BECTHbIH HaM MHOro-
4jleH 2", a HHAEKC NYTH 2", KOorja z OIHCHIBAeT OXKpYyK-
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HocTh r{cosa 4 isina), HamMmu yxe cocuurad (cMm. (21)).
On pased n. Ilpu s =1 mHorounes f(z,s) npespamiaercs
B MHorousneH f(z), u onpeneasieMHid WM nytb (23) umeer
HHIeKC, ToXe paBHbi n. MTak, MbH JM0oKasajiH, YTO HHAEKC
nytsH (23), ompenensieMbli MHOrouieHom [(2), npu r > cn
paBeH n. Takum o6pasom, npu MeHswouemcs r or 0 1o
cn + ¢, rae e > 0, nyts (25) medopmupyeTcs, npuyeMm npH
r = 0 3TOT myTb NpeBpallaeTcs B OJHY TOUKY H €ro HHAEKC
pasen 0, a npu r = cn 4 & ero uHgekc paseH n. M3 atoro
BHUJHO, UTO B IIpouecce H3MeHeHHs r nmyTh (23) npu Heko-
TOPOM 3HauyeHHH r MPOXOAHUT Yepe3 Hauajo KOOPAHHAT H,
c/IeI0BaTe/NbHO, MHOrouseH f(z) nmpu HeKOTOPOM 3HAUEHHH
z, |2| << cn + &, oGpaiaercs B HYJIb.

Hrak, ocHoBHasi TeopeMa ajrebpnl fAoka3aHa (cM. ra. 4,
npumep 12).

§ 10. Aaroputm EBkaupa

JeneHue MHOTOUYJEHOB

an JeJIEeHHY LeJoro noJIOXKHUTEJbHOro 4Yucja a Ha ue-
JIOe TIOJIOXKHUTEJNbHOE YHCJI0 b MBI NpuxXoinM K paBeHCTBY

' —bh+ b, (25)

rae h v k— 1nesble HeOTpHULLATeNbHbIe YHcaa U kB << b. Unc-
JIO h HasblBaeTCs 4ACTHbIM, a R— OCTATKOM TIpU AEJeHUH
yucyia g Ha 9UC0 b.

dta popMysaa nojaydaercs B pe3yjbTaTe JeJeHUS OLHOrO
11eJIOr0 YHCJAa Ha ApPYroe Lejioe YUCI0 M ONHCAHA B apud-
MeTHKe C HCIIOJb30BaHHEM 3HAaKa | 125621 . droT cno-

co6 wu3naraeTcsi B Hada/JbHBIX KJaaccaX CpefHeH IIKOJbI.
TouHO Tak e CO 3HAKOM | MOXKHO [eJNUTb APYF Ha

npyra u mHorounenbt: x3 -+ 4x%-+ 5x+ 1|x2+6x -+ 7. B pe-
3yJbTaTe NMOJydaercs clelyloliee:
DyneM HCXOLHTb U3 ABYX MHOTOUYJIEHOB

a@)=ar?+az’ '+ ... +a,
b{z)=0b27+b29'4 ... 4+ b,

Mu 6ymem mnpepnoJiaraTb 34ecChb, YTO uHCIa Qo H by He
pPaBHBl HYJII0, TAK YTO MHOrouJieH q(z) uMeeT CTeleHb p, a
MHOrousieH b(z) uMmeeT creneHp ¢g. B pesyibTate nesienus
MHoroujsieHa a(z2) Ha MHOrowieH b(z) npu NOMOIIH |

———

OpHAEM K  CJeAyilollieMy  PaBeHCTBY, aHAJAOTHYHOMY

81



~TwT
Rt

PPN

paBeHCTBY (25): '
aR)="b(2)h(2)+ k(2), (26)

rae creneHb MHOrowieHa k(z) meHbule gq. MHorounenu A (z)
U k(2) Ha3bIBalOTCSl COOTBETCTBEHHO 4ACTHOLIM B OCTATKOM
IpH JleJIeHHH MHOrouJieHa a(z) Ha MHoroujeH b(z).

Ecnin k(2)=0, To roBopsT, 4TO MHOroujeH a(z) nIe-
JUTCS Ha MHorou/eH b(z), a h(z) siBAseTCss YacTHRIM OT
HX JeJIeHHUSs.

PasenctBo (25) nokaszaHo B apu(dMeTHKe, a paBEHCTBO
(26) nmosxHO mOKa3biBaTbhCsl B anarebpe. Ho menenne MHOro-
YjleHOB He BXOAMT B HbIHE [eHCTBYIOLIYIO IUKOJIBHYIO IIPO-
rpamMmy. Urobbl noKa3aTte paBeHCTBO (26), MBI JOJIXKHBI IO~
CTPOUTb TakHe MHorouneHol h(z) 4 k(z), KoTOopble YH0B-
JETBOPSAIOT 3TOMY paBeHCTBY. Ilpolecc 3TOro noctpoeHust
npencTaBjsieT co6010 OYEHb BAXKHBIA aJTrOPHUTM, OCYIIECTB-
JsieMblfl NPH MOMOIUM 3HaKa | , "Tak HasbiBaeMBIH @120+

purm Egxauda. Onuiiem ero B obiieM BHAE.

Ecnu p < g, To Torpga h(z)=0, k(z)=a(z), u paBeH-
cTBO (26) BHIMOJIHEHO.

Tenepp Mbl GyneM cTpPOHTb MHOroujeHwol h(2) u k(z) B
npeAnosoxenuu, 410 p == ¢. CrnepBa NOCTPOUM PaBEHCTBO

a(2)="b(2) b (2) + a,(2), (27)

B KOTOpDOM CTemeHb MHOroujeHa a,(z) Menbue p. s
3TOTO NOJIOXKHM

hy (2) = ‘;—‘; 2P,

Torpa pasHocTh
a(2) —b(2)h () =a,(2)

HMeeT CTelleHb, MeHblle p, TAK KaK B 3TOM MHOrouJjeHe
Ko3(uLueHT NpH 2° paBeH HYJIO, a OCTa/IbHbIe CTENeHH 2,
BXOASIINEe B 3TOT MHOTOUYJeH, OYeBHAHO, MeHblie p. Takum
o6pa3oM, paBeHCTBO (27) MOCTpOEHO.

Ecii MHoOrousieH q;(2) MMeeT CTeneHb MeHbIIe ¢, TO pa-
BeHCTBO (27) yxe sBisiercs paBeHcTBoM (26). B mportuso-
NOJIOXKHOM CJiydae K MHOrowieHy a,(z) NpuMeHHM Ty Xe
NpoueAypy, KOTOpasi npuMeHeHa K MHOrouJeHy a(z) npu
nocTpoeHun paseHcTBa (27). M Torma Mbl mosdyuyum nad

Hero paBeHCTBO
a,(2) =0b (2) hy (2) + a; (2),

NpHYeM CTelleHb MHOroYJeHa ap(2) yXe MeHblile, 4eM CTe-
neHb MHorousneHa a;(z). Ecau MHorouilen ag(z) yxe uMeer
CTeneHb, MeHbLIYIO YeM ¢, TO, NOACTABJAA a)(2) U3 NOCIAENs
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Hero paBeHCTBAa B paBeHCTBO (27), MBI MOJIyuHM
a(2) =0b(2) (h (2) + 13 (2)) + a5 (2),

KOTOpOe yxe sBJsieTcsl paBeHCTBOM (26). Ecim MHoroused
az(2) ToxXe uMeeT creneHb, 6OJbUIYIO YeM g, TO MBI IPOALOJI-
JKHM Halle NOCTPOeHHe Jafblie H B KOHIe KOHIOB JOKaxKeM
HYXXHoe paBeHCTBO (26).

3xecb MBl ONMHCANH NpPOLECC AeeHHA MHoroudieHa a(z)
Ha MHorousneH b(z), T. e. HaxOXJeHHe MHOroujeHos A (z2)
u k(z), BXoAsimHX B paBeHCTBO (26). JokaxeM Temepb, YTO
5TH MHOTrOuJieHbl A (2) U £(2) OZHO3HAYHO ONpeleseHbl MHO-
rounedaMu a(z) ¥ b(2). Honyctum, 4TO HapsAy C paBeH-
cTBOM (26) HMeeT MeCTO paBeHCTBO

a(2) =b(2) hy (2) + ko (2),

IIpHYeM CTelneHb MHOrouaeHa ky(z) Mesbiue g. Brluutas ato
paBeHCTBO U3 paBeHCTBA (26), nmoayuum

b(2) (h(2) — ko (2)) = ko (2) — & (2).

Tax kak crenedb MHOrouieHa b(z) paBHa ¢, a CTeneHb MHO-
rouneHa R¢(z)— k(z2) meHble g, TO nocjefHee PaBEHCTBO
MOXKeT MMETb MeCTO JHullb NPH YCaoBHU h(2)— hy(2) =0,
TaK 4TO U R (2)— ko(2) = 0.

3aMeTuM, UYTO NMpH AeJeHUH MHOrOUJeHOB He MOTYT BO3-
HUKHYTb KOMIJIEKCHBIE Yucia. FiMeHHO,

ecau murozodnenor a(z) u b(z) umeroT delcreurenvtote
K03(ppuyuentol, To mrozourenol h(z) u k(z) raxoce umeror
OeticTeureatHole KOG PuyuenToL.

Pa3joxXeHHe MHOrouyjjeHa Ha MHOXHTeJH

Tenepp cymecTByomui Mo OCHOBHOH TeopeMe aJjreGphl
KOpeHb MHOI'O4JIeHa

fo2)=2"+ap'+ ... +a, n>0,

C KOMIUIEKCHBIMH Ko3(ppunueHtaMu 0003HAUYUM UYepe3 do;.
JlokaxeM, 4TO MHOrouJeH fo(2) eJKTCS HA ABYYJIeH 2 — aif.
IMpumensa dopmyny (26), Mbl mosiyduM 4acTHOe, KOTOpoe
00603HauuM uepe3 fi(z), # HeKOTOpHIH OCTATOK B BHAE MHO-
roujieHa HyJeBOH CTeneHH, T. €. YHUCJI0, KOTOpoe MH 000-
8HayuM uepe3 k. Takum o6pa3oM, Mbl HMeeM

fo(@=F1()(z—a)+ k.

Tak kak fo(er;)=0, To, monaras B 3TOM paBeHCTBe 2z = di,
nosyuyaem k= (.
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Urak, MHorounen fo(2) pasgenunicad Ha z—o, H MH

HMeEeeEM
fo(2) =(2—a) [ (2),

rae fi(2) — MHOrouJsieH creneHu n— 1, KOTOPBIH, OYEBHIHO,
HauuHaeTcs ¢ wieHa 2!, Eciu n > 1, To n— 1 > 0; Toraa
MHOrousieH f;(z) OyAeT NOJIOKUTEJNbHOH CTEeHNeHH W MO HOKa-
3aHHOMY paHee MMeeT HEKOTOpHIH KOpeHb ay. Takum obpa-
30M, MO TOJBKO 4TO JOKa3aHHOMY MHoroujeH f,(z) pasna-
raetcsi Ha MHOXKHTEJIH:

f1(@)=(z—ayf,(2). (28)

IIpomoskasi 3TOT nmpouecc AaJblie, Mbl MOJYYHM pasJo-
3KeHHe fo(2) Ha n JUHEHHbIX MHOXHTeEH:

, fo(@)=(2—a)(z—0y ... (z—a,).

Uncna o, ag, ..., @, SBJASIOTCS KOPHAMH MHOrOYJeHa
fo(2), m Apyrux KopHe#l MHOrouueH [o(2), OYEBHAHO, He
uMeeT. MoskeT, 0JlHAKO, 0Ka3aTbCsA, YTO OAUH U TOT Ke KO-
peHb BCTpedaeTcs B 3TOM pa3J/i0KeHHWH HECKOJNbKO pas.
I'pynnupysa paBHble MexAay co6Of KOPHH, MBI IOJYyYaeM
pasJioxeHue

fo@=(—a) 1z —a)*2 ... 2—ay)’, (29

rae BCE KOPHU o, Qg, ..., Oy pas3anyHbl. Hucao k; Ha-
3bIBA€TCS KPaTHOCTbIO KOPHA aj, YHUCJAO Rg— KPaTHOCTLIO
KOpHsl ot U T. HA., YUCJIO Ry — KPATHOCTbIO KOPHA a,. TaKuM
o6pa3oM, YUCJIO PasjMYHBIX KOpHeld MHOroysjeHa f[o(z) mo-
KeT OblTb U MeHblue YeM n. ONHAKO ec/iH YYUTHIBATb Kpar-
HOCTb KaxKJOro KOpHS, TO CyMMa KpaTHOCTeH B TOYHOCTH
paBHa n. B sTOM cMbiciie MHoOrousneH f[o(2) uMeeT POBHO n
KOpHeH.

PaccMoTpum Temepb cayuail, Korfia Bce KO3(pQULHEHTH
MHOrousneHa fqo(z)— mefictBuresbHble ynucaa. O KOpHSX Ta-
KOr0 MHOrouwjeHa MOXKHO EbICKa3aTb HEKOTOpble BechbMa HH-
TE€peCHbIe NONOJHHUTENbHbIE COO0PaKeHH .

13 dopmyn (14)—(16) Jserko mosy4mTh, YTO AJNSI MHO-
rousieHa fo(2) ¢ nedcCTBUTENbHBIMH KO3(GHUHUEHTAMU HMeeT
MeCTO pPaBeHCTBO

fo(2) =10 (2).

VI3 aTOro paBeHCTBa CHEAYET, YTO €CJIH o) €CTb KOpeHb MHO-
rounena fo(z) ¢ AeHCTBUTENBHLIMH KO3((pHUHEHTAMH, TO @
€CTb TaKxke ero KopeHb. B ciayuae, eci oy — AeHCTBHTEJIb-
HO€ YHCJI0, TO 3TO YTBepKAeHHe OGeccolepxkaTenpHo. B cay-
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yae, €CJIM o) He eCTb JeHCTBHTENbHOE YHCJO, TO YTBepxKie-
HHE YKa3blBaeT Ha CYLIECTBOBAaHHe Hapsily ¢ KOpHeM «,; OT-
JUYHOTO OT Hero KopHs a;. Takum o6pasom, ecad o; — He
NeHCTBHTEJbHOE YHCIO, TO MHorouneH fi(z) (cM. (29))
HMeeT JejiuTeNieM 2 —0G,, U MBl NOJiydaeM pasjioXKeHHe Ha

MHOXXHTEJH
fo(2) =(z — o) (z—a) [, (2)

Takum o6paszoM, Mbl BBIAEJHJAH Y MHOroujeHa fo(z) kBan-
paTHUHBIH MHOXHTEJb

g:(R)=(@—ao)(z—a)=2*>—(a; + a;) 2 + a,a,.

MHorouneHn go(z) oueBHAHBIM 06pa3oM HMeeT AeHCTBUTENb-
Hble Koa¢pduuuentol. OTcloga cJhaenyer, uto [,{z)— Takxe
MHOTrOYJIeH ¢ AeHCTBUTE/JbHBIMH KO3(P(PUUHEHTAMH, TaK Kak
OH NoJiyuaeTcs B pe3yJbTraTe AejieHUS MHorousneHa fo(z) Ha
NefCTBHTE/IbHBIA KBaJDATUYHBIH TPeXulieH go(2) (cM. (28)).

Taxkum o6pa3oM, eciid o) — AEHCTBUTEJbHBIH KOpeHb, TO
Mbl MM€eM pa3JjiokeHHe

o (@) =g() [, (),

rae g1(z)=2z—a;, a eciu o)— He AEHCTBUTEJbHBIH KO-
peHb, TO Mbl HMeeM pa3JIoKeHHue

fo(2) =g2(2) [, (2).

Takum o6pasoM, B 000X cayyasaXx fo(z) neauTcs Ha AeH-
CTBUTEJbHBIH MHOTOUYJIEH NepBOH UM BTOPOH CTeleHH.

§ 11. HanGoabmuit 06U nEJUTE]b ABYX MHOrOUYJIEHOB

MHorounen b(z) cuutaeTca deauTesem MHOrowjieHa
a(z), ecnyd NpH HeJNeHHHU a(2) Ha b(z) He mojyyaercs oc-
TaTKa, T. €. B hopmyne (26) k(z)= 0.

MHorounen b(z) cuuraerca obujum Oeauresem [IBYX
MHOTOWIEHOB @o(2) H a;(2), ecnu OH sABJseTCS HAEJHTENEeM
KaXJO0ro U3 3THX ABYX MHOrO4/IeHOB.

O6uuit genutenb c(z) ABYX MHOTrOYJNEHOB ao(2) U a;(2)
Ha3piBaeTCss HX Haubosbuium obujum JeauteneM, eCJd OH
HeJUTCS Ha KaxAnd oOwuid jgenutenb b(z) MHOroudJeHOB
ao(z) u a:(2).

CyuiecTBoBaHHe HauboJjbliero o6ulero JHAesuTeNss ABYX
MHOTOYJIEHOB He oueBHAHO. Huke oHO OylaeT I0OKa3aHO NpH
nmoMoiny ajaropurMa EBkauzaa, T. e. IpH NOMOLUK TAaKHX OIle-
pauuii, KOTOpble coBepuialoTcsi 6e3 BCAKHX TPyAHOCTEH,
KpoMe I'pOMO3AKHX BhluucaeHHHd. Ho mpexie Bcero Mhi RO-
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KaxeM, 4TO ABa HauGoJbIIMX O6IIHX JenuTens co(2) ©
c1(2) AByX MHOTOWJIEHOB ao(z) H a;(2) mno cyuiecTBy coBma-
AaioT. IMeHHO, OHH MOrYT OTJIHYATbCS APYT OT ApPYyra TOJb-
KO YHCJOBBIM MHOXKHTEJNEM, OTJHUHHIM OT Hyad. J[okaxkem
3TO.

Tak kak co(2) sBAsieTcss HAHGOJNbIIUM OGLIAM JeJIHTe«
JieM MHOTrO4JeHOB ao(2) u a:2), a ¢;(z)— uxX o6muM Je-
JuTeneM, To ¢o(2) Aenutcs Ha ¢;(2), H, CleLOBaTENbHO, MH

MMeeM TOXKIEeCTBO

Co (2) = hy () ¢; (2)- (30)
AnanoruyHo, Mbl HMeeM hopMyay

¢1(2) =ho(2) ¢ (). (31)

IToncraBaas BuipaxkeHue c;(2), u3 Qopmyawst (31) B ¢op-
myay (30), Mbl nojiyuaeMm

¢o (2) = hy (2) hy (2) € (2).

A Tak Kak npH nepeMHOXXEHHWH MHOTOYJIEHOB CTeNeHH HX
CKJaAbIBAIOTCA, TO H3 MNocjefHed (GopMyJibl cleAyeT, YTO
MHOrouJieHbl ho{2) u h;(2) HMEIOT CTeneHb HYJb, T. €. SIB=
JISIIOTCS YUCJIAMH. .

Takum 06pa3oM, egUHCTBEHHOCTb HauboJjbllero 0GIIEro
AeNHUTeNIsT MHOIOUNEHOB ao(2) ¥ a;(2) HaMu [OKa3aHa.

[lepefineM Tenmepb K NOCTPOEHHUI0 HauboJblIero 0O6IIEro
AeJquTeNns ¢(z) MHOro4ieHoB aq(z) 4 a;(z). Masa atoro npo-
M3BeJeM JeJieHHe MHOrouneHa ao(z) Ha MHOrousneH a;(z2).
3anuwem gopmyny (26) mias 3THX MHOTOUJIEHOB B BHAE

@ (2) =a, (2) by (2) + a, (2), (32)

T. €. 0603HaYUM OCTATOK OT 3TOrO AejieHHs uepes ag(z). Te~
nepb MOJABEPrHeM MHOTOWIEH @;(2) HeJeHHI0O Ha MHOrodJeH
az(z) u opmyny (26) sanuuieM B BHAE

0, (2) = a;(2) hp (2) + a5 (), (33)

T. €. 0603HAUHM OCTAaTOK OT AesieHHS uepe3 as(z). Temeps
MOJBEePrHEM JIe/IEHHI0 MHOTOWIEH a2(2) Ha MHOroOwIeH as(z)
H 3anueM popmyny (26) B Buae N

a; (2) = a3 (2) h; (2) 4+ a4 (2).

Taxk kKax B mpoiecce 3TOro MOCTpPOeHUs CTeleHb OCTaTOoY-
HOrO MHOrouYJeHa Bce BpeMsl CHHXKaeTcd, TO Mbl JOHAeM IO
TaKoro ocratka, KOTopblif 6yner UMeTb CTeleHb HYJb, a NPH
JeJleHNd Ha MHOTOWIEH CTeneHH HyJb OCTaTOK, OUYEBH/JHO,
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paBeH HyJ0. TakuM 06pa3oM, B KOHIIE KOHIOB MBI MOJYYHM
TOXKJeCTBa

Qp_o (2) =0qn_| (2) hn-—l (2) + a, (2,'), (34)
Qp i (2) = a, (2) h, (2). (35)

Ecau Tenepn b(z) ecTb o6muil HesuTeNlb MHOrOYJEHOB
ao(2) 4 a;(2), ™ u3 ¢opmyan (32) caeayer, 4To OH siB-
JsieTcst fenauteneM az(z). M3 dopmynum (33) caeayer, urto
MHOrowieH b(z) siBisfeTCA MAeNUTe/eM MHOroujeHa as(z).
Taxum oOpa3om, mocjaefoBaTeNbHO Mbl JOKaxKeM, YTO MHO-
rousieH b(z) sBJsieTCs HAeJHTeNeM BCeX NMOCTPOEHHHIX HaMH

MHOTOUYJICHOB
& (2), a1(2), +.., an(2), (35)

B YaCTHOCTH MHOroujieHa a,(z). A us dopmyan (35) cJe-
AyeT, 4TO MHOTOYJIeH a,(2) saBAsileTCs HAENHTENEeM Q- (2),
u3 ¢opmyan (34) cnexyer, yTO OH MABJSIeTC JeJHTeNeM
@n-2(2). B KOHIle KOHIIOB MBIl YCTaHOBUM, 4TO a,(2) ABJIsET-
csl JeNuTeNleM MHOTOWIEHOB ao(2) # a;(2). Takum ob6pasom,
N0Ka3aHO, 4TO @,(2) meautcss Ha Ji06OH JdeHTeJb MHOro-
41eHOB ao(2) 4 a;(2) u cam sABAsieTca ux aenutenem. Cie-
J0BaTeJbHO, MHOTOW/IEH a,(2) fABAsieTca HauOOJbLIAM 00«
IMM JAeJHTeNeM MHOrOUJIEHOB ao(2) # a;(2).

lloxax(eM Telepb CJeAYIOINIMH BaxXHBIH pes3yJbTar,
MMeIoUIHHd MHOTOUUCJIEHHbIE TPUMeHeHUs B ajrebpe.

A) O6muii HauGonbwufi menurtenb ¢(z) ABYX MHOro-
YIeHOB ao(2) u a;(z) MoxeT ObITh 3amucaH GopMyJioH

¢ (2) = po(2) 2y (2) + p; (2) 2, (), (37)

rae po(2), p1(2)— HEKOTOpHIE MHOIOUJIEHBI.

IlokaxeM 310 yTBepxKAeHue. IloAcTaBisia BeIpaXKeHHe
MHOrousneHa aq(z) us popmynn (32) B dopmyny (33), MH
nonyyum popmyny

a3 (2) == p, (2) a5 (2) + ¢4 (2) a, (2).

IIpononxkas TOT npouecc fajblile, M MOJYYdM GopMyay
A(37). Takum obGpasom, dopmyna (37) mokasaHa.

YcTrpaHeHHe KPaTHH X KOpPHed

HaxoxneHue KopHeH MHOroueHa SsBJAseTCS ONHOH H3
HauboJiee CTapbulX W TPYAHBIX 3agau aJrebpol. IlepsoHna-
YaJibHO €e NBITAJHCh PEeIlHTb NPH NOMOIUH (POpPMYJH B BHAE
aqre6pauyecKHX BbIPaxKeHUH, BKJIIOYAIOUWIUX H3BJeYeHHE
KOpHe#. JTO OYeHb yAayYyHO cAeJaHO AJs KBaJApaTHOro ypas-
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HeHus. Jlns KyOuuYeCKOro ypaBHeHHs! TaKXe umeercs: ¢op-
MYyJa, HO YK€ Majio 3HauyuTeJbHasi B CMBICJe NMPHI0KEHHUH,
LU ypaBHeHHH YeTBEPTOH CTeleHH Takke ecThb (opmyaa,
HO JIMIIEHHAsl BCSKOTO NPaKTHYECKOro 3HaueHHs. [To3xe
ObLJIO NOKa3aHO, YTO AJisi ypaBHEHHH Bblllle YETBEpPTOH cre-
neHu oOuied (GopMynbl pellleHUs ypaBHeHHH B pafuKaJiaxX
He cywectByeT. [lonHass Teopusi 0 BO3MOMKHOCTSIX HaXOXK-
JeHHs KOpDHeH MHOrouJieHa npu NmoMoud pafukKajnoB Oblia
nocrpoeHa I'anya. Ha nyTtu pelueHusi npob6jieMbl OTHICKaHHSA
KOpPHeH MHOroujieHa JIEXKHT CleAymomias ropasfo OoJsee npo-
cras 3ajava: JJIsi MHOrod/ieHa f(z) HMeIOIero Kak npo-
CTHe TaK M KpaTHble KOpPHH, HaWTH TaKoH MHorouieH g(z),
KOTOpHIM HMeeT Te e caMble KOpHH, YTO H f(Z), HO TOJBKO
npocThie. DTa 3ajmaya pemaeTcs NpH NOMOLIH aJropHTMa
EBknupa, T. e. npu NOMOWIM JAeNeHUss MHorouseHoB. Ee pe-
LIeHHe Mbl PacCMOTPHM 3/€Ch.

IIyctb a(2) u b(z)— nBa MHorousesa, a p(2)— ux mnpo-

U3BeJleHHe
p(2)=a(2)b(2).

Ofy Ogy vvvy O

COBOKYMHOCTb BCEX 4YHCeJ, KaXKI0€ H3 KOTOPbIX SIBJISETCS
KOpHeM XOTss Obl OZHOro H3 MHOroYJeHoB a(z) 4 b(2).
Torpa T MHOrouseHol MOryT OBITH 3alHCaHbl B CJeAYIO-
meM sugae (cm. (30)):

a@)=@E—a)1@z—a)2... (z—a)’, (38
b2)=(z—a)1(z—a)'2... (z—a,). (39)

B o0oux 3THX pa3/10XKeHUsAX HEKOTOphble NOKa3aTenau CTemne-
Held MOrYT paBHATbCA HYJIO U MBI OyJeM CYuTaTb, 4YTO Kpar-
HOCTb COOTBETCTBYIOIUUX KOpHeH saBasiercss HyJjeM. Oue-
BHJHO, Mbl UMeeM

O6o3HauuM uepes

k. +1 kyt+1, kl
)1+ )2+ q)+

'(2—(12 ..-(Z—a
Takum o6pasoM, Npu mNepeMHOXKEHHH MHOTOYJEeHOB Kpar-
HOCTH KOPHeH y HHX CKJIaABIBaloOTCS.

Hcxomsi M3 pasyioxkeHusl MHOrowieHoB a(z), b(z) Ha
mHOxkHTeNH (cM. (38) u (39)), nerko HaHTH uX HanbOJb-
wud obuiui penutenn c¢(z). Has aToro 0603Ha4YuM yepes
/, HaHMeHbllee U3 uHceNa k; u [;, uepe3 my HaHMeHbllee
H3 uydcesn Ry U [, U T. O., yepe3 m, HaHMEHbllee U3 YHCeJ
ks u l;. Torpa nHanboabuiuit oOUIMH AEJNHTENb MHOrOY4JeHOB
-a(2) u b(z2) 3amaercsi hopmysoH

cR)=@E—a)™(—ay)™ ... (z—a,)".

pR)=(—uq
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DTOT NpPOCTOH crnoco6 HaxoxXAeHHsT HauboJblIero o6LIEro
IeJuTeNIst ABYyX MHOTOUJIeHOB TpebyeT, 0JHAKO, HaXxO0XieHus
BCeX KOpHeH OOOHX MHOrOYJIeHOB, M MO3TOMY OH MPaKTH-
YeCKH MaJjio NPHUroJeH, TaK KakK CBOLHT IPOCTYIO 3a4auy K
OYeHb TPYAHOH.- MexXAy TeM HaxoxKJAeHUe HaubGosbiero o6-
IIer0 [JeJHTeJds [ABYX MHOTOUJIEHOB, KaK OblIO I0Ka3aHo
paHee, npeincTaBJasieT Co0OH OYeHb MpPOCTYIO 3ajady, pe-
HIalowWylocss Npy noMouy anroputma EBkauaa, T. e. npu
NOMOILY AeJeHUs] MHOTOYJIEHOB.

BuISICHHM Tenepb, Kak CBSI3aHbBl MeXJy C060H KpaTHOCTH
KOpHEeH MHOTOYJIeHOB @, (2) 1 a, (2) =a,(z), T. e. KPaTHOCTH

KOpHel MHOrousieHa ao(z) u ero NpousBOAHOH a (2).

OkasblBaeTcsi, UTO €CJAU KOPEeHb o MHOrowieHa a,(2)
HMeeT KPaTHOCTb kR, TO TOT XK€ KOpeHb JJisi MHOroujeHa
a,(z) =a; (2) umeer xkpatHocTh £ — l. Ho, KoHeuHO, KpoMme
KOpHeH, SIBJSIOUIMXCS KOPHSAMH MHOrouJeHa ao(2), MHOro-
YleH ap(2) MOXKeT HMeTb U APYyrHe KOPHHU.

JlokaxeM, UYTO ecin o — KOpeHb MHOrouJieHa a,(2) Kpar-
HOCTH R, TO TOT XK€ KOpeHb SIBJISIeTCS KOpHeM MHOroujieHa
a, (2) =a;(z) kpatHocT k — 1.

M3 pasnoxenus (30) MHOrousneHa ao(z) Ha MHOXKHUTENH
clefyeT, UYTO ecJqH o — KOpeHb MHOrouwieHa aq(z) kKpar-

HOCTH &, TO
a(2) = (2 — @) b (2),

npuueM b(2) yxKe He JeJUTCS HAa 2— a H, CJEJOBaTENbLHO,
He HMeeT o CBOMM KopHeM. [luddepeHuupys nocienHee co-
OTHOILIIEHHE, NoJydyaeM

ar (&) =ar(@)=k(z—a) " b(2) + (e — )0 (2), (40)
=) b@=F @@+ -t @ @)

13 popMynn (40) BumHO, UTO a;(2) KeauTcs Ha (2 — o)*!,
a u3 Qopmyan (41) caenyer, uro a;(z) He pennTcs Ha
(z—a)®. B camom pene, ecan OBl a;(2) menmacs Ha
(z—a)%, t0 b(2) menuncs 6bl Ha z— a. Takum o6pasom,
KpDaTHOCTb KOpHSl o [Js1 MHorowneHa a;(z) ectb k— 1.
B uvactHOCTH, ecin o — NPOCTOH KOpeHb MHOrouseHa aq(z),
TO @ He GyaeT KOpHeM MHOroujlesa ag(z).

Takum o6GpasoM, eciu ao(z) umeer pasnoxenue (30),
TO HaHOOJbWIMM OOIUHMM JeJHTEeNeM MHOTOWIEHOB @¢(z) H
a;(2) ABAseTCAS MHOrOYIeH

c(x=(=— al)kl—] (2— oz,z)kz'l e (2— aq)kq"'.
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.~ Orciona BHIHO, YTO 'MHOTOWIEH @Qo(Z) REJHTCS HA MHD-
rowieH ¢(2), 4 9aCTHOe HMeeT BHJ

'%)T(Ez))‘=(2—“1)(z—0§2) coe (2—ay).

Takum o6pasoMm, chopmynHpoBaHHasi B Hayaje Iapa-
rpada 3asaya o HaXOXAeHHH MHOrousneHa g(z), UMEIIHEero
Te K€ caMble KODHH, YTO M MHOroujeH f(z), HO TOJbKO
KpaTHocTH 1, pemuena. MimeHHO, Ajs HaxOXJIeHHS] MHOrO-
yieHa g(z) cjaelyeT cCHayajJa HOPH NOMOIIH aJropHTMa
EBknupna HaliTh oOmuifi HauOOJNBIIHH [OeJNHTeJb MHOrodJe-
HOB f(2) W f'(2) m 3aTem pasfenuTb MHOrowlieH f(z) Ha
9TOT HAHOOJbIUHHA 06NN JleJHTENb.

IlogcueT uyncaa pReHACTBHTEeJNbHHRX KOpHei#
MHOTOUYJIeHAa Ha 3alaHHOM OTpe3Ke

HaxoxaeHne KOMIJIEKCHBIX KOPHeH MHOroujeHa sBJisieT-
ca 3ajayueii Gojiee cN0XKHOH, 4yeM HaxOXJAeHHEe ero AeHCTBH-
TeJNbHLHIX KOpHe#l, TaK KakK B CJyuae KOMIJIEKCHOro KOpHS
HaM npuxoautcss (paKTHYECKH pelllaTb ypaBHeHHe C AByM4
Heu3BeCTHHIMH, KOTOPLIMH SIBJASIOTCS AeHCTBHUTe/NbHAS YacThb
KOpHA U ero Ko3¢QHUHeHT Npu MHUMOH YaCTH.

ITockonbKy HaMu AaH cnocol, MO3BOMSAIOMINN CBECTH Bbl-
yucleHUe KOpHeH MHOroujieHa K BHIYHCJEHHIO KOpHe#H MHO-
roujieHa, HMeIOIero ToJbKO NPOCThie KOPHH, TO Mbl 3aiiMeM-
Ca 3JleCb HMEHHO 3THM CJy4aeM MHOroujeHa C IPOCTHIMH
KOpHsiMH. 3nechb Oyner naH pe3yabTaT, NO3BOJSAIOIIHHA B
3HAUUTEJIbHOH CcTemeHH 06GJIeruuTb NpHOJHKEHHOEe BbIUHCIe-
HHe AeHCTBHUTEJNbHBIX KOpPHell MHOrouJeHa. )

Bynem paccmMatpuBaTh MHOrouJieH by(x) neHCTBHTE/IbHOM
IepeMeHHOH X, HMeILUH TOJbKO NPOCTHie KOPHH, H JaJHUM
cnocob onpenesieHHs 4YHcAa STHX KOPHed Ha 3aJadHOM OT-
pe3ke o << ¥ << §;. Tak Kak Bce KOpDHH MHOrousieHa-bg(x)
IpOCThie, TO MHOrouneHw b,(x) m b, (x)=0bj(x) He uMelOT

o0mKUX KOPHEH W HM Ui KaKoro 3HayeHHs x He MOTYT OA-
HOBpPEeMeHHO 06paiiaTbCsl B HYJIb.

Jnsa pelieHds 3TOH 3ajaud pacCMOTPHM IOC/AeJ0BaTeNb-
HOCTb JeHCTBHTEJIbHHX UHCeJ

bo, byy +eer by (42)

Byznem cuuTatb, YTO HH OAHO U3 THX UHMCEJ He obpamiaercs
B Hyab. [ToutuH uTto camo co60H NMOHATHO, YTO 3HAYUT YHCJIO
NepeMeH 3HaKa B 3To# mocjenosaresbHOcTH (42). Onpene-
JuM ero ¢opmanbHo. Mpl 6yneM CUHTaTbh, YTO MEXAY by H
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b, mmeeTCs nNepeMeHa 3HAKa, eCJIH ONHO M3 3THX UYHCEN IO~
JIOJKUTEJNbHO, a APYroe orpuuatebHo. O003HAUYUM yepe3 pg
B 3TOM chydae uucao 1. Ecau Xe uncna by u by o6a moJos
JKHTeJIbHH, JHOO 00a OTpHILaTe/NbHb, TO OyAeM CUHTAThy
4TO MepeMeHHl 3HaKa MeXny HAMH HeT. B aToMm cayuae 060~
3HayYuM Yepe3 p; UHCJO, paBHOe HYm 0. TOUHO TakK XKe omnpex,
IeUM YHUCJO0 P, KOTOpQE OLIEHHBAeT NepeMeHy 3HaKa Mes
XKLy by u bs. Takum 06pas3oM, MBI NONYYUM NOCJIEA0BATE b~
HOCTb HYJeH H eHHHIL

Pi» P2r +v+s Pns

CyMMa BCex uucesJ M3 3TOH MOC/IEAOBATENbHOCTH €CTh YHCs
JIO nepeMeH 3HaKa B MOCJE0BaTENEHOCTH (42).

Hcxons u3 mHorousieHon by (x) u bl(x)=b6 (x), nyrem
AOCJIeJOBATEJIBHOTO Ae/IeHUsI NMOCTPOHM IOC/AEA0BATENbHOCTD
MHOTOUJIEHOB.

Pasgenum MHorouneH bo(x) Ha MHorodsaeH b;(x) u 3a-
nuiiem ¢opmyay (26) B Buge

by (x) = hy (x) by (x) — by (x).

PasmesuM Temepb MHOrousieH b;(x) Ha MHOrouwseH bg(x)
u 3anuiueM ¢opmyay (26) B Bufe

by (x) = hy (x) by (x) — b5 (x).
Ha k-M mare storo npouecca Mbl MOJYYHM TOXKIECTBO
be—1 (%) = hy (x) by (X) — by (%) (43)

HpOILOJI}KaH STOT npouecc A0 KOHHA, MblI NIpHAEM K IIOC/E+
A0BaTeJbHOCTH MHOTOUYJICHOB

bo (%), by(xX)y ey by (%) (44)

[Tpouecc mocTpoeHUsi 3TOH NOCAEAOBATENbHOCTH IOYTH B
TOYHOCTH COBNaJaeT C NPOLECCOM HaXO0XAeHHS Haub0Jib-
miero oGIIero AeNuTeNss ABYX MHOTOUYJIEHOB, TOJNLKO MHOIO=
wieHbl psina (44) MoOryT oTJIMYaThbCs OT MHOTOYJIEHOB PSAa
(36) snakamu. Tak Kak MHOrouseHnl byo(x) u b,(x) B3aHM-
HO TMpOCTH, TO MNOCHEZHHHA uJieH IOCAeJ0BaTeJbHOCTH, —
HUMEHHO, b, (x)—ecTb uucJoO.

3aMeTHM MNpexjae BCEro, YTO HH IPH KAKOM 3HaYeHHH
X==X, IBa PANOM CTOSILIUX MHOrou/jeHa IOC/IeA0BaTe/b~
HocTH (44) He MoryTt ob6pamathcsi B Hysnb. B camom paede,
ecd by (x0) = bry1(xp) =0, TO u3 cooTHoweHus (43) cme~
AyeT, uTo br_;(xo) = 0. [Iponosnxkas 3TOT NpPOLECC, Mbl NPH<
JeM K BHIBOJY, UTO MHOrouJeHHl bo(x) ¥ b;(x) o6pamanTcsa
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B HYJb NIPH X = Xp, 8 3TO HEBO3MOXKHO, TaK KaK OHH He
MMeT 00IHUX KOpHeH.

[lycTh Temepb x BO3pacTaeT, HaUMHAsl OT 3HauyeHHs &y H
KOHYas E;. JICHO, 4TO MpPH TAKOM pOCTE X YHCJIO NepeMeH
3HaKa MOCJIeA0BaTEJbHOCTH YHcen (44) MOXKeT U3MEHHUTbCS.
A 3T0 MOXeT NPOU3OHTH TOJBKO NMPU NPOXOXKAECHHH X ye-
pe3 Takoe 3HaueHHe Xy, IPH KOTOPOM OAHMH H3 UJEHOB IO-
cjaenoBatesibHOCTH (44) MeHsieT 3HAK, T. €. POXOAHUT yepes
Hynb. JomycTuM, 4TO NMPHU X == Xy, Mbl HMeeM br(x9)=0 Hu
Ipu pocre x BOJH3M TOYKH xo 3HAK (PYHKUHH br(x) Me-
Hsaercs. [lonmaras B cootHoweHuu (43) x == xo, NONYUUM
PaBEHCTBO

br—1 (%) = —bpyy (%0).

Takum o6pasoM, uucaa bg—i(x9) # bryi1(xo) HUMEIOT NMPOTH-
BOMOJIOXKHbIe 3HAKH. Eci npu x, 6IU3KOM K Xo, YHCJIO b (x)
HMeeT 3HaK, COBMAAAIOMIMHA CO 3HAKOM bg—1(X), TO 3HaKH
yuces br(x) v bet1(x) pasauuynbnl. Taxkum oOpa3om, MeXAY
br—1(x) U bp(x) mepeMeHBb 3HaKa HeT, a MeXAY bp(x) u
br+1(x) nepeMena 3Haka ecTb. Eciu npu NpoXOoXKAeHHH
TOUYKU X Uepe3 Xo 3HAK UHUCHa bp(x) MeHseTcsl, TO AJi 3TOrO
X MeXAay bp—i(x) u b.(x) mepeMeHa 3HaKa ecThb, a MeXAY
br(x) ¥ brt1(x) nepeMeHbl 3HaKa HeT. TakuM o0pa3oM,
yCTaHABJUBAETCs, YTO NMPH NMPOXOXKAEHHH TOUKH X yepe3 X,
npu kKotopoMm bp(x,) oOpamiaercs B HYJb, YHCJIO NepeMeH
3HAKOB B TPEXUJIEHHOH NMOCJeX0BaTebHOCTH

bp—1 (%), be(x), bpyy(¥)
He MeHsercs (cM. taba. 1). Homep k obsapaer nullib TEM
CBOHCTBOM, UTO y HEro €CTb MNpenblaymiuii Homep B—1 u

Ta6auma 1
bp_1(x) by (%) by ®)

ITpu x < x, + I —

ITpu x > x + - —
nocnenywowmunid k 4 1. Takum o6pa3om, YHCIIO NepeMeH 3Ha-
Ka B TOCJENOBATENbHOCTH (44) MOXKeT HM3MeHHTbCS JIMILb
TOTAAa, KOTla NPU NMPOXOKAEHUH X Yepe3 x, MeHseT CBOH
3HaK Jau6GO mepBuifi uwileH mocjefoBaTeabHOCTH (44), oubo
caMblii mocnefiHui ee ujeH. Ho mocinelHHH YjieH He MOXeT
MeHsITb 3HaKa, TaK KaK 3TO eCTb YHUCJO.

[TocMoTpuMm Tenmepb, Kak MeHseTcs YHCJIO NepeMeH 3Ha-
Ka B NOCJe0OBaTeJIbHOCTH (44), KOrla B TOUYKe X, NepBLIH
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yjJeH nocjenoBaTesbHOCTH (44) obpamaercs B HyJb. Ecnu
npu x, OMU3KOM K Xo, HO MEHblUEM xg, bo(x) > 0, To npH
NPOXOXKJAEHHN X uepe3 TOUKY X, GYHKUHS bo(x) H3MEHHT
s3nak. Ho npu x = xo uncyio b;(xp) OyleT OTpUILATENbHEIM,
TaK Kak npu 3ToM OQYHKUUA bo(x) yObiBaeT, u caenoBa-
TeJIbHO, Npou3BQAHas ee b;(x) oTpuratenpHa. Takum o6pa-
30M, NIpU x, OJU3KOM K xo, HO MeHbllIEeM xp, MeXIY bo(x) H
bi(x) uMeeTcs mepemeHa 3Haka, a nmpu x, OGoJblIeM xo, HO
OMH3KOM K Xp, MeXAY b (x) U b{(x) mepeMeHH 3HaKa HeT.
[ToaTOMy npu NPOXOXKAEHUH TOYKH X 4Yepe3 Xo, NPH KOTO-
poM O¢yHKUuS bo(x) oOpaulaercss B Hynb W yOblBaer, me-
pemMeHa 3HaKa MeXny bo(x) u bi(x) ucuezaer. TouHo Tak
e YCTaHaBJIUBAeTCS, YTO €CJH NpPH mepexoje yepe3 TOYKY
xo ®yHKuUA bo(x) BO3pacTaer, TO NepeMeHa 3HAKa MexAY
bo(x) u b)(x) ucuesaer. Mtak, yCTaHOBJIEHO, YTO NepeMeHa
3HaKa B mnocjaenoBatebHoCcTH (44) npH H3MEHEHHH X MO-
XKeT NPOU3OHTHU JIMIUb TOTAA, KOTAA X NMPOXOAHUT uUepe3 KO-
peHb MHOroujieHa bg(x). IpU 3TOM KaxXIBH pa3 OfHa nepe-
MeHa 3Haka ucuyesaer. CjieoBaTeJIbHO, KOrjaa X BO3pacraer
oT Eo [0 Ej, B NOCae0BaTeNbHOCTH (44) MpPOUCXOOUT NOTEps
ONHOH mepeMeHbl 3HAKa NpPH NPOXOXKAEHHH X yepe3 KOpeHb
MHOrouwnesHa bo(x). IloaTomy nnsl HaxoxKIeHUs 4Hcaa KOp-
Hell MHorouseHa bo(x) Mexny E, 4 § HaJlo cpaBHUTb 4YHC-
JIOBBIE 110C/1e10BATENbHOCTH

by (Bo)s by (Bg)s «vvs by (Ep)s (45)
by (§1), b1 (Ep)s ooy by (E))- (46)

Uncao nepeMend 3Haka B nmocJenoBaTenbHOCTH (45) Moxer
OBITb JIMIIL 60Jible, YeM YHCJO IepeMeH 3HaKa B NOCJeno-
BaTeJbHOCTH (46).

PasHocTh MeXJy YHCJIOM nepeMeH 3HaKa B IOCJeLOBa-
TeJbHOCTH (45) W uHCJIOM nepeMeH 3HaKa B IOCaefOBa-
TeJbHOCTH (46) ecTh uMc/iO KOpHell mMuorouseHa bg(x), Ha-
XOAAUINXCH B NPOMeXYTKe & < x << §).



IF'nasa 3

NMPUBEAEHHUE MATPHIL]
K KAHOHHYECKOMY BHAY

Tenepp, Korga NnocTpoeHbl KOMIJIEKCHBIE UHCAA, MOKHO
paccMaTpuBaTh KOMIJIEKCHble BeKTODHl, T. €. BEKTOpHI, KO-
OPAMHATHI KOTOPHIX SIBJASIOTCS KOMIVIEKCHbIMH YHCJIaMH, H
KOMIIJIEKCHble BEKTOPHble IPOCTPAHCTBA, COCTOSALIUE U3
KOMIIEKCHBIX BeKTOpoB. JIMHelHBle OTOOpaxeHHsT KOMII-
JIEKCHBIX BEKTOPHBIX IPOCTPAHCTB APYr B Apyra INPHBEAYT
HAaC K MaTpUUaM, 3/JieMeHThl KOTOPBIX SIBJASIIOTCS KOMILJIEKC-
HBIMH 4ucjiaMH. Bce pesynbTaThl IepBOH TIJ1aBH, BepHhLIE
Ui AeHCTBUTEJIBHOrO CJyuasi, BePHH U AJid KOMIVIEKCHOIO
ciayyas.

Ecan, onHako, paccMaTpuBaTh 3apauy, copMmyJupo-
BaHHYIO IJis1 AEHCTBUTENbHOrQ CJiyuyas,, a KOMIUVIeKCHbIe YHC-
Jla NMOABJISIIOTCS B Hell B pe3ysbTaTe KaKHX-HUOYAb BHIYHC-
JIeHHH, TO NMPUXOAMTCS JesaTh pasjidyue MexXAYy KOMILIeKC-
HBIMH H JeHCTBUTeJbHBIMH BeJHYMHaAMH. [Ii1s1 Toro 4toOHi
BHIAECTHTb BCE€ JeHCTBUTE/NbHbIE BEKTOPH B HEKOTOPOM KOM-
NJI€KCHOM BEKTOPHOM IPOCTPAaHCTBe, HAJO0 3a4aTb B HeM
HEeKOTOpBIH AeACTBUTENbHBIH Oa3HC

el, e2, o o 0y en,

M TOrfa JeHCTBUTENbHbBIH BEKTOPp X B pacCMaTpHBaeMoM

IPOCTPAHCTBE 3alHUIlIeTCs] B BUAE “
a
x=xe, a=1,...,,mn,
TAC X1, X2, os., Xn— HEHCTBUTEJIbHbIE UHCJA.

Ecan B ToM Xe 06a3uce BHIOpaH KOMIJIEKCHHIH BeKTOD

x=xae¢, (1=1, s ey n,




rae x', x% ..., X" — KOMHOJIEKCHBHle YHCJAa, TO MOXKHO oOIpe-
AEJNUTb BEKTOP X, KOMIUIEKCHO COINDSIKEHHBIA X, MOJIOXHB

. “x=x"e,. . (1)
B nanpuedineM, eciau, MCXOAS H3 HEKOTOPOro AeHCTBH-=
TeJbHOTO BEKTOPHOI'0 NPOCTpaHCTBA A" ¢ Ga3ucoM

-

el, e2, e 0y en,

Mbl GyJeM pPacCMaTPHBAThb BEKTOPHl C KOMILIEKCHHIMH KOOp-
JHHATaMH, TO IOPHAEM K KOMIJIEKCHOMY BeKTOPHOMY MpoO-
CTPaHCTBY A", KOTOpO€ eCTeCTBEHHO CUMTATb KOMILJIEKCHBIM
pacliHpeHHeM HefCTBUTeJbHOrO npocipaHcTBa A%, B komn-
JIEKCHOM pacuiupeHdu A" AeHCTBHTEJbHOTO BEKTOPHOIO MpO-
cTpaHcTBa A" onpejeneHO NOHSITHE KOMIJIEKCHO COMNpPSIKEH«
Horo BekTopa (cM. (1)). Ecau B pmeHicTBUTENbHOM BEKTOp-
HOM INpocTpaHcTBe A" 3afaHa CUMMeTpHYHas OuJinHeHHast
¢dopma f(x,y), TO OHA 3amUCBIBAETCS B BU/E

f(x’ y)=aaﬂxay6’ a, B=I, N EY n,

rie X U Yy — OeHCTBUTENIbHBEIE BEKTOPbl, a KO3 (PULHEHTHI
a;j == Qj;;— TaKxe JelcTBUTesbHble uuciaa. [lepexoms K
KOMIVIEKCHOMY paclidpeHuio A" HeACTBHTEJbHOIO BEKTOP+
HOro mpoctpasHcTea A", Mbl MOXeM 3aJaTh KOMILJIEKCHYIO
CHMMETPHUHYIO popMy

f(xs y)=aaﬁxayﬂ’ (2)
rie BEKTOPH X H Yy YXKe IpHHAAJEeXaT IPOCTPaHCTBY A~
[ToncTaBuM Temepb BMeCTO BeKTOpa y B OusuHedHylo (op-

My (2) BekTOp X, T. €. MOJIOXKHM ¥ = x. OKa3biBaeTcd TOrAa,

uto f(x,x) ecTb melicTBUTeNbHOe uHca0. B camoMm nene, MH
HMeeM

f(x’ ;) = aaﬁxaxﬂ:

f(x, x)= daﬂ)’é“xﬂ = aaﬁx"fcﬁ.

Takum o6pasoM, Mbl oJiydaeM
f(x, x)=F(x, ),

a 3TO M 3HAYHUT, 4TO uucio f(x,x) nefictBurenbHoe. B ya-
CTHOM cCJiyyae, Korjpa A" ecTp HeHCTBHTeJIbHOE €BKJHIOBO
BEKTOpPHOE NMPOCTPAHCTBO, Mbl NPHXOAHUM K BHIBOLY, YTO CKa-

JIsipHOE NpOoU3BeJeHHe (X, X¥) BEKTOpa Ha CONpPSKEHHBIH eMYy
BEKTOP eCTb AeHCTBUTEJbHOE YUCTO:

(%, ) =(x, x).



§ 12, Ca3b MeXAy JUHEHHbLIMH OTOOpPAKEHUAMH
M MaTpHuUaMH

B stoM naparpage Mb Oynem paccMaTpuBaTb JHHENH-

Hoe oToOpakeHHe ¢ BEKTOPHOro mpocrpaHcTBa A” B cebs.
Ilpn BuiGpanHOM 6a3uce TakoMy OTOOpa’KeHHUIO ¢ COOTBET-
CTBYeT BIIOJIHE ONpelejieHHAass KBajpaTHas MaTpuua

A=]| a; |. Onurako npu cMeHe 6a3uca MaTpuua aTa omnpeje-
JIeHHbIM 00pazoMm MeHseTcsl. [IOCKO/bKY B nepByio ouepelb
MBI HHTepecyeMcsl JIUHEHHBIMU OTOOpakeHHsIMH, TO Hac Oy-
LYT COOTBETCTBEHHO HHTepecOBaTb TakHe CBOHCTBA COOTBET-
CTBYIOIUMX MAaTpHll, KOTOpble He MEHSIOTCS NMpH cMeHe Oa-
3HCa.

[Ipeo6paszoBanue MaTpHUIB
npu cMeHe 6a3uca

Ilycte @ — nuHefiHOe oTOOGpa:KeHue BEKTOPHOro Ipo-
CTpaHcTBa B cebs H

ely 82, LI en (3)

— HeKOTOpBIH Gasuc mpocrpaHctsa A" Ilpu 3aTom Gasuce
oTOOpa’KeHHIo (¢ COOTBETCTBYET KBajpaTHasi Marpuia

A=||af!|, i=1, ...,n, j=1, ..., n.
DnaeMeHTH MmaTpuusl A omnpenensiiorcd U3 GoOpMyJibl
0 (e) = ale,.
foo Fo «oos Tn (4)

— HeKOTOpbIl Apyroi#t 6asuc mpocTpaHcrsa A" B arom Ho-
BOM Oasuce OoTOOpaxKeHHIO ¢ COOTBETCTBYeT MaTpuua, Ko-
TOPY10 Mbl 0003HAYHUM Uepe3

Ilycts Tenepb

B=”b,i~“, i, j=1, 2, ..., n.
YcTaHOBUM CBSI3b Mexay martpuuaMu A u B.
A) Ilycts
e!‘=S(jxfa, a=1, N (D j=17 .00y N, (5)

— cBs3b Mexay 6asucamu (3) u (4). Koapdunuenrn storo
COOTHOULIEHHS COCTaBJASIOT MaTPHILY

S=|lsﬂl, i i=1, ..., n.
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DyieMeHTHl j-r0 CTOMOLA 3TOH MAaTPHLUB SBJAAIOTCA KOODIH-
HaTaMH BeKTopa e; B 0asuce (4). A Tak KaK BeKTOPHl
e, €, ..., e, JUHEHHO He3aBHCHUMHI H, CJIeAOBaTeNbHO, OI-
pefenuTeNib MaTpULBl S OTJHYEH OT HYyJsl, TaK UYTO OHa
uMeeT ob6parnywo matpuuny S—!. OkasbiBaeTcsi, YT0 MaTPHLBI
A u B cBfi3aHbl COOTHOILIEHHEM

B=_S"!AS. (6)
Takum o6GpasoMm, B nonydaercs u3 A npu momomu rpasc-

gopmuposanus MaTpulel A maTpunei S.
Jokaxem cootHowenue (6). [Iyctb

Sl=rT=|d]| i j=1,...,n
TaK 4ToO

t?s{s = &/,

YMHOXKas cooTHolIeHHe () Ha t u CYMMHpYsl NOJyYeHHbIi
pesyJsbTaT Mo j, Mbl IOJTYYHM

Takum o6pasoM, Mbl HMeeM
o (1) = o (e5) = tiafe, = fiagslf,.

CJliegoBaTeJIbHO,
B=TAS =S"148S.

Co6cTBeHHbBEe 3HAYEeHHUST H BEKTOPH

3xech HaM OpUAeTcs ynoTpe6ssTbh TOXKAeCTBeHHOe OTO-
6paxeHre BEKTOPHOro npoctpaHcTBa Ha cebs. Ero mb Gy-
geM 0603HayaTh CTAaHZApPTHBIM o6pasoMm uepe3 O, Tak uTo
BCerjga UMeeT MeCTO COOTHOIICHHE

0x = x.

ToxaecTBeHHOMY OTO6paXKeHHIO BEKTOPHOrO NPOCTPAHCTBA

; i
A7 Ha ce6s COOTBETCTBYET €AHHHYHAA MaTpHla E = |6 |
B) Ilyctb A" — n-mepHOe BEKTODHOE IIPOCTPAHCTBO H

€1y €2y ...y €y (7)

— HeKoTOpHil ero Gasuc. Jlajee, NMyCTb @ — HEKOTOpOE JIH-
HefiHOe oTOGpaKeHHe npocTpancrtsa A" B cebs u

A=|dqjl

— MaTpHIa, COOTBETCTBYIOIAasA OTOOpaxkenHio ¢ B Gasuce
(7). Yucno A Ha3LIBaeTCa COOCTBEHHbLM 3HAUEHUeM OTOODA-
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JKeHHs1 ¢, a HeHyJIeBOH BeKTOp h— cOO6CTBEHHOIM BEKTOPOM
oToOpaxeHHsl ¢, COOTBETCTBYIOIUUM 3TOMY COOCTBEHHOMY
3HaUYeHHUI0, €CJH BHINOJHEHO COOTHOLIEHHUE

@h = Ah = ABh. (8)

Jas Toro 4ToObl cAenaTh NONBITKY BBIYHCIAUTb COOCTBEHHOE
3HayeHHe A H COGCTBEHHBIH BeKTOp h, HYXHO HepeHTH K
KOODAMHATHOH 3alUCH BeKTOpPa h u BMeCTO OTOGpaxKeHHS @
ynotpe6uth cooTBeTcTByOUly0 eMy Martpuny A. Torza co-
OoTHolleHHe (8) nepenuuieTcs B BUAE

alh® = Ant = A8Lh°%

IlepeHeceM Bce UJieHBl 3TOr0 COOTHOLIEHHS B JIeBYIO YacCTb
paBeHCTBA. Toraa Mul NOJYyYUM

- (at — A8) K* =0, © O (9)

Jns Toro 4ToOBl 2TO YpaBHEHHE MMeJIO HEeHyJIeBOe pelleHHe
h, corsiacHO CJleACTBUI0 H3 TeOpeMbl 3 HEOGXOMUMO H JO-
CTaTOUHO, YTOOHB ompefeautenb MaTpuubl A — AE 6bl1 pa-
BeH HyJo. Takum oOpa3oM, Ljs 4YHCIAa A MBl NOJy4aem
ypaBHEeHHe

D(A— AE)=0.

JleBasi 4acTb STOrO ypaBHEHHS NpeACcTaBasieT CO60H MHOro-
yjieH n-# CTemneHH OTHOCHUTEJIbHO A. MHorousen

% (@) =D (A —2zE)

Ha3bIBAeTCS XAPAKTEPUCTULECKUM MHO2OYAEHOM MaTPHIH A.
OueBHAHO, YTO OH HMeeT CTeneHb n. Takum o6GpasoM, cob-
CTBEHHOE 3HAauYeHHe fBJSETC KODHeM MHOrowieHa y(2)
crenend n. ECAH HCXOZHOe BEKTOPHOE MNPOCTPAHCTBO A”
IeHCTBUTENbHO, TO MaTpuua A Toxe HeACTBHTENbHA M Xa-
PAaKTepUCTHYECKHA MHOro4JeH 3TOH MaTpHLH eCcTb HAei-
CTBUTE/JbHBII MHOrOujieH, HO OH MOXeT He HMeTb [eHCTBH-
TesqbHBIX KOpHe#. Takum o06pa3oM, cOGCTBEHHOE 3HAUEHHUE A
MOXKeT OKasaTbCcsi KOMIJIeKCHBIM. Bektop h, sBasoniuiics
pelieHHeM CHCTeMbl ypaBHeHHA (9), ToXe MOXeT OHITh
KoMiIeKCHBIM. Takum o006pa3oM, - IpH HaXO0XAEHUH COO-
CTBEHHBIX 3HaYeHHH M COOCTBEHHBIX BEKTOPOB HeJb3sl Orpa-
HUYNTbCS TOJbKO NEHCTBUTEIbHBIMH BeJIHUHHAMH, TaK Kak
coGCTBEeHHbIE 3HAUeHHS] U COOCTBEHHLIE BEKTOPHl MOT'YT OKa-
3aThcsl KOMIIeKCHbIMU. OKa3biBaeTcs, YTO XapaKTepHCTHYe-
CKuii MHOrouwJIeH % (2) MaTpul A sBJiseTcs B NeHCTBHTEJb-
HOCTH XapaKTepHCTHUECKHM MHOIoOWIeHOM OToOpaxkeHHA @,
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T. €. He 3aBHUCHUT OT cJyuadHoro Boibopa 6Gasuca (7), a 3a-
BHCHT TOJIbKO OT OTOOpaKeHUs @.

JlokaxkeM mnocnenHee yTBepxkiaeHue. [lepefimem ot 6a-
suca ((7) uaum (3)) k Gasucy (4). Torna 0TOOpaXKeHHI0 @
Oyner coorBercTBoBaTh Martpuna B =S-1AS (cm. A)), rae
MaTpuua B 3aBucur ot 6asuca (4). Mbl uMeeM

B—AE=S"1AS —AS"IES=S"1(A—AE)S
u, naJee,

D(B—AE)=D(S'(A—AE)S)=
=D (S Y)D(A—AE)D(S)=D (A — AE).

Takum o6pa3oM, xapakTepUCTHYECKHE MHOI'OUJIEHbl MAaTpHIL
A u B coBmajaioT H, CJHeAOBATENbHO, XapaKTepPUCTHUECKHIH
MHOTOYJIeH 3aBHCHT OT OTOGpaxeHus ¢, a He OT BhIOpaH-
HOro B npoctpaHctBe A" 6asuca.

Cob6cTBeHHBIe BEKTODPH C PAa3JHYHBMH
COOCTBEeHHBIMH 3HAUYEHUSAMH

C) OkaspiBaercsi, 4T0 cOOCTBEeHHbIEe BEKTOPbl OTOOpaxKe-
HUSl ¢ C NMONapHO Pa3JIMYHBIMH COOCTBEHHBHIMH 3HAUEHHSIMH
JUHEeHHO He3aBUCHMHI.

YTBepKaeHHe 3T0 OyfeM [I0Ka3biBaTbh HHAYKTHBHO IO
yucay Bektopos. Ilyctb

A’l/ AQ, ® o 0y A'r

— MONAapHO pas3jiHyHbie COGCTBEHHBIE 3HAUEHHs OTOGpaxe-
HHUS @, a '
hl, hz, e o 0y hr’ (10)

— COOTBETCTBYIOLlHEe 3THM COOCTBEHHBIM 3Ha4YeHUAM COO-
cTBeHHble BeKTophl. Korpa r = 1, cucreMa 3Ta nTHHeHHO He-
3aBHCHMa, TaK KaK COOGCTBEHHBIA BEKTOP MO ONpeAeseHHIO
OTJHYeH OT HyJas. JlonmycTuM, uTto npu r =S— 1 cucrema
3Ta JUHeHHO He3aBucuMa. JloKaxkeM, UTO CHCTEMa JHHEHHO
He3aBHCHMa IpH r = s. JLOnycTUM, YTO UMeEeTCs COOTHOILe-
HHe

Chy =0, a=1, ..., s. (11)

ITpuMeHss K 9TOMY COOTHOIUEHHIO OTOOpaXKeHHe ¢, NOJY-
yaeM COOTHOLIeHHE

¢®Agh, = 0. (12)
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YMHOXKasi Tenepb cooTHolIeHHe (11) Ha As U BBHIUHTAS IO-
JlydeHHOe U3 cOOTHoleHus (12), MBI mpujaeM K COOTHOLIe-
HUIO

Mg —A) by + (A —A) R, =0, a=1,2, ..., s—1.

B 3TOM COOTHOLIEHUH COAEPIKHUTCS TOJbKO S — | cOOCTBEH-
HbIX BEKTODOB H NOTOMY IO NMPEANOJNOKEeHHI0O HHAYKIIHK BCe
KO3((GUIHUEHTH COOTHOLIEHUS PaBHB HYJIO, T. €. Mbl HMeEeM

¢' (M —A)=0, (hg—A)=0, ..., ¢ (A;_; —A))=0,
OTKyZa noayuyaem ¢!'=0, ¢2=0, ..., ¢s-1=0. B cuny
atoro cootHoweHue (11) mpuobperaer BHA

chy =10

H, cjefoBaTesbHO, ¢$ ==(. Takum o6pasom, U3 COOTHOLIe-
Husi (11) BeiTekaer oOpauieHHe B HYJb BceX Koa(hHIHEH-
TOB C;, @ 3TO O3HauaeT, yro cucrema (l10) npu r =s nu-
HeHdHO He3aBUCHMA.

D) Ecau xapakrepucTHYecKu#l MHorodjeH y(z) orobpa-
JKeHHSI (p He UMeeT KpaTHHX KOpHel, To 6a3ic B NMpOCTpaH-
ctBe A" MOXKHO BbLIOpaTb TakuM 00pas3oM, 4YTO COOTBET-
CTByIOlIast oToOpaxeHHui0 ¢ Matpuua A uMeeT AHAroHasb-
HBIH BHA, NpUUYeM Ha JHAroHanu CTOSAT KOPHH MHOroujeHa
% (2). DTo 3HAUWT, YTO ecTH 3ajaHa KBaJpaTHas matpHuua A
NOpsiAKa n W KOPHH ee XapaKTepUCTHUECKOro MHOrouJieHa
% (2) BCe momapHO pas3jHYHbI, TO MOXHO NOAOOPATb TaKylo
KBaApaTHyI0 MaTpuULy S C onpelenuTeseM, OTJAHYHBIM OT
HyJ/s1, 4TO MaTpHILA

S—1AS

HMeeT JUAaroHaJbHbI{ BHA.
Jlokaxem 310 yTBepXKaeHue. ITyctb

hps Agy vnes oy (13)

— KOpHU MHoroujieHa % (2). CorsiacHO npeAnoJIOXKeHHIO BCe
OHH Pa3JiHYHBI, O3TOMY B cujay npennoxenus C) coorser-
CTBYIOIIHE COGCTBeHHBIM 3HayeHHsM (13) cobcTBeHHBIE BEK-
TOPHI

h, hy ..., h,

JIMHeAHO He3aBHCHMBI H HX MOJKHO NPHHATb 3a 6a3uc mpo-
cTpaHcTBa A", — HMEHHO, NOJIOXHUTh

fi=hi’ i=1, 2, ¢ ey n.

Torpa MH uMeeM
@ (f) = Af.
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Orcioia BUAHO, YTO MaTpuua B, cooTBeTcTBYyOIas BHIOpaH-
HOMY 0asucy, uMeeT JHaroHaJbHbLIH BUI, IpUYeM Ha AHAro-
HaJi CTOAT YHUCAA Ay, A2, ..., An, T. €. KOPHH XapakTepu-
CTHYeCKOro MHOrouseHa y (2) oroGpaxkeHus .
[Ipennoxenne D) TpakTyeTcs Kak MpHBeAeHHE MaT-
puibl A K AuaroHajJbHOMY BHAY NPU OMOILIH TpaHchopma-
IIUN €€ HeBbipOXKIAeHHOH MaTtpuuedl S. Takod KaHOHHUECKHH
BUA IJiS MaTPpULbl A MBbl MOJAYYHJH B NPEANONOKEHHH, YTO
BCE KOPHH XapaKTepHCTHYECKOTO MHOroujeHa y(z) Mar-
puuel A pa3nuuHb MexAay co6ofi. Ho ecnu xapakrepucru-
yecKH# MHOroujieH y(z) marpuusl A UMeeT KpaTHble KOPHH,
TO MaTpHLY, BOOOLIe rOBOPS, HeJb3s NPHUBECTH K AHAroHab-
HOMYy BUAY. IIpu Hanuuuu KpaTHBIX KOpHeH XapaKTepHCTH-
YyeCKOro MHoroujeHa y(z) marpuny A MOXKHO NpPUBECTH K
6oJiee CJIOXKHOMY, TaK Ha3biBaeMOMY KOPAAHOBY BUAY. s
NI0Ka3aTebCTBA 3TOr0 pesynbTaTa Tpebyercsi Oosee CI0XK-
Hasi Teopus, KOTopas OyHeT H3JIOKeHa B CleAyloWuX mna-

parpadax.
§ 13. MHoroujieHbl OT MaTpull H OTOGpaKeHu

Ilyctb R"™ — HeKOTOpPOe BEKTOpPHOE IPOCTPAHCTBO pas-
MEPHOCTH 1, B KOTOPOM 3aJaH HeKOTOPHH (PUKCHPOBAHHBIH
6a3uc

€y €9 ...y €,.

Torpa kaxaoMy JUHEeHHOMY OTOOpaKeHHIO ¢ NPOCTPaHCTBA
R® B ce6s1 COOTBETCTBYeT HEKOTOpasi ompejneieHHass Mart-
punna A (cM. A) § 2). Eciu @ u ¢ — fBa oro6pakeHusi npo-
cTpaHCTBa R” B ce6s1, KOTOPBIM COOTBETCTBYIOT MaTpuub A
H B, TO MOXHO COCTaBHTb NpOH3BeJleHHe @y OTOOpaxkKeHUH
@ 4 P Kak [OCHeJOBaTesibHOE IPOBeJeHHEe O0TOOpaxKeHUH
QPx, U 3TOMY IIPOHU3BEAEHHIO OTOOpa:KeHHH @Y COOTBeT-
crByeT mnpousBeieHue Marpuun A u B. TakuMm o6pasowm,
MOXHO ONpeesquTb JI06YI0 CTeleHb ¢ O0TOOpaKeHUs ¢ H
3TOMY OTOOpaxKeHHI0 @" COOTBETCTBYeT KBajpaTHass Mar-
puna A" [TockosnbKy 0TOGpaxeHHs NpocTpaHcTBa R" B cebd
MOXKHO CKJaAblBaTb H YyMHOXaTb Ha Ji060e UHCIO (CM.
§ 2), npuueM 3THM omepauusiM COOTBETCTBYIOT T€ Ke Ole-
‘PalHHd HaAJ COOTBETCTBYIOIIMMH MAaTpPHIAMH, TO MOXHO CO-
CTaBUTb J1060# MHOrOuYJieH OTHOCHTEJNbHO OTOOpaXKEeHHs @.
VimenHo, ecau

m m-—1
— HEKOTOPBHIf MHOrOYJIeH OTHOCHTEJbHO IepeMeHHOH 2z, TO
BMeCTO 2 B HEero MOXHO NOACTABHTH OTOGp&)KEHIer @, T. €.
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NOJIYUHUTb MHOTOYJIEH

F(@)=a@" +a¢" ™" + ...+ a,b,

rae 0— toxaecTBeHHOe oOToOpaxKeHHe IpOCTpaHCTBa R”®
B ceb6sa. B ¢popmyny (14) BMecTO z MOXHO MOCTaBHUTb TaK- -}
XKe Mmatpuuy A, KoTopas COOTBETCTBYeT OTOOpaxKeHHIO @,
¥ TOrZa MHI NMOJTYYUM MaTpULLY

F(A)=a,A" +a, A" '+ ... +a,FE.

ITpu aTom oTobpazkeHuio f(g@) cooTBeTCTByeT MaTpHuua f(A).
Pe3ysbraT nmpuMeHeHHUs OTOOpakeHUs ¢ K BEKTOPY X MHl
OyaeM o603HauaTh uepe3 ¢@x. Torpa MOXKHO 3alUCaTh

f () x,

npuyeM [(¢)x O3HayaeT mpuMeHeHHe orobpaxeHHus f(¢) K
BEKTOPY X. -

MUHUMANbHBIA AaHHYJUPYIOUHH MHOrOUYJeH

Tenepr Ham Hyx)HO o6paTUTb 0c000e BHHMaHHE HA HY-
JeBoe OTOoOpaxKeHHe, KOTOpOe MEPEeBOJAUT KarKAblH BEKTOP X
NPOCTPAaHCTBA R” B HYJIb U COOTBETCTBYIOILYIO €My HYJIEBYIO *
marpuny. To u apyroe mbl GyaeMm o6o3Ha4aTb OAHHM 3Ha-
koM 0
A) MuorouneH f(z) Ha3bIBAeTCS AHHYAUPYIOULUM MHO- 3
2ousenom oToGpaxeHus @, ecnu f(@)— HysneBoe oToOpaxke- §
HHe H cooTBeTCTBeHHO [(A)— HyneBas Matpuna. Oxaswbl-
BaeTcs, YTO A/ KaxJAOro otobpaKeHHs ¢ CYLIeCTBYeT aH-
HyJHpyIOmuH MHOrouwneH. VMeHHO, XapaKTepUCTHYECKHH
MHOro4sieH y(2) oToOpaxeHHs ¢ aHHYJIHpyeT OTOoOpaxKe-

HHE ¢, T. €. Mbl HMEEM

¥ (4)=0. (16)

JlokaxkeM SKBUBaJEHTHble MeEXKAY COOOH COOTHOILUIEHHS |
(15) u (16). Ias 3TOro BHIIHILEM COOTBETCTBYIOLIEE COOT-

HOLLIEeHHE, onpeaessonee MmaTpuny A =| a |. meen

uJH, 4TO TO XKe,

pe; =aje,, i=1,2, ..., n,
HJIH, HHAYe,
(a?6 — 6{9) e, =0. (17)

PaccMoTpuM MaTpuny .
L= u l} ﬂ’
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9JIeMeHTH KOTOPOH onpenensitorcs: popmymod
l} —=a/f — 6;([).

DJieMeHTh MaTpuULbl L SBJAAIOTCA MHOTOYJIEHAMH HYJIEBOH
U NepBOA CTelNeHH OTHOCHTEJbHO OTOOpaxKeHHsT ¢ H IO-
3TOMY caMu siBJsitoTcst otobpaxenusiMu. CootHowenune (17)
MpH NOMOIIM MAaTpulibl [ 3aMUCbIBAETCS B BHUJIE

lie, = 0. (18)
i o
MuHop aneMenTta [; marpuub L, B3ATBHIH ¢ HajJeKalluM
3HaKOM, 0003HauHM yepe3 M}, Tak 4T0 MH uUMeeM

-

MPy =D (L) 8! (19)

(cM. § 4 ra. 1). YMuoxas cootHomenne (18) Ha M| u
CYMMHDYS NOJIYYeHHBIH pe3yJbTarT 10 i, NONYYHM

Miige, = 0. (20)

B cuny cooTHomeHus (19) neBas yacTb nocnenHero pabeH-

cTBa nepenuchiBaercs B Buge D (L)dje, u pasenctBo (20)
MOJIy4aeT BHJ

D(L)dje,=D(L)e; =0.

D] aj — 8lz H) €CTb XapaKTePUCTHYECKHH MHOrouseH y(z)
orobpaxenus ¢. IToaToMy mocienHee COOTHOLIEHHE MEepeNH-
CbIBAeTCs1 B BHJIE

X (9)e ;=0

H, TaKuM 00pa3oM, XapaKTePHCTHYECKHH MHoroujeH y (@)
oTo6paxaeT B HyJb KaXXALHd Oa3HCHBIH 3/1€MEHT BEKTOp-
HOro IpocTpaHCcTBa R", H, Clef0BaTe/bHO, J1000H BEeKTOp X
npocTpaHcTBa R”. HMrtak, Mb HMeeM

x(p)x =0,

M TOTOMY MHOroujieH y(2) sIBJsieTCs1 aHHYJHUPYIOIIUM MHO-
roujieHoM OoToOpakeHus ¢.

W3 npensoxenus A) cienyer, 4To BCSIKOe OTOOpaXKeHHE
¢ BEKTOPHOTO IpocTpaHcTBa R" B ceGs MMeeT aHHYJHPYIO-
IMHA MHOrouleH, — HMeHHO, MHorousneH y(z). Ho, KoHeuHo,
5TO He eAHHCTBEHHBIH AHHYNMPYIOLIHUH MHOrOYJIEH AJS OTO-
OGpaxKeHHs ¢, TAaK KaK, YMHOXHB Yy (2) Ha HetI'(OTOprf/’I MHO-
roYjieH, Mbl NOJYYHM CHOB2 aHHYJHPYIOLIHH MHOrOUJIEH.
Cpelnu BceX aHHYJHUPYIOIIMX MHOTOYIECHOB OTOODaXKeHHd @
BhIle/ISIeTCS] OMMH, — HMEHHO, MHHHMAJIbHLIA aHHYJHPYIO-
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muA MHOrOYJeH, — Urpamwliluil BaxKHyI0 poJb NJsi HaJbHeH-
11ero.

B) OxkasbiBaercs, 4To BCe aHHYJIHUPYIOLIHE MHOIOYJIEHB 3
oToOpakeHusl (¢ MUHUMAJbHOH cTeneHu — 0003HAUUM ee ye- -3
pe3 r— OTJIMYAIOTCS JIHIIb YUCIOBBIMM MHOXKHTeNsAMH. Tor 3}
U3 3THX MHOrOYJIEHOB, Y KOTOPOro Ko3(pGuUUEHT NMpH cTap- |
ulefl cTeneHU r paBeH eAuHHLe, Mb Oynem 00o03HayaTb ue-
pe3 A(z2) 4 Ha30BeM €ro MUHUMAAbHLIM QHHYAUPYIOULUM
MHO204/A€HOM, TAK UTO OH OKa3biBaeTcd enuHCTBeHHHIM. OKa-
3bIBAETCSl [aJjiee, YTO BCAKHH AHHYJUPYIOUIHHA MHOrOuJeH
OTOOpaXKeHUs ¢ AEAUTCH Ha MUHUMAJbHBIH aHHYJHPYIOIIHA 3
MHoOrouseH A(z).

JlokaxeM npenpsoxenue B). 3amerum npexjie BCero, j
yTo ecau f(z) U g(z)— ABa aHHYJHPYIOLUINX MHOrouJieHa
OTOGpaKeHHs ¢, TO HX HaHGOMbLIKI OOLMH AenuTelb h(2) 3
TakXKe eCTb AHHYJHUPYIOIIUA MHorowieH. B cuay npemno-
xeHus A) § 11 Mb umeeM 3

h@)=a@)f()+b()e () 21) 3

rae a(z) u b(z)— HaanexamuMm o6pa3oM mnoaoGpaHHBIE
mHorouwneHb. [loacTraBnsas B mocaefHee COOTHOLIEHHE BMe-
CTO z oToOpaxKeHHe ¢, Mbl BHAUM, 4TO h(2Z) €CTb aHHYJIH- 3
pylolUHd MHOrouseH oto6paxKeHus ¢. JlonyCTHM Temnepb,
YTO MHOTOWIEeHH f(2) U g(2) uUMelOT MHHHMAJbHYIO CTe- |
neHb r. Tak Kak h(z)— Toxe aHHYJHPYIOUIHH MHOroYJeH, -}
TO OH MMeeT CTeleHb, He MeHbLIyI0 YeM r. A TakK Kak oH 4
SIBJISIETCSl JeJIUTEeJieM KaKAOro U3 MHOrouseHoB f(z) 4 g(z), 4
TO CTeNeHb €ro paBHa POBHO 7, U NOTOMV MHOTOWIEHH [(2)
#u g(z) ornuyaloTcs OT h(z) TOJBKO UYHUCIOBHIM MHOXKHUTE- ;
JieM, a CJaeJOoBaTeJibHO, H MeXAY COO0H OHH TaKXke OTJH-
YaIOTCS YUCJAOBbIM MHOXKHTeJeM. DTHM IepBas 4acTb mpej-
JoxeHus1 B) mokasana.

[Iyctb
f(2)=A(2)

— MHHHMAaJIbHBIH aHHYJHPYIOUIMH MHOrOWJIEH OTOOpazKeHHs

@, a g(2) — npou3BONbHBIA aHHYJHPYIOLIHA MHOrOYJIEH OTO- | |
6paxenns ¢. M3 ¢opmyan (21) caenyer, uro MHOroujen §
h(z) sBNSETCS AHHYJIUPYIOLUIHM MHOrOYIEHOM OTOOparKeHHs
@ ¥ [IOTOMY HMeeT cTeleHb He MeHblIe YeM r. A TakK Kak
A(z) uMeeT cTeneHb r U AeauTcs Ha h(z), To h(z) u A(2)
OTJIMYAIOTCSl JIHIIb YHCJAOBBIM MHOXHUTeNeM. M3 Toro, uto
g(2) nenurcs Ha h(2), cielyeT Temepb, YTo g(2) AeaHTCA
H Ha A().

Hrak, npeajnoxenne B) noka3aHo.
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PasnoxeHUe MHHHUHMAJBbHOTO
AHHYJIHUpYyIOIlero MHOTrouYjgeHa
Ha B3aHMHO NPOCTHE MHOXHTEJH

C) JHonyctuMm, 4T0 BEKTOpPHOE€ NPOCTPAHCTBO R" pasia-
raeTcss B CyYMMY CBOHX NOATPOCTPaHCTB R; U Rz pasmep-
HOCTH p H g COOTBETCTBEHHO, ¥ HOMYCTHM, YTO PasIOKeHHC
5TO SABJAETCS HHBADMAHTHBIM OTHOCHTEJNBHO OTOOPaXKeHHs

@ nmpocTpaHcTBa R" B ceb4, T. €.
Px =R, upu X =R,
px R, npu ¥ =R,
MHaue 370 3anuchBaeTcsl Tak:
PR, = R;, PR, =R,
BriGepeM Tenepp 6asuc npoctpancTBa R™:
€y € «vey € €piyy wvvs €pug PHqg=n, (22)

TaK YTO IlepBhHie p BeKTOPOB 3TOro 6asmca cocTaBjasoT 6a-
3HC NPOCTPAHCTBA R);, a OCTaBIIHECS ¢ BEKTOPOB COCTaB-
JA0T 6a3Uc npocTpaHcTBa Ry. MaTtpuna

A=|ajl,

COOTBETCTBYIOILaA O0TOOpaXeHHI0 ¢ B 5TOM 0Oa3uce, HMeeT
TOrAa CremHaJbHBIA BHA,— HMEHHO, €€ 3JeMeHTH YAOBJeT-
BOPAIOT YCJIOBHSIM:

npua i< p, j > p umeeMm af=0,
npu i >p, j<p uMeeMm a;i=0.

a} ay ... a}, 0 ... 0
A— ag af ... af 0 ... 0 ___"An 0"
+1 +1 | .
0 0 ... 0 aftl ... 4 0 A

hO 0o ... 0 a’p’+l R s

Marpuna A, kak rosopsT, pas6usaerca Ha gBa 6J0Ka. B Je-
BOM BepXHeM YIJIy CTOMT KBajpaTHasi MaTpHLa NOpsAKa p,
KOTOPYi0 MH 0003HaunM 4Yepe3 A;, a B NPaBOM HHXKHeM
yrly — KBaJipaTHasi MaTpHLA MOpsiiKa ¢, KOTOPYIO MH 060-
3HauuM yepe3 A,. Kak Jerko Bupers, u3yueHHe MaTpuun A
IOJIHOCTBIO CBOJAHUTCSI K M3yueHHIO ee 6jokoB A;, A, Ilpu
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o TRRATRATS

sToM Martpuua A; COOTBETCTBYeT OTOGpaKeHHIO ¢, Aefi-
CTByIOLLEMY B IPOCTPAHCTBe R}, 8 MaTpuila A; COOTBeTCTBYeD
otTo6paxeHHIO ¢, AEHCTBYIOILEMYy B IpPoCTpaHcTBe R,. B ga-
CTHOCTH, HMEET MECTO HHXecjedylolllee Inpenyoxenue D).

Yreepxaende C) CBOAHTCA K ONHCAHHIO CTPYKTYPH
matpunsl A B cmenuanpHoM Oasuce (22) # 3TO HeTpPYAHO
npoeputh. 1 mpuBoxXy ytBepxkaeHne C) Oes AoKazaTebs
CTBA.

D) Ecnn marpuma A pas6uBaercss Ha Oiaoku A; B Aj
(cM. C)), To uMeeT MeCTO COOTHOILIEHHE

D (A) =D (A,) D (4y). (23)

M3 srtoro, B 4aCTHOCTH, C/leAYyeT, UTO XapaKTepPHCTHYECKHH 3
MHOrousieH % (z) mMaTpulsl A pa3naraercd Ha MHOXKHTRJIH: '}

% (2) == %; (2) %2 (), (24)

rjae yi(z)— XxapakrepucTHueCKHit MHOroWwIeH MaTpHuH A, a
2 (2) — xapakrepuctuueckuft MHorowieH MaTpunu Ap. Ileii-
cTBUT@NbHO % (2)= D (A —2E), a marpuna A — 2E pasbu-
BaeTcs Ha ABa 6joka. Orciona u u3 gopmyam (23) caeayer
dbopmyna (24).

Ins pokasartenbcTBa mnpepjoxenuss D) paccMoTpuHM

MATPHIBE
’ Al 0 ’= Ep 0
a=|7 gl 4=|7 al

’ ’
rae matpuun A; u A, pasbuBaroTcss Ha OJOKH, NpHYEM
60k E; ecTb enuHWYHas MaTpulia nopsiaka q, a E, —enu-
HUYHasl MaTpHlla nopsjaka p. Pa3snaras onpejejuTenb Mar-

puisl A; O s;eMeHTaM NOCTeNHeH CTPOKH, Mbl IOKaXeM,
A 0
uTo D(A;)D" 01 E ll
q—
uie, Mbl y6emumcs, ato D (A7) == D (A;). Touso Tak ¥Xe AoKa-
’
sniBaercst, uto D (Ap) == D(Ag). Jlerko mpoBepsieTcsi, UTO

as=\3 1l=a

. IIpomosxkas sTOT mpouecc najib- .3

B cuay TeopeMn 4 H nocnensed ¢dopMyJH HMeeM
D(A)==D(A{A}) =D (A)D(A,) ¥ IOKa3aTelAbCTBO RpPeJ-
goxenuss D) sasepuieHo. Takmm o6pasoMm, ¢opmyna (23)-
JAOKa3aHa. .

E) Hyctp ¢ — aunefiHOe oTOOpaxeHHe BEKTOPHOrO Ipo-
cTpaHcTBa R® camoro B ce6s1 H A(z)— MHHUMaJAbHHA aH-
HYJHpYIOLIHA MHOroulieH orobGpaxenus ¢. Honyctum, 910
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mHOroWwIeH A(2) pasnaraercs Ha 1IBa B3aHMHO TPOCTHIX
MHOXHTEJIS: .
A (Z) — Al (Z) A2 (Z).

U 1ak Kak A;(2) u Az(2) no npeanoyioxKeHHI0 B3aHMHO IIPO=
CThle, TO MBI HMeeM

1 =py(2) A2 (2) + py (2) A (2), (25)

roe pi1(2) u pp(2)— aBa HapjmexamuM oGpa3oM BeIGpaH-
Hbpix MHorouneHa (cm. (37) § 11). O6osnauum uepes R
BEKTOpHOE IOANPOCTPAHCTBO NPOCTPAHCTBA R", cocrosiiee
K3 BCeX BEKTOPOB IPOCTpaHCTBA R", 06pallalomuXxcs B HYJb
npHu AedcTBHH oToOpaxkeHus A;(¢@), u yepe3 R, BeKTOpHOE
NMOAIPOCTPAHCTBO IIPOCTPAHCTBA R", COCTOsILEE U3 BCEX BEK+
TOPOB, OOpalIaOIUXCA B HYJb NPU AeHCTBHH OTOGpaKeHHS
A2(p). OkasmnBaercsa TOrpa, 4To NmpoCTpPaHcTBo R" pasna-
raercsi B NpsIMyI0 CyMMY CBOUX BEKTOPHBIX NOJANPOCTPAHCTB
R, u R,. Ilpu 3TOM pasjiokeHHe NMPOCTpAaHCTBA R"™ B CYMMY,
JIBYX INMOANPOCTPAHCTB HHBAPHAHTHO OTHOCHUTEJbHO OTOOpa-
JKeHHs @, TaK 4YTo ¢ OTOoOpaXKaeT NOANPOCTPAHCTBO R; B
cebs 4 moanpocTpancTBo Ry B cebsa. Paccmarpusas otoGpa-
JKeHue ¢ Ha NOANpPOCTPaHcTBe R;, M 0003HAUYHM €ro ue-
pe3 @i, a paccMaTpuBas oToOpaxkeHHe ¢ Ha Ry, Mbl 0060~
3HAuyuM ero uepe3 @g. OkKaspiBaeTcsi TOrjga, 4To MHOroujeH
A (2) ecTb MHHHMAJbHBIH AHHYJIHPYIOIWIMH MHOrodYJeH OTO-
6paxeHus @i, a Ap{2) ecTb MHHHMAaJbHLIH aHHYJHDPYIOWIUHA
MHOTrOuYJIeH O0TO6paxKeHHs .

Hokaxem yrtBepxienue E). Iloacrasiss B cooOTHOIIe-
Hue (25) BMecTo 2 orob6paxkeHue ¢, noaydyaem JHJjs IpOHU3-
BOJILHOTO BEKTOPa X H3 IPOCTPaHCTBAa R" paBeHCTBO

x=p,(9) Ay (9) x + p1 (@) A (9) x. (26)
ITonoxuMm

X, =Dy (@) As (@) x, x,=p,(@)A;(9) x. (27)
Toraa
A (@) %, =D (@) A (@) Az (@) x =2 () A (@) x =0. (28)

TouHo Tak e HMeeM

Ao (@) X, = p; (@) A (@) A2 (@) x =p; (@) A (@) x,=0. (29)

31ech ¥MeeTcs KOMMYTaTHBHOCTb Mexay Aj(g) # p2(¢),
As(9) u pi(@), Tak Kak o6a MHOXKHTENs sIBJAAIOTCA MHOrO-
YjJeHaMH OTHOCHTENbHO .

Takum o6pa3om, MH yCTaHOBHJIH, YTO

X, ER,, x,=R, (30)
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Us dopmyn (26), (27) u (30) caeamyer, 9To nponanonbnuﬁ
BEKTOpP X MPOCTPaHCTBa R" pa3jaraercs B CYMMY

X=X, + X9y
rae
xR, xR,

ITokaxeM Tenepb, YTO €CJH HMEIOT MeECTO OJHOBPEMEHHO
JABa COOTHOLIEHHSA

XE R, xR,
To x =0.

N3 cootnomenuit (28), (29) caemyer, uro A (¢p)x =0,
A2(@)x = 0. Takum o6pa3oM, o6a caaraeMux B IIpaBOH 4a-
CTH paBeHcTBa (26) paBHBI HYJIIO H, CleqoBaTesbHO, X = 0.
Hrak, ycraHoBjeHo, 4To R" pa3jioKeHO B MPAMYIO CyMMY
CBOHMX noanpoctpaHcTB Ri U R, [lokaxkeM Tenepb, 4TO 5TO
pasyioxKeHHe B NMPAMYI0O CYMMY HHBApPHAaHTHO OTHOCHTEJIbHO
¢. s 3TOr0 KOCTATOYHO MOKAa3aTh, YTO

PR, =R, @R, = R,. (31)

Has Toro 4to6pl y6equTbcsl B 3TOM, NPHMEHHM K BEKTOp-
HOMY NIPOCTpaHCTBY @R, oTo6paxenue A, (¢). Toraa mu no-

JIy4uM .
A (@) R, =@A (9) R, =0.
Touno Tak XKe nosydaem
42 (@) PR, = @A» (¢) R = 0.

3aech HMeeTc KOMMYTaTHBHOCTb Mexay ¢ H Aj(q), ¢ #
A2(@), Tak Kak 062 MHOXKHUTeNS SABJSIIOTCA MHOTOYJEHaMH
oTHOCHTeNbHO . Takum o6GpasoM, coortHoiueHue (31) go-
KasaHo. JlokazaHo yxke TakxKe, uTOo A;(2) ecTb aHHYJIHPYIO-
IHA MHOrouneH oTo6pakeHHs @i, a Aq(z2)— aHHyJHpYIO-
1iHA MHOrouJeH OTOOpaKeHHus @g. DTO BHITEKAaeT H3 CaMoro
onpeeNeHus MOANPOCTPaHCTB R; u Ro. Jlokaxem, 4To MHO-
FrOWIEHB 3TH fABJSIOTCH MHUHHUMAJbHBIMH aHHYJIHDPYIOLIUMH
MHOTOYJIeHaMH OTOOpaKeHHH @1 H @o.

HonycTuM, 4TO MHHHMAaJbHBIMH AHHYJIHPYIOIUHMH MHO-
rowleHaMu 0TOGpaxKeHH# @) H @2 ABNAIOTCA COOTBETCTBEHHO

MHOrOWIEHB Ai(2) u Az (2). Tonoxum A(2) =A;(2)As(2).
ITpumensst A K COOTHOIIEHHIO

X =2%+ %y
rae x; € Ry, ¥ & Ry, MBl NpUXOAUM K COOTHOLIEHHIO

£(q>)x=0
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npH NpouSBOJbHOM x & R". Takum o6pasoM, A(g) ecTs
aHHYJHDYIOIHA MHOrouJieH oTo6paxenus @. Ecau 6u A (2))
He OBl MHUHHMAJbHRIM AHHYJHUPYIOUIAM MHOTOWIEHOM OTO-

OpaxeHus ¢;, TO A;(2) HMen 6Bl CTeneHb, MEHBIIYIO UeM
Ai(2). Touno Tak ke, ecin GH Ag(2) He GbI MHHHMAaJb-
HBIM aHHYJHPYIOLIUM MHOTOYJEeHOM OTOOpaXKeHHS @3, TO

MHOrousieH ‘A, (2) uMesn OW cTenmeHb, MeHbIIyIo YeM Aj(z2).

B o6oux sTuX cayuasix Ipou3BeleHHE Al(z)Ag(z)=73(z)]
uMeJIo Obl CTeneHb, MeHbYI0 yeM A(z), # MHorouseH A(z)
He ObJ1 OB MHHHMMAJbHBIM AHHYJHPYIOUIHM MHOTOYJEHOM
0TOOpaxKeHHus .

Hrak, npennoxenue E) noJHOCTbIO JOKa3aHo.

M3 npennoxenunit E) u C) cienyer, 4To ec/id MHHHMaJIb-
HHH aHHYJHpYIOWIHHA MHOrowieH A(z2) HEKOTOPOH MaTpHIH

pasjsaraercss Ha JBa B3aHMHO IIPOCTHIX MHOXKHTEJs:
A(2)=A,(2)A2(2), T0 npu HaznexameM Bb6Ope Gasuca
marpuna A pasbuBaercss Ha ABa 6soka A; um A, npuueMm
Ai(2) ecTp MUHUMAaJIbHBIH AaHHYJHPYIOUIHHA MHOrOuYJieH MarT-
puub A, a Ax(2)— MHHHMaJbHBIH AHHYJIHPYIOLIMH MHOrO-
uyjed Marpuubnl Ag. DTO BHITEKaeT H3 TOro, YTo pa3bueHHe
MaTpHIL Ha ABa 6JIOKA NPOHUCXOAHT NpPH CnelHaJbHOM BHI-
6ope Gasuca (cm. C)). Bynem rosBoputbh DpoCTO, YTO MaT-
puna A, MHHHMaJbHHIH aHHYJHPYIOWIUA MHOrOUY/IeH KOTOpPOH
pasjaraercs Ha JBa B3aHMHO NPOCTHIX MHOXHTeJNs, pa3bu-
BaeTcsl Ha ABa 6Ji0OKa, He YNOMHHAs MPH 3TOM O CIleLlHalib-
HoM BbiGOpe Gasuca. Takoe paszbuenHne MaTpuuu A Ha 6A0KH
MOXKHO BeCTH [0 TeX IOp, OKa Mbl He AoijgeM ao O6.J0-
KOB C MHHHUMaJIbHBIMH aHHYJIHPYIOIIMMH MHOTOYJ€HaMH, KO-
TOpble yKe HeJib3sl Jajee pasjoKHUTb Ha B3aHMHO IpPOCTHIE
MHOXHTEJNH. B nanbHeflIeM Mbl COCPEXOTOYHJIM CBOE BHH-
MaHHe Ha H3yueHHH TAKoH MaTpuubl A, MHHHUMAJbHHIA aH-
HYJHPYIOIIHA MHOTOYJIEH KOTOPOH Y¥Ke Heslb3si PasjioXHTh
Ha JBa B3aHUMHO NPOCTHIX MHOXHTeNs. MHOrousneHsl, KOTO-
phle HeJb3sl PasjioXKHUTb Ha B3aHMHO IPOCThie MHOXKHTEJH,
ABJASAIOTC MHOrowieHaMu Buaa (22— A)* FKMenHo Ha rTa-
KHe MHOXHTEJNH pasnaraercs MHoroujeH A(2), nmpHuyeM A
aBJsieTcss KOpHeM MHorouwieHa A(z). Huxecaenyiouiee npen-
JoxkeHne F) naer orBeT Ha BONpOC: KakHe KOPHH HMeeT
MHOrouJieH A(z2)?

F) KopHaMH MHHHUMaJbHOrO aHHYJHPYIOLLEr0 MHOrO-
unreHa A(z) oTo6paxkeHHs ¢ SABASAITCS COOCTBEHHHIE
SHaueHHs MaTpuubl A, coorBeTcTBYIoned oToOpaxKe-
HHIO Q.

JokaxeM npeanoxenue F).
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- flyets A — coGCTBeHHOE 3HaUeHHe OTOGpakenHsd ¢ € COG- Q
ctBeHHHM BeKTOpoM h 7= 0. Torna MH HMeeM ~

oh = Ah. (32)
[TpuMeHsis K 3TOMY COOTHOLIEHHIO ONEPalHIO ¢, NMOJYyIaeM
¢%h = A’h.
ITpoxo/mxas aTOT mpouecc Aajblle, A0KaxeM, 4TO
o°h = A*h.

W3 storo Jzerko ciaenyer, YTo AJisl NPOU3BOJILHOIO MHOTO-
yjieHa f(2) HMeeT MeCTO COOTHOLIEHHE

(@) k=7 (1)h.

ITomcTaBasis B 3T0 COOTHOIIEHHE BMECTO MHOroufiieHa f(z) .7
mHorousieH A(z), nosayuaem '

Al@h=A()hR.

B neBoil yacTH 3TOro paBeHCTBa CTOHT HYJib, 4 B IPaBOH
YacTH MHOXHTENAb /i OTAHYEH OT HYJIsSl, HOSTOMY MHOXHTe]b
A (M) o6pamaercs B HyJ/b, T. €. MBl uMeeM A(A)==0, u ycra-
HOBJIEHO, YTO COOCTBEHHOe 3HAUeHHe A OTOOpaKeHHS ¢ sB-
JiieTcsl KOpHeM MHorouJeHa A(z).

JdonycTum Tenmepb, UTO A €CTb KOpeHb MHOrouseHa A(z).

Toraa
A(R)=(z—2A) g (2). (33)

Tak xak MHorousneH g(z) HMeeT CTelNeHb MEHBHIYIO YeM
A(z), To OH He sBJIfeTCA AaHHYJUPYIOIIHM MHOTOWIEHOM
oToOpaxKeHHsl ¢, U NMOTOMY CYLIECTBYeT Takoi Bekrop h, 4To

g(@h=nh==0. (34)

IMoacraBnsis B cooTHowmeHue (33) BMecTo 2 oTtobpaxkeHue
@, Hoayvaem (cM. (34))

(p— A0) h=0,
OTKYHA ClleAyeT
¢h = Ah,

T. €. A sBJAsIeTCS1 COOCTBEHHLIM 3HaueHHEM OTOOpaxKeHHA .
Hrak, npepnoxenne F) moaHOCTbIO NOKa3aHO.
G) Ilycrp ¢ — anHeliHOe oTOOpaXkeHHe BEKTOPHOro npo-
cTpaHcTBa R™ B ceb6a W A — COOTBETCTByIOIlas €My Mart-
puua. Ilycrs, Aanee,

1@=@E—M)"1@—1) ... —n)r  (35)
110




— Pa3JIOXKeHHe XapaKTePHCTHYECKOr0 MHorouwieHa v (2)
0oTOOpaKeHUsl (¢ Ha MHOXKHTENH U

AR)=(@E—M)"(—2)" ... (2—2,)r

— pasJioXeHHe MHHUMAaJbHOT0 aHHYJIHDPYIOUEr0 MHOTOUJIeHa
A (z) orobpaxeHus ¢ Ha MHOXHTeNH (cM. F). ITpu nosTop-
HOM NpHUMeHeHHM npejioxeHuss E) matpuma A pasGusaer-
cs1 Ha 6noKu A;, Ag, ..., A,, IpUYeM MUHUMAJbLHHIM aHHY-

JIUPYIOIIMM MHorouneHoMm O6Jgoka A; aeiasiercs (2 — A;)%¢.
B cuay npennoxenuss F) marpunma A; uMeeT eIHHCTBEHHOE
co6cTBeHHOe 3HayeHHe A;. Ecam marpuua A pasbuBaercs
Ha OJIOKH, TO XapaKTepHCTHYECKHH MHOrowieH MaTpuus A
sIBJISleTCsl NPOH3BefeHHEeM XapaKTepUCTHYECKHX MHOrouJje-
HOB COOTBeTCTBYyIOIIHX Os0koB (cM. D)). M3 atoro passno-
JKEeHHS clefyer

LR)=E—M)"(E—2)" ... 2—2)r,  (36)

rae p;— nopsigok Marpuub A;. CpaBHHBasi COOTHOIIEHHS
(35) u (36), MBI BuAHM, uTO p; = k;. TakuM ob6pasom, mno-
psnoK 6noka A; marpunsl A paBeH KpPaTHOCTH cOOCTBeH-
HOro 3HaueHHs1 A; OTOOpaxkKeHHUS .

§ 14. )XopnanoBa dopma MaTPpHIbI

3mecb Mbhi OyneM paccMaTpuBaTh JHHeHHOe oTOOpaxe-
HUe ¢ C eAMHCTBEHHHIM COOCTBeHHBIM 3HayeHueM A. Co-
IJ1aCHO JOKa3aHHOMY paHee MHHHMAJbHBIH aHHYJUPYIOIWMH
MHOrouJieH oToOpaKeHusl ¢ HMeeT BHJ

(z — M)~
IMTonoxum
Y=0—28.
A) Ilyctb h) — BeKTOp, YAOBJIETBOPSIOMIUA YCAOBHAM

Wh =0, V' 'B 0. (37)

ITonoxum :
hl = hl’ hg = tIJhl, co 0y hf —_— '\I)h]'__l, h]+l = 'lph].

ITocaenoBarenbHOCTs BeKTOpOB hy, hy, ..., h; Ha30BeM

acopdanoeol. U3 coorHomenunst (37) caemyer, uro h; =0,
hjy1 =0. Takum o6pasom,

(9 — AB) hy = h,,
(phl _ A'hl + h2-

HJIH, YTO TO XKe,
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Hanee,
(@ —AB) hy =",
HJH, YTO TO K€,

Qhy=ARy+ h3 u T. I.,

(P—A0)h;=0
HJIH, YTO TO K€,
(ph,“—"l,h,-.
Ecnu Teneppr R — BEKTOpPHOEe IOANPOCTPAHCTBO IpPOCTPaH-
CcTBa R" ¢ xopaaHOBuIM O6asucom h, hy, ..., h;, TO Mar-

puna A, coorBercTBYIOUIAasl OTOOpPaXKeHHIO ¢, HA NMPOCTpaH-
cTBe R uMeeT BUJ

A1 0 ... 0O
J T L |
0O 0 0 ... A

MaTpuna 3Ta HaswBaercs MOpaanoebm 6a0kom ¢ cob-
CTBEHHBLIM 3HaueHHEM A.

Tenmepp MBI HOKaxeM, 4YTO MaTpHUa A ¢ eIHHCTBEHHbIM
CcOGCTBEHHHIM 3HayeHHeM A IPH HajajxexauieM BbiGope 6a-
s8uca pa3buBaeTcs Ha XOPAAHOBH GJIOKH.

B) Ilycte R — BeKTOpPHOe NPOCTPAHCTBO Pa3MepPHOCTH
n u S — ero BekTOpHOe nmoAampoctpaHcTBo. CucreMa BekTO-
poB

Xy X35 vo0y X, (3%3)

Ha3biBaeTCsd AUHEUHO 3a8UCUMOL OTHOCUTEAbHO noonpo-
cTpancTea S, eCliH CYLIECTBYIOT TaKue KOHCTaHTH C!, ¢?, ...

, C', He BCe paBHBIe HYJIO, YTO BEKTOp C%X, MpHHAINe-
XKUT S, B NpoTUBHOM cayuyae cucrema (38) HasbiBaeTcs
AUHEUHO He3asucumoll oTHOcuTtesoro S. JIMHeHHO He3aBH-
cuMas cucreMa (38) nmpocTpaHcTBa R OTHOCHTeNBHO S Ha-
3bIBaeTcsl 6a3ucom npocTpaHcTéa R OTHOCUTeAbHO S, eciH
IJIsl Ka’KJOrO BEKTOpa X NpPOCTpaHcTBa R HaHAyTCsA Takue
KOHCTaHTHI ¢!, ..., C’, UTO BEKTOP

x —c'%,

IIpHHAJIEXKHUT NPOCTPAHCTBY S. SfIcHO, uTO 6a3uc MpOCTpaH-
CTBA R OTHOCUTEe/NbHO S BCerga CyuiecTBYeT H UYTO BCAKYIO
JIUHEHHO HE3aBHCHUMYIO OTHOCHTENbHO S CHCTEMY BEKTODPOB
NPOCTpaHCcTBA R MOXKHO [OMOJMHHTL J0 6asHca B IIpoO-
CTPAHCTBe R OTHOCHTEJILHO MOANPOCTPAHCTBA S.

Teopewma 6. ITycte @ — auneiinoe orobpasicenue 8ex-
TOPHO20 npocTpancTea R" 8 ceba u A — edurcreennoe cob-
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cT8enHoe 3HaueHue oTobpaxcenus ¢. Tozda npu Hadaesxca-
wem solbope b6asuca 8 npocrpancrsée R" marpuya A, coor-
sercrayrowas oTobpaxceruo @, pa3busaerca Ha HopoaHosst
610xku (cm. A)), croswue 80046 Ouazonasu marpuyo A.
ITpu 3rom KaxcOeli 640K umeer cobCTeerHOe 3HaueHue M.

JdokaszarteabctBo. Ilycth (2 — A)*® — MHHHMA/b-
HHI aHHYJIHPYIOWMH MHOrousned oro6paxenus ¢. Ilomoxum

Pp=0¢ — AD.

O6o3HauuM yepe3 S; MHOXKECTBO BCEX BEKTOpPOB X H3 R”,
YAOBJIETBOPSAIOWUX YCAOBHIO

Plx = 0.

MHoxecTBO S; npencTasiisieT co60# BeKTOpHOE IOANpO-
cTpaHcTBO npoctpaHcrBa R”. Ilpu 3ToM uMeloT MecTo cie-
Ayiolife BKJIOYEHHSI:

R"=8,058,_,0...28 >S5,=0.

Ilycts By — KOHeuHasi COBOKYNHOCTb BEKTOPOB IIPOCTpaH-
cTBa S;, cocramisioniasi ero 6a3uc OTHOCHTENbHO IOAMpO-
cTpaHcTBa Sip—;. JlokaxeMm, uto BeKTOpH YB;, BXoasiue B
NPOCTPAHCTBO Sp—, JHHEHHO HE3aBHCUMBI OTHOCHTEJLHO
NOANPOCTPAHCTBA Sr—g. ITycTh

el, 82, e e 0y er

~— COBOKYNMHOCTb BCeX BeKTOpPOB, Bxoismux B B,;. Hdony-
CTHM, YTO HMeeT MeCTO COOTHOLIeHHE

ca‘pea E Sk_zo
Torna sekTop
1pcaea E Sk—2°

A 3T0 3HAUYHUT, UTO BEKTOP

a
[l — Sk—l'

DT0 BO3MOXHO JIHWb NPH YCJIOBHH, YTO Bce K03 PHIMEHTHI
¢ =0.

ITockoIbKy BE€KTOPHl KOHeYHOH COBOKYMHOCTH B BeK-
TOPHOTO NPOCTPAHCTBA S,—; JTHHEHHO He3aBHCHUMBI OTHOCH-
TeJbHO Sj—, KOHEYHYIO COBOKYNHOCTb YB; MOXKHO A0no.1-
HUTb JO0 O6asuca B, npocrpaHcTBa Si—; OTHOCHTENLLO
npocTpaHcTBa Si—g. TOUHO TakK Ke yCTaHaBJAHMBaeTCs, YTO BSK-
TOPBl KOHEUYHOH COBOKYNHOCTH PB; BeKTOpHOIO NpoCTpaH-
ctBa Sy JUHEHHO HEe3aBHCHMBI OTHOCHTENbHO Sj_3, H no-
TOMY KOHEUHYI0 COBOKYHNHOCTb B, MOXKHO JONOJNHHTb 10
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6asuca B; npocTpaHcTBa Sy OTHOCHTENBLHO TIOANPOCTPaHCTBA
Sr-3. Paccyxkpas Tak aajnblie, MH JOHIEM B KOHIlE KOHIIOB
Ino 6a3uca B, B mpocTpaHcTBe S; OTHOCHTENBHO NPOCTPaH-
ctBa Sy, U nmotoMy B, ectb OObIYHHIA 6Ga3uc B NpPOCTpaH-
crBe S;. JlokaxeM Tenepb, YTO COBOKYIHOCTb BEKTODPOB,
NpHHAaJIeXXaluX KO BceM 6a3ucam

Bl’ Bg, e oy Bk,

cocrasJisier 6a3uc B npocrpaHcTBa R™
JlonycTuM, 4TO UMeeT MeCTO JHHeAHas 3aBUCHMOCTb Me-
K1Y BeKTOpaMH COBOKYNHOCTH B:

ce,+ ... =0, -(39)

IIpuYeM Ha IepBOM MeCTe BBHINHCaHBl cjaraeMeble, pHHaaJje-
Kawue B). [IpuMeHsiss K 3TOMY COOTHOILEHHIO OTOOpaxKeHHe
P*-1, MBI MOJIyYyaeM COOTHOLIEHUE

c“Pp*le, =0.

Ho 3To 3HauuT, YTO KOHEUHAsi COBOKYNHOCTh BEKTODPOB
P*-1B,, cocraBiasomas yactb 6asuca Bp_; mnpocTpaHCTBa
B, nuHelHO 3aBHcuUMa, a MNOTOMY BCe KO03(pPHIHEeHTHI
cl, c?, .. , ¢" paBHH Hymo. [Tocie Toro Kak 3To JA0Ka3aHo,
Mbl JOKaxXeM TOYHO TaK e, YTO Bce KO3(Q(PHUIHEHTH MNpH
ajeMeHTax B, Bxoasimux B coorHouieHHe (39), Takke
paBHBI HYJIO, H TeM CaMbIM B KOHIe KOHILIOB YCTaHOBHM,
YTO COBOKYMHOCTb BeKTOpPOB B jHHeHHO He3aBHCHMA B IpO-
CTpaHCTBe R™.

JloKaxeM Telepb, YTO NPOU3BOJLHBIA BEKTOP X; B IPO-
CTpaHCTBe S, = R" JIMHEeHHO BHIPAKAETCs Yepe3 BEKTOPH,
npuHaanexamue B. Tak Kak BeKTOpbH KOHEYHOH COBOKYII-
HOCTH B; cocraBasiior 6a3uc B NPOCTPAHCTBE S, OTHOCH-
TeJIbHO Sp—j, TO BEKTOP X; MOXeT ObITh 3alHCaH B BHJIE

\
a
X, ==C ey 1 X

rae X, & Si-1. Takum o6pa3oM, BEeKTOP X, BbpaxKaercs JH-
HeAHO uYepe3 BEKTOpPH, NpPHHAAJexallle KOHeYHOH COBOKYI-
HOoCTH B; u eme n00aBOYHBIH BEKTOP Xg, NMPHHaLJeRaUIUA
IpOCTpaHCcTBY Sr—y. IIpogosnkas aTOT mpouecc Aajblie, MH
JIOKa)keM B KOHIe KOHIIOB, YTO BeKTOp x; JHHeHHO BHIpa-
JKaeTcs uyepes BeKTOpH, mpuHajiexamue B. Takum obpa-
30M, YCTaHOBJIEHO, YTO g ectb 6asuc B NpPOCTpaHCTBE
S* = R" :
Pa3o6beM Tenepp KOHEUHYIO COBOKYNHOCTb BeKTOpPOB B
Ha NOmapHO HelepeceKalolnecs JKOPAAHOBH cepHH (cM. A)).

114




Jaa 3Toro BoiZesuM B B moaMHOXecTBO B Bcex BeKTOpOB,
KOTOpHle OyAyT CNYXKHTb HauadbHbLIMH BeKTOpaMH h; Xop-<

naHoBHX cepuii (cM. A)). K MHOXecTBy B oTHeceM mpexie
BCEro BCe BEKTOPHl COBOKYNHOCTH B;, 3aTeM BCe BEKTOPH
COBOKYNHOCTH By, He mpHHaAJexamue K ee yacTu PB;, 3a-
TEeM BCe BEKTOPHl COBOKYMHOCTH Bj, He mpHHaJeXalllHe K ee
yact YB,. [Tporonkas aToT npolecc fasblie, Mbl 10AAEM 10

BEKTOPOB COBOKYNHOCTH B, u BK/IOUUM B B Te BEeKTOpPH H3
B, KoTOpHle He NpUHAAJIEXKAT COBOKYNHOCTH YB,—;.

BriGepem Haua/jbHbIH BeKTOp k) HalleH KOpAaHOBOH ce-
pHH M3 KOHeuHOH coBokynHocTd B;, mpuuem h; He npuHag-
JIEXKUT K COBGKYNHOCTH {B;_;. BriOpanHbifi BekTOp k) mpHu=~
HaJJIeXXUT BEKTOPHOMY MPOCTPAHCTBY Sp—iy1 U He NPHHAA-
JIEXXHT BEKTOPHOMY NpPOCTPAHCTBY Si—i. HIT2K,

v 'h # 0,

B, =0
Takum obpa3oM, MW HMeeM IOCJAEAOBATENbHOCTb BEKTOPOB
hi, hy="bh,, h3="Yhy, ..., By_; ., =VRy_; Yh._;4, =0,

H BEKTOpH
h[’ h2, * e 0y hk_i.l.l . (40)

COCTaBJISIOT XOPAAHOBY CepUIo JJHHH B — i+ 1.

JXopaanoss cepuu TtHna (40) ucuepmbIBAIOT BCIO COBO-
KynHOCTb B U He nepecekaloTcs MeXAy co6oi.

Takum 0o6pa3oM, Mbl HALVIH COBOKYNHOCTb KOPJaHOBHX
CepHil, COCTABJASAOUINX BMecTe 6a3HC NpOCTpaHcTBa R”, u
KaxJo#l KOpJaHOBOH CepHH COOTBETCTBYeT XKOpAAHOB OJIOK
matpuubn A. CienosarteibHO, Teopema 6 [HoKazaHa (cM.
ria. 4, npumep 13).

C) Ilyctp ucxoaHoe BeKTOPHOE MPOCTPAHCTBO R"™ sB-
JisleTcsl AeHCTBHUTEJNbHBIM H OTOOpaKeHHE ¢ TOXKe JeHCTBH-
TeJIbHOe, T. €. MepeBOJUT KaXKIHH JeHCTBHTEJbHBIH BEKTOP
B AecHCTBHUTeJbHHH. Torga xapakTepHCTHYECKHH MHOrousieH
% (2) oTobpaxeHHa ¢ HMeeT HeHCTBHTeJbHHE KO3(pdunHEeH-
Thl H, CJIEAOBATEJbHO, HApPAAY C KaXAbIM KOMIJIEKCHLIM
COOGCTBEHHLHIM 3HAuUE€HHEM A HMeeTCs CONpSIXKeHHOoe eMYy

KOMIIJIEKCHOe COOCTBeHHOe 3HaueHHe A. Kak GblIo MoKa3aHo
panee (cm. G) § 13), co6cTBEHHOMY 3HA4YeHHIO A B IIpO-
CTpaHCTBe R"™ COOTBETCTBYET HEKOTOPOe BEKTOPHOE MOAIPO-
CTpaHcTBO R’ Takoe, YT0 MaTpHua A’, cOOTBeTCTBYIOLIAA
oTOOpaXKeHHI0 ¢ NpocTpaHcTBa R’ B cebs, HMeeT MHUHH-

MaJIbHBI aHHYJUPYIOIIUHA MHOrouIeH (2 —A.)k'. B cuay teo-
116



peMn 6 6asuc B npocTpaHCTBe R’, cocTosIIMHA H3 Kopaa-
HOBLIX CepHil BEKTOPOB, fIBJISIeTCA KOMIJIEKCHHIM OasHCcoM.
Kak 370 BHAHO M3 MOCTPOEHHs XKOPHAHOBHX CepHH BeKTO-
poB B npenjioxkeHuu A), oToOpaxkeHue ¢ = ¢ — AQ ABJAdeT-
Cs KOMILIeKCHbIM. B BekTOpHOM moampocrpaHcTBe R” Bek-
TOpHOro npocrpancrsa R® (R” == R’) MoxXHO B3ATb 6asuc,
COCTaBJIEHHBIH M3 JXOPAAHOBBIX CepHfl, HMEIOLUHXC B MpO-
CTpaHcTBe R’, HO conpsixeHHHX ¢ HUMH. OKkasnBaercs, 4T0

MHHHEMaJAbHBA aHHyaHpylowui MHorowten (2—1)*¥ oro-
O6paxeHusl ¢ Ha NOANpocTpaHCTBe R” HMeeT TOT Xe MoKa-

3aTejp k”, 4uTO U aHHyJUpYyOUlUA MHOrouJeH (2 — A.)

npocrpancTBe R’. B camoMm pese sicHO, 4TO (z—h)
JisleTCsl aHHYJUPYIOLIAM MHOrOY/NIeHOM OTOGPaKeHHs @ Ha
noanpoc'rpaHCTBe R”. Ecan Onl 3TOT aHHYyJHPYIOIUHA MHOrO-

yJjieH (z-h) He Obl1 MHHHMAJbHBIM, & MHHHMAJbHHM
61 MHOTOuneH (2— A)*, rame k” <<k, T0, mepexoas OT

COOCTBEHHOrO 3HaueHNsl A K CONPSXKEHHOMY eMy COOCTBEH-
HOMYy 3HaueHu10 A, Mbl NpHIIIH OB K 3aK/IOUeHHIO, YTO

(z— A)¥  sasasercs aHHYJIHPYIOUIAM MHOrouJieHoM otolpa-
JXXeHHs1 ¢ Ha noanpocrpaHcTBe R’. Takum oGpasom, o6a mo-
Kasaresss B’ u k” nosxubl -OHTH paBHBl MexAy coboli. Ta-
KUM 00pa3oM, AJs ABYX KOMIIJIEKCHO CONMPSAXKEHHHIX CO6-

CTBEHHBIX 3HaUeHHUH A H A ompejesieHH JBa BEeKTOPHBIX MOA-
npocrpancTBa R’ u R”, npuuem npoctpaHcTBO R” conpsixe-
HO OpOCTpaHCTBY R’ B TOM CMEHIC/IE, UTO KaXKABIH BEKTOP
u3 R” conpsixxeH HEKOTOPOMY BeKTOpPy H3 R’ H Hao6opor.

ITpemnoxenne C) uMeer 3HaueHHe IPH OTHICKAHHH Jefi-
CTBHTEJIbHBIX pelleHHH NeACTBHTENbHRX O6GBLIKHOBEHHHX
auddepeHnnanbHBIX YpaBHeHH.

§ 15. KsagpaTnunnie ¢opmbl

ITycts E™— neficTBHTEJNbHOE €BKJIHIOBO BEKTOPHOE IIPO-
CTPaHCTBO pa3MepHOCTH n, f(x,y)— AeACTBHTENbHASA CHM-
MeTpHYHasA OH/IMHeHHas cbopma ‘3aflaHHasl Ha 3TOM IIpo-
CTpaHCTBe, H [(x, X)— COOTBeTCTBYIOILas el KBaApaTHYHas
¢opMa. B KoopamHaTtHOM BHzie npu Bbibope B E"™ HeKoTo-
poro oproHopMaabHOro 6asuca OuiauHedHas ¢opma f(x,y)
3anuCcbLIBaeTCs Tak:

f(x, §)=0,x"y"
(cm. D) § 2). 3aech
A=|ayll
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T TS
N

npeAcTaBiasieT co6ofi KBaJpaTHYI0O MAaTpHIUy nopsaka n. dra
3aNHCh OTJAHYaeTcsl OT OORIUHOA (opMbl 3amHcH MaTpull,
NPHUBHIYHON HaM, TeM, 4TO 00a HHAEKCA CTOST BHH3Y, HO MH
6yneM CcYHTaTb, YTO NepBHIH HHIEKC | yKa3niBaeT HOMep
CTPOKH, a BTOpPO# HHJAEKC j— HOMep crtoabua. Keagparuu-
Hasi ¢opma [(x, x) sanuchIBaeTcsl B BHIE

f(x, x)=aa6x“xﬂ.

OcHoBHO!t 3ajgaueit Hacrosiuiero naparpada ssiasercs
BHIOOp TaKOro OpTOHOpMaJjibHOro 6asuca B INPOCTPAHCTBE
E®, npu KotopoMm KBaaparnuHas ¢opMa 3anHCHBAaeTCs B
HauboJiee IPOCTOM BHJE.

A) Ilyctb

A=layl

-— MAaTpHUlla, COOTBETCTBYyIOIlAas HNeHCTBHUTEJIbHOH KBajpa-
THYHOH ¢dopme [(x, x), 3aganHol Ha E™ npu HeKoTOopOoM oOp-
TOHOpMaJibHOM Ga3Hce

€, € seay €. (41)

Keanpatuunoit popme f(x,x) COOTBETCTBYeT JHHEHHOE OTO-
6paxenue ¢ npocrpanctsa E® B ce6s ¢ MaTpHLeH A-—-" a; ||,
KOTOpOe B KOOpAMHaTHOH ¢opme npu Ga3suce (41) 3amaercs
dhopmysion
i
a; = ay;. (42)

Marpuunl A u A, BoinuCaHHHE KaK KBaJpaTHble TaGJHIBbI,
MOJHOCThIO coBnanaiorT. OHH OTAHUYAIOTCS TOJNBKO TeM, UTO
3JIeMeHTH HX 0003HaueHH MmO-pa3HoMy. OkxasmiBaercs, 4To
TaK 3aflaHHOe oToOpaxKeHHe ¢ npu noMomu G6asuca (41) ue
3aBHCHT OT cJy4aiHO BeHIOpaHHOro 6asmuca, HO onpenenser-
cs1 camolt KBagparuuHoid ¢opmoi f(x, x). Co6CTBeHHBIE 3HA-
YeHHs1 OTOOPaXKeHHs (¢ HA3BIBAIOTCS COOCTBEHHbIMU 3HA4e-
Huamu Keadparuunod ¢opmer f(x,x), a coOOCTBEeHHLIE
BEKTOPHI €ro HashIBAIOTCS COOCTBEHRbIMU BeKTOPAMU K8aOpa-
Tuunoll gopmoel. OxKaspiBaercs, YTO Bce COOCTBEeHHble 3Ha-
YeHHs KBaApaTHYHOH (POPMEI SABJSAIOTCA NeHCTBHTENbHBIMH
YHCJIaMH, a NPH HaJjjexamuMm o6pasoM BHIOpAaHHOM OpPTO-
HOpMaJibHOM Oasuce ,

h;’ h;9 s e ey hn (43)

B npoctpaHcTBe E" matpuusl A ¥ A HMeIOT AMaroHaJIbHYIO
¢opMy, mpuuYeM Ha AHAroHaJd CTOSAT COOCTBEHHblE 3Haye-
HHUsl KBaJpaTU4YHOH ¢opMmbl f(x, X¥), a BEKTOPH], COCTaBJIO-
mue Gasuc (43), aBasioTcsi COOCTBEeHHBIMH BEKTOPaMH C
9THMH COGCTBEeHHHMHU 3HAUYEHHSMH,
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Noxkaxem npemnmoxenne A). JlokaxkeM mnpexnae Bcero,
qr0 oToOpaXkeHHe ¢, 3aflaHHOe B KOOpAWMHATHOA (opme npu
nomoinu 6asuca (41) dopmyno#i (42), B AeAiCTBHTENBLHOCTH
onpezelsiercd camoit KBaipaTtHuHo# ¢opmofi f(x,x) H He
3aBHCHT OT Bhi6Opa opToHOpMaJsibHOoro 6asuca (41). Ksaax-
patuuHas ¢opma f(x,x) OXHO3HAYHO ONpeneiseT CHMMeET-
puuHyio GunuHednyio dopmy f(x,y) (cm. E) § 2). Haaee,
ounuHedHaa ¢opma f(x,y), paccmaTpuBaeMmas Kak (yHK-
IIMs1 BEKTOpa X, ONHO3HAYHO ONpejensieT Takoi BeKTop u(y),
uTO

f(x, g)=(u(y), *)

(cMm. B) § 7), rne BekTop u(y), €CTECTBEHHO, 3aBHCHT OT Y.
IIpu Gasuce (41) Mb HMeeM

f (% y)=aypx"x® = a,51°5° = (u (9), x),

rue
1 (y) = (a14° apt®, ..., aned’):
Takum o6pas3oM, KoopAHHATH BeKTopa #(y) B KBaApaTHU-
HO# (opMe onpenensiioTcs PopMyJIoH
u‘-—-—-—a,ﬁyﬂ.
Orciona BuAHO, YTO BekTop #(y) 3anmaercss GopmyJoH

u(y) = oy,

npuueM JIHHe#AHOe OTOOpakKeHHE @ OJHO3HAUHO ONpeneJser-
csl CHMMeTPHUHOH OunuHelHOH dopMmoi j(x,y), KoTOpas B
CBOI0O oOYepelb OMHO3HAUYHO ONpefessieTcss KBaApPaTHYHOH
¢dopmoit f(x, x). Takum o6pa3oM, Mbl AOKa3ajH, YTO JHHeH-
Hoe oTo6paxeHHe ¢ ONHO3HAYHO ONpejesisieTcss KBajpaTuu-
Ho#t popmoi f(x, x).

Tenepr noxkaxeMm, uTO Ji060e COGCTBEHHOE 3HaueHHe A
orobpaxeHus1 ¢ AelcTBHTeNbHO. COGCTBEHHOE 3HAaueHHEe A
0oTOOpaxKeHUs! @ onpenessieTcss COOTHOIIeHHeM

a;h* = AP = A6,,h°%, (44)

rae h=(h!, 12, ..., h*) — OTNIMYHBIH OT HYJIS1 BEKTOP. YMHO-
’)Kasi 9TO COOTHOLIeHWe Ha A' M CyMMUDPYs NO i, NOJydaeMm

a,shB® =f (h, B)=A(h, B).

CoryiacHO JOKa3aHHOMY paHee (CM. BBeJeHHe K IVI. 3) OH-
auneitnaa dopma f(h, k), paBHO KaK H CKajspHOEe NPOH3BE-
neune (h,h), aBasAOTCA HNEHCTBHTENbHHIMH YHCJaMH, NpPHs
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geM (h, h)+#0. Otciona ciaenyer, 4ro A ecTb HeACTBHTENb+
HOE YHCJIO.

JlokasaTenbcTBO TOro, Yto MaTpuma A mpu HadJjexa-
muM o6pa3om BHIGpAHHOM OPTOHOpPMaJbHOM 6asuce (43) B
npoctTpancTse E” mMeeT AUAaroHajibHywo ¢bopmy, nmpuyeM Ha
AHAaroHaJii CTOAT COGCTBeHHBle 3HAaYeHHS KBaAPaTHYHOMH
GopMEI, COOTBeTCTBYIOIIHE COGCTBEHHBIM BeKTOpaM (43),
6ynem BecTH HHAYKTHBHO. [Ipum n==1 yTBep:xkaeHHe oue-
BHJHO, TaK KaK Torja marpuua A sBjiasieTcss MaTpHIell nep-
BOTO NOPsiiKa M NpeacTaBJisieT cO60i AeHCTBHTE/NbHOE YHCJO.

Ilpu n> 1 co6cTBeHHbt BekTOop Ay, COOTBETCTBYIOMIHM
HEKOTOPOMY COOCTBEHHOMY 3HAueHHI0 A = A;, BbiOepeM 3a
NEePBHI 37eMeHT OPTOHOPMAJIbHOrO Ga3uca NpOCTPaHCTBA

En, Tlycthb
hy, hy, ..., h, (45)

— HEKOTOPHII OPTOHOPMAaJbHBIH 6a3uc npocTpancTBa E£" Ha-
YpHalonuicsa ¢ co6crBeHHOro Bekropa hy. O603HauuM depes
E"-!1 BeKTOpHOE MOANPOCTPAHCTBO NMpoCcTpaHcTBa E” ¢ 6a3u-

COM
Ry hg ..., h,.

O6o3HauuM depe3 B MaTpuly, COOTBETCTBYIOILYIO KBajX-
paruuHoit dopme f(x, x) B 6asuce (45). CornacHo popmyie
(31) § 2 marpuua B =||b;;]| onpenensierca ¢opmynon

biyy="F (ki k).
Coornomenne (44) mns marpuusl B 3anucbiBaeTcss B BHAE
biah?——:xlhf'

YMHOXas 3TO COOTHOLIeHHe CKaJIsipHO Ha BeKrop h;, j > 1,
nonyyaeMm

n
beohihi = Ay B; RoRS = 4.8,,.

IlpaBasi yacTh nocaefHero COOTHOLIEHHS BBHUAY OPTOHOP-
MaJbHOCTH Oasuca (45) obGpamaerca B HyJab npu jz= I,
TaK 4TO MBI HMeeM

bl]xf(hl, h1)=7\.l6”=0 HpH i> l.

Taxum oGpasoM, f(x,y) B HOBOM OPTOHOPMAJILMOM Gasuce
(45) zamuceiBaercs B BHAE

f(x’ y)=z’1xlyl +baﬁxayﬂ’ a, 6::2, ce o9 n.
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Marpuna _
B="b”", i, j=2, «ooy I,

COOTBETCTBYeT OUJIMHEAHOHA CHMMeTPUUHOH ¢opMe B mOA-
npocrpanctee E"-l, B KOTOpYI0 INpeBpaiiaercss HCXOJAHasd
oununetinas ¢opma f(x,y), xorna o6a ee aprymeHTa x 4 ¥
npuHaanexar f(x,y). CrenoBatenbHo, 10 NpPeANOJOXKEHHIO
HHAYKUHH yTBepxKAeHHe A) nas Hee BepHo. Takum ob6pa-,
30M, OKOHUYAaTeJbHO OuMHeHHas dopma f(x,y) B Hagmexa-
1M o6paszoM BeIGpaHHOM OpTOHOpMajbHOM O6asuce (43)
npuobperaer BUI

fx, g)=nx"y"+ Ax®2 4 ... + A, x"Y",

o ’
npHYeM COGCTBEHHBIH BeKTOp h; COOTBETCTBYET COOGCTBEH-

/
HOMY 3HaUY€HHIO Aj;, COOCTBeHHBIi BeKTOp A2 COOTBETCTBYyeT
cCOOCTBEHHOMY 3HaueHHIO Ag M T. A. KBagparuuHas ¢opma
f (%, x) npuHUMaeT B

[, £)=2 (x> + A (P + ... + 4, (x"2  (46)

Hrak, npeasnoxenue A) NOTHOCTBIC AOKa3aHO.

T'oBopsAT, yTO KBajpaTHuHas ¢opma f(x,x) B Haanexa-
HIEM 006pa3oM BHIOpAaHHOM OPTOHOPMAJbHOM 6a3uce MOXKeT
OLITb 3alHCAaHa B BHAe CYMMbl KBaJparoB KOOPJAHHAT BEK-
TOpa, MPHYEM KaxKABIHA KBajgpaTr Gepercs ¢ AeHCTBHTEJbHBIM
Ko3¢pdunuenToMm. KoapduuueHT 3TOT MOKeT ObITh KakK IIO-
JIOXKHUTEJNbHEIM, TaK H OTPHULATENbHBHIM YHCJIOM, & TaKxke
HyJIeM.

3aKOH HHepLHH

Mbul gokasanu, 4To KBagpaTtuunyw ¢opmy f(x, ¥) MOXKHO
npuBecTd K BUAY (46), eciu B3ATb B €BKJIHAOBOM BEKTOp-
HOM mnpoctpaHcTtBe E" oproHopManbHullt 6asuc. Ecam oT-
Ka3aThCsl OT OPTOHOPMAJbHOCTH 6a3uca, TO KBaJAPaTUUYHYIO
dopMmy f(x,x) MOXHO NpHUBECTH K elle O0ojiee MNPOCTOMY
BHAY. _

D) Kragparuunywo dopmy f(x, x), 3aiaHHyI0 B AeHCTBH-
TS HOM BEeKTOPDHOM mnpocTpaHcTBe E", HajjeXauuM BHI-
GopoM 6a3nca MOXKHO NPHBECTH K CJeAyIOLIeMYy BHAY:

e, x)=¢e (x)P+e (P4 ... +e,(x")  (47)

rje 4ucia ey, €s, ..., & OPHHAMAIOT 3HauveHuss =41 u 0.
Jlokaxem npepyioxenne D), BOCNOJNb30BABIIHCL Pe3yJlb-
TaTOM npennoxenus A). Ecau yucyio A; MOJNOXKHTENLHO, TO
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MOJIOXKHUM _
B = '\/ Ag-
Eciu 4ucyo A; OTpHIATENBHO, TO NMOJIOXKHM
w;= :‘—X;
W, HaKOHell, €CJIH A; PaBHO HYJIIO, TO MOJIOXKHUM
p;=1.

BMmecto koopaunar x!, x2, ..., x", B KOTOPHIX 3amucaHa
KBajpaTHuHass ¢opma (46), BBeleM HOBHE KOOpAHHATHI
El, E2, ..., E" MOJIOKMB

i E

x = o nnals
Bi
IToxcraBnsia sHaueHHs X’ B BbIpaXKeHHe KBajapaTHYHOH ¢hop-
Mul (46), momyuum

fx, )=e, 8+, )+ ... +e,E"%

Bce uucina ey, €2, ..., &, NpUHUMAIOT 3HaueHus 41 u 0. Ta-
KiM 006pa3oM, npensioxenne D) nokasaHo.

[Tpeasnoxenue D) ObO [Q0Ka3aHO B MNpenNOJOXKEHHH,
YTQ KBajgpaTuuyHas ¢opMma f(x,x) 3ajaHa B €BKJIHIOBOM
BeKTOPHOM INpocTpaHcTBe E”, Tak KakK NIPH 3TOM B KauecTBe
NIPOMeKYTOUHOTO pe3yJibTaTa HCI0JIb30Ba/laCh KaHOHHYECKas
¢dopma (46) xBajppatuuHoH ¢opmb. [IpH HoOKasaTenbCcTBE
CYLLECTBEHHYIO pOJib Hrpajia eBKJHAOBOCTb NPOCTPaHCTBA
Er. B pefACTBUTEJNBHOCTH AJISl YCTAQHOBJIEHHS KaHOHH-
yeckoro Buaa (47) kBagpatuuHoit ¢opmul f(x,x) He Tpe-
O6yeTcsl €BKJIHAOBOCTh NpocTpaHcTBa E™ B mnpocrpaHcTBe
R™, xXOoTOpOE He sABJSETCS €BKJAHAOBBIM, MOXHO NPOH3BOJIb-
HbIM 00pa3oM BBECTH CKaJjIIpHOe IPOH3BeJeHHE W MpPH 110-
MOILIH 3TOr0 CKaJisipHOrO NPOH3BeNEeHHs] J0Ka3aTb NPOMeKY-
TOYHOE NpeanoxkeHue (46).

Ceftuac Mbl 3afiMeMcsi KaHOHHYeCKHM BHJAoM (47) kBajn-
patuuHod ¢dopmel f(x,x), nmpuueM KBaxpaTuuHas opma
f(x,x) 3amaHa B mNpPOM3BOJBHOM BEKTOPHOM NpPOCTpaH-
cTBe R".

E) Ilycts R"— n-mepHOe BEKTOpHOE IPOCTPAHCTBO, a

€, € ..., €, (48)

Fir for oo o5 fn (49)

— JBa 6a3uca B npocrpaHcree R”. Ilyctb, naiee,

x=x'e; Y=yl
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— BEKTODH, 3ajlaHHEle B mpocTpaHctse R”. IlomycTaM, 4TO.
B Gasuce (48) kBajgparuuHas Qopma f(x,x) sanuchHBaercs
B BHJE

f(x, %) =4, (x')?+ e (+9?+ ... + 2, (x"V+
Fep (P g (T L e (x7) (50)

IIpu sTOM GasHCHBEIE BEKTOPH e, €, ..., € 3aHyMepPOBaHH
TaK, 4TO
81=82= Y =8p= l,

8p+l==8p+2= PR =ep+q=..~-—l,
\

HonyctuM, Aajee, YTO Ta XKe camas KpajipaTHYHas ¢opma
f(y,y) B 6a3uce (49) sanucuBaercsi B BULE

fy, )= 3{,(!/1)2 -lj €5 (y2)2 + ... :{- e:,, (yp')2,+
Fep (P4 .. Fepre (P 2_{: .
..+ e (y"?% (1)

npuyeMm

7 I4
81= e e e =8p=l,
I'4 ’
3p’+l=---=3p’+q'=—l:
4 7
8p'+q'+l="'=en=0°

OKa3HBacTCsd, UTO HMEeT MECTO cieAylouiasi TeopeMa HHBA-
PHAHTHOCTH:

p=p, 9=¢. (52)

HNukaxem cootHouwienusi (52). JJokasaTejnbcTBO OylneM
BeCTH OT NMPOTHBHOro. JLONyCTHM, YTO

p#pr,

M [PeANoJOXHM JUIST OHpeneseHHOCTH, UTO
/

p'<p. (53)
O6o3nauuM Yepe3d R+ BeKTODHOE NOANPOCTPAHCTBO IIPo-
cTpaHcTBa R" ¢ 6a3ucoM

el, e2, o o 0y ep’
H uyepe3 R— BEKTOPHOe MOANPOCTPAHCTBO MPOCTpaHcTBa R”"
¢ 6asucoM / .
fp’+], R fp’-l—q’, Y] fn.

3anuce (50) kBagpaTHuHOH (GOpPMH MOKa3bIBaeT, YTO eCyIM
BekTop *= R+ u x50, T0 f(x,%x)>0. Touno Tak xe
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sanuch (51) kBagparuunofi dopmu f(y, y) nokaswBaer, uTO
ecin BeKTop y = R-, 10 f(y,y)<<0. BBuay HepaBeHCTBa
(53) cymma pasmepHocTeit npocTpaHcTB R+ B R— Goablie
n, ¥ MOTOMY NPOCTPaHCTBA 3TH INepeceKaioTCs MO HeHYyJe-
BoMY BeKTOpy. [JokaxkeMm 310. IlycTh

el’ 82, e e 0y ep, fp'+[, ¢ e 0y fn

— NOCJIEA0BATENbHOCTb BEKTOPOB. BBy HepaBeHcTBa (53)
oflilee YHCJO 3THX BEKTOPOB GoJiblie 7, U IOTOMY OHH JIH-
HEHHO 3aBHCHMBI. 3anulleM HUX JHHEeHHYIO 3aBHCHMOCTh
B BHJIE:

a“ea=b8fﬂ, a=1, eo., p, B=p +1, ..., n, (54)

NpH 3TOM Ko3abdHLHeHTH a' U b/, BMecTe B3sThie, He MOTIYT
Bce obpamaTtbcs B HyJb. ChnpaBa cTosT 3JjeMeHTH 6asHca -
(49), nosToMy OHH JHHEHAHO He3aBHCHMBI, H, CJel0BaTelb=
HO, KO2(QHIHEeHTH a’ He MOTYyT BCe OJHOBpEeMeHHO oGpa-«
maTbCsl B HYJdb. Mpl HalIK OTJAHYHBIA OT HYJS BEKTOp X,
CTOSIUHH B JIeBOH YacTH COOTHOIIeHHs (54), KOTOpHIA MmpH-
HajjiexXuT o6ouM npoctpanctBaM R+ u R—. Ha atom BCk-
TOpe KBajpaTHyHass Qopma [(x,x) mnoJOKHTENbHA, IO-
CKOJIbKY ¥ € R+, W OHa HenoJIOXKHUTeNbHAa B CHJY TOro, UTo
x<= R-. Takum o6pa3oM, MBI NPULLIH K NPOTUBOPEUHIO H
HepaBeHCTBO p’ << p HCKJOYaercs. TOYHO Tak Ke AOKa3bl-
BaeTcsl, YTO HepaBeHCTBO p << p’ HeBO3MOxKHO. Takum 06-
pa3oM, JoKasaHo, 4To p == p’. IlpuMeHsas nonyyeHHHH pe-
3yJbTAaT K KBaApaTHYHOHA ¢dopMe —f(x,x), MBl IPHXOIHM
K BHIBOALY, 4TO0 ¢ == q'. UrTak, noka3aHo, 4TO B KBaJpaTHY-
HOA ¢dopme f(x, X) UHCIO MOJNOXKHUTEIbHBIX K03(p(PHUIHEHTOB
H YHUCJIO OTPULATENBHBEIX KO3(Q(PHIHUEHTOB B KAaHOHHUECKOM
BUAe HHBapuaHTHH. Ho Tak kak uucio HyJeBHX K03(ddu-
HHUEeHTOB PaBHO n— p — ¢, TO 3TUM CaMblM JO0Ka3aHa HHBA-
PHAHTHOCTb YHCJIAa HyJeBHX Ko3pbuuueHtoB. Mu JgoKa-
8aJIH, cJeloBaTesIbHO, TaK Ha3nIBaeMHH 3aK0H uxHepyuu nnas
KBaZApaTHYHHIX (opM.

§ 16. dkcnoHeHTa KBaJpaTHON MaTpHIBI

Dror naparpad He BNOJIHE MOAXOAMUT IOA 3aroJiOBOK
rJa. 3, TaK KaK 31eCh He NMPHBOAHUTCA K KAHOHHYECKOMY BHLY
HHKaKass MaTpula, OAHAaKO pe3yJbTaTh 3TOro mnaparpaga
HYXHB OJs TeOpHH OOHIKHOBEHHHIX AH(P(PepeHIHATBHBIX
YpaBHeHHH M HUX HYKHO KyZa-t1o mnomectutb. IIo cBoemy
Lyxy sToT maparpad OJiHKe BCero mpHMHKaeT K ri. 3.
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DKCNOHEeHTOH eXp 2 Ha3eiBaeTcsd PyHKuUSA
expz= &%
KOTOpas 3ajaercs psaaoM

2 3 R
C=l+F+g+5+...+5+... (59

Ecau Bmecto 2z B [IpaByl 4YacTb 3TOro paBeHCTBa MNOACTA-

BHTb KBaJApaTHYIO MaTpHLOY A u ecan OKaxeTcs, 4TO0 MaT-

PHYHBIH pHAA CXOAMUTCH, TO MB onpelaeauM (YHKHHIO ef.
OkaspiBaeTcs1, 4T0, noAcrasisas B psaf (55) nmpousBodbHYIO
KBaJpaTHYI0O MaTpuUuy nopsaka n, Mb Bcerja mojydyaem
cxoisuuica psa v GyHKuUus e Bceraa omnpepenena. Cxonu-
MOCTb psiia, COCTaBJIeHHOr0 H3 KBaJApaTHBIX MaTpHl, IoO-
psAKa n, onpefeseTcs KaK CXOAUMOCTb psija AJs KaXIoro
.OTAEJNLHOTO 3/Je€MeHTa MAaTpPHIbl, CTOSAIIEr0 Ha OnpejeseH-
HOM MecTe. '

HOns poxkaszaTesbCTBa 3TOr0 HYXKHO IPOHU3BECTH HECJOX-
HHE OLleHKH. ’

A) Ilyctb

B=|sjl, A=|ql

— JABC KBaJpaTHbl€ MaTpHIbI NOpPsAAKA n, 3JEMEHTBl KOTO-
PbIX HMECIOT OLUEHKH

|} <6, |ai|<a,

rie a U b— HEKOTOpbie MOJOXKHTeAbHbIe uHcsaa. OKasbl-
BaeTcs TOrAa, YTO A/ MaTPHILLI

BA=C=|cj|
HMEIOT MeCTO OLEHKH
|} < nba. (56)
Ilokaxem nociefHee COOTHOLIeHHe. MBI HMeeM
¢f =bwa}, oa=1, ..., n.

B nmpaBoil yacTu 3TOro paBeHCTBa CTOSAT # ClaraeMbiX, Kax-
n0€ U3 KOTOPBIX IO MOJYJIO HE NPEeBOCXOAMUT NMPOH3BENEHHE
ba, u, TakuM 0o6pa3oM, HepaBeHCTBO (56) HOKa3aHo.
B) Ilycts
i
A=|dl

— KBajipaTHasg MaTpHuua mnopsiika n, JJIA 3JEMEHTOB KOTO-
pOH HMeIOTCS OLEHKH
i
laj| <a,

124

<
)

e v
Siee RS otadaldords i

> e st - 3
g 11 B SEE ai tilabChl g A Tk

T

¢
WAL Ry | .-
AR R el s 0 LI

g




rie a— HEKOTOpoe MOJIOXKHuTeJbHOe yuciao. Ecan k — penoe
HeoTpHIlaTeNbHOE YHCJO, TO AJIA MaTPHUH

At =|cil
HMEIOT MeCTO OLieHKH

lei] < (na)®

Hokaxem 9T0 yrtBepxkAeHue. JlokasareabcTBo 6yaeM
BeCTH HHAYKTUBHO mo uucay k. Tak kak A°=E, to pasa
k =0 yrBepxeHune BepHo. [Tonoxum Tenepb

A* =B =]bi].
Torxa mo npeAnoyokeHnio HHAYKUHH HMeeM
67| < (na)*~".
Hanee, :
A" = BA.

Tak kak ana marpun A u B yxe uMeloTcsl OUEHKH, TO B
CHJIy NpelJoXeHHUs A) MH NojyyaeM IJis SJeMEHTOB MarT-
pulH A* OuleHKYy, YKa3aHHYI0 B (OpPMYJHPOBKe NpEAIOXKe-
Hus B).

C) Marpuunnifi psap et, rie A— KBajpaTHasi MaTpula
IPOU3BOJILHOTO NMOPsAJKA N, BCETAa CXOMUTCS.

Ins DokasaTelbCTBA 3TOrO0 YTBEPXKAEHHS PacCMOTPHM
YJeH MoJiyiaeMoro psja

Ak

T=HC; |

B cuay npenyoxenus B)
k
lef| < 55

INpu CyMMHPOBAHHH MPABLIX YacTedl STOrO COOTHOLIEHUS MH
NONyYuM cXomasiiuiics psag. Takum o6Gpa3oM, MaTpHYHHIA
pan e? Bcerfia CXOAHTCA.

D) Ilyctb t— pefictBuTesibHOE yuciao. Onpenennm Mare
puuHyio Gynxumuio f(f), N0J0XKUB

ft)=e"

rae A — HeKOTOpas KBajpaTHas MaTpHuua nopsaka n. Torga
OKa3blBaeTrcs, YTO

A0 _ af@) =10 A. (57)
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Jns HOKasareJbCTBa NOCJAEAHEr0o COOTHOINEHHS BHIH-
meM GyHKIHUIO e’ B BHJe pPsika
kAR

fy=a+ 24 B L i

B cuay oueHok, nonydeHHunx panee (cM. C)), pax 3ToT
MOXHO AuddepenuupoBats no f. Ocymecreass auddepeH-
IUpOBaHUe, MH MOJy4aeM cooTHouieHHe (57).
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'maBa 4

NPUMEPDI

3xecp OyAyT AAaHH NPHMEPH, HIJIIOCTPUPYIOLIHE H Pa3b-

SICHSIIOIIME COJepXKaHHe TPeX NepPBHIX TEeOPETHYECKHX [J1aB.
K§1

IIpumep 1.

Onpenenenue 7. BekTopom HasbBaeTcs HalpabJieH-
HBIH OTpe30K, T. €. TAKOH OTPe30K, O KOTOPOM H3BECTHO, B
KaKoM €ero KOHIle HaXOHHTCSl Hauajo BEKTOpa H B KaKOM
€ro KOHIle KOHell BEKTOpa.

TakoBo reomerpuueckoe onpejeneHue Bekropa. Ecian or-
pe30K paccMaTpHBaeTcs KaK NPHHaAJexalud MNJI0CKOCTH
E? T0 oH pByMepeH. Eciu OTpe3oK paccMaTphuBaercsi Kak
NpUHALJIeKAIOUHA TpeXMepHOMY mpoctpaHcTBy E3 To oH
TpexMepeH. BBoasiTca onepanuH CJIOXKEHHS BEKTOPOB H YM-
HOXEHHS WX Ha JeHCTBHUTeJbHBIe UYHcaa. [lanee onpene-
JISIeTCS PABEHCTBO BEKTOPOB M JOKa3blBaeTcsl, YTO AJS1 KaXK-
aoro Bektopa u3 E" (n==2,3) cyumiecTsyeT paBHHH
€My BeKTOp, HauHHaIONIUiACs B 3aJaHHOH TOUKe NPOCTPaH-
cTBa En,

Ilycts u — BekTop npocrpancrBa E* (n=2,3). Toraa
CyLIeCTBYeT paBHHII eMy BEKTOp ¥, HauWHalOmuHca B Ha-
yaje KoopauHart O. OGo3HauuMm dyepe3 b KOHell BEKTOpa v.
KoopauHaTel TOUKH b sBasiorcs yuciaamu. Mx asa uam co-
OTBETCTBEHHO TPH B 3aBHCHMOCTH OT n. OHH SABJSIOTCS KO-
OpAMHATAMH BeKTOpa # WM BeKropa v. Takum oGpasom,
MeXJAy BeKTopaMu u3 E” W mapaMu WM TPOHKaMH YHCeN
(8 3aBHCHMOCTH OT #71) YCTaHaBJIHBaeTCd COOTBETCTBHE.
KaxnoMy reoMeTpHu4ecKOMY BEKTOpY CTABHTCS B COOTBET-

CTBHE BeKTOp mnpocTpaHcTBa A", 3ajaHHHHA omnpejeie-
HueMm 1.
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- A

K§ 2

Hycth A" — n-MepHOe BeKTOPHOE MNPOCTPAHCTBO , (CM.
onpefenenne 1) u @ — orobpakeHue npocrpancrsa A" B
ce6s. PaccMOTpHM HECKOJbKO THNHYHHX NpuMepoB otobpa-
JKeHHUs @.

IlycTp

€, €3 ..., €,

— 6asuc npoctpaHcTBa A" 3anagum otro6paxkeHue ¢ COOT-
HOIIEHHEM '
a
pe; =a;e,.
Takum o6pasoM, oroOpakeHue ¢ 3afaercs MaTpuled A=
i
=|ai "

[Ipumep 2. Homyctum, uto mMaTpuua A, 3afamomas

oTo6paxKeHHe ¢, fIBJASETCS AUAaroHaJbHOH H 4TO Ha JHaro-

HaJId CTOMT OJIHO H TO Xe uucao A. Toraa B cuny ¢opmynn

(23) r. 1 mna kaxjaoro BeKTopa x oro6pa)keHHe ¢ OIpe-
AeJsieTcs: popMyJion
QX = AX. (1)

Takoe oroGpaxkeHHe ¢ SIBJSIETCS pacTsKeHHeM NPOCTpaH-

cTBa A" ¢ LEHTPOM B Hauaje KOOpAHHAT C KO3((PHUUEHTOM -

A. Ecom |A| << 1, To dakTHueckH oTo6paxKeHHe @ fBJAETCH
cxartueM. 3ananHHoe ¢opmynoit (1) orobGpaxenpe ¢ Hasbl-
BaeTca nodobuem ¢ LeHTPOM B Hauajie KOOPAHHAT.
[Tpumep 3. HJonyctuMm Tenepb, uTo MaTpuua A, onpe-
Aensoomas oTo6pakeHue @, sIBJSETCS AHAroHajJbHOH H UTO
Ha JAHaroHaJii NMepBBHIi 37eMeHT paBeH HYJIO, a OCTajibHbie
paBHb efuHuLe. Toraa oro6paxkeHHe ¢ INpeACTaBJsSeT CO-
6ol MpOeKTHPOBAHKE NPOCTPaHCTBA A" Ha ero NOANPOCTPaH-
ctBo A"-1 ¢ 6asucoM ey, ..., €, B HaNpaBJeHUH BeKTOpa é;.
[Tpumep 4. Ilyctp marpuma A, 3apamoomas oro6pa-

JKeHHe ¢, SIBJSETCsl AMaroHaslbHOH, MpHYeM MEPBBIA JHAro-.

HaJbHBIH 3/IeMEHT paBeH —1, a ocTajibHHe AHAroHajbHbIE

ajeMeHTH paBHH -+1. Torma oto6paxenve @ . SABJIAETCA
3epKaJIbHEIM OTOGpaXKeHHeM NpocTpaHcTBa A" Ha celGs OT-,

HOCHTeJIbHO ero moampocTpancrsa A"-! ¢ Ga3ucoMm ey, -...
..., €, B HalIpaBJICHHUH e].

K § 3 4

[Tpumep 5. PaccMoTpuM cucteMy ABYX JIHHEHHBIX
ypaBHeHHI OTHOCHTEJbHO JBYX HeH3BECTHHIX X!, X%
1.1 1.2 1
aix + axx =¢c,
(2)

2 2.2 2
alx'—{—azx ="
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Hcknounm HeH3BECTHOE x? H3 CHCTeMH ypaBHeHnﬁ (2), ym-
HOXKHB nepBoe H3 ypaBHeHHH cucremun (2) Ha a3, a BTO-

poe Ha @b M BHUTS OAHO ypaBHeHHe H3 apyroro. Toraa mu
NOJTYYHM

(ala? — ala?) x' = a3c' — asc®.

Taxkum o6pasom, MBI HMeeM

aZe! — alc?
W= . (3)
alaz b 0201
AHasoruyHo noJsyuaem
alel — a2!
W= T (4)
aja; — aa;

O6e npo6u (3) u (4) UMEIOT OAMH H TOT Xe 3HaMeHaTellb
D(A)=aa; — a\a;.

DTOT 3HaMeHaTe/lb Ha3bIBaeTcs onpene/siUHTesIéeM MAaTpPHIBI

) . .
A=|| a; ||, i=1,2; j=1,2, Broporo nopaaka. Takum 006-
pa3oM, Mbl NMPUULIH K NpPEACTaB/JeHHIO 00 Omnpeneaurese
KBaJApaTHOH MaTpPHUbl BTOPOro MOPAAKA.

ITonoxum
1
G, G

2
€y g

Al= , A2.—=

ay &
Torna nnsa x!' u x2 popmynn (3) u (4) MOXKHO mepemucare

B BUIE
1__D(A) o D(A)

D@ *TTDh@E

B caeayomux mnaparpadax sTa KOHCTPYKUHSA Oyner
060061aTbCsA Ha Cyyald pellleHHs CHCTeMbl 17 YPaBHEHHUH C n
HEH3BECTHBIMHU NIPH NMOMOILH OllpeaesnuTened.

K§5

Tpumep 6. MNycrs A=/|aj|, B=|b;] —mxse Tpey-
ToJIbHHE MaTPHIH NOpPAAKA n. DTO 3HAYHT, 4TO NpPH j > I
uMeeM aj =0, bj =0. JlokaxeM, 4TO MaTpHLA C=AB=
=|c}| rakxe sBrseTCH Tpeyroasnoii. Mu HMeem
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JoxkaxewMm, uro npa k > umeeM ci=0. B camoM nere,
ecan a>i, 70 az=0. Ecmn a<<i, 10 o<k u noromy
b3 =0. CaenoBarennHo, c; =0 npr k > i.

K§6 .
IIpumep 7. Ilycth
x=(x ..., xP), g=(@, ..., ¥9)

— JIBa OTIMYHLIX OT HYJIsl BEKTOpa pa3MepHocTel p H g co-
orBetcTBenHo. Onpenenum Matpuny A =|af| dopmyok

aj = x’y’ . g
Toraa panr matpuun A paBeH enuHHILe. .

K§7

ITpumep 8. Ilyctb E”— n-MepHOe eBKJIHAOBO INPO- 4

S

ctpaHcrtBo. Oto6paxeHne ¢ npocrpascrsa E” Ha ce6s Ha- 4
3bIBACTCSA BpaujeHuem, eclu OHO COXpaHseT [JIHHH BCeX
BEKTOpPOB, T. €. eClH | px|=|x].

JdapuM npuMep BpauleHus npocrpanHcrBa E2. [lyctp 4
x =(x!, x¥2). 3apagum oroGpaxxeHue ¢ GopMyJsaMu :

€,
?‘ >
X

E
!
s
¥
1

®

(px)! = x! cos o + x2sin a,
(px)? = —x! sin a. 4 x2cos a.

Jlerko mposepsiercsi, 9To 3afaHHoe ¢opMmynamu (5) oroGpa-
JKeHHe ¢ SIBJSeTCA BpallleHHeM. B jedcTBHTENbHOCTH ¢ §
ecTb IOBOPOT MJIOCKOCTH E2 BOKpyr Hayaja KOOpAHHAT HAa '§
yroJa o. F

4

K § S8 3

Pe

[TosiBeHHe KOMIJIEKCHBIX 4YHCeJ NOOYAHJIO MaTeMaTH- J
KOB clieJlaTh NONBITKY JHaljibHefilero o600uieHusi AeACTBH- §
TeJIbHBIX YHCeJ, IPUCOEAUHUB K HHUM He OJHY MHHMYIO elH- &
HUIy, a HeCKOJIbKO. DTa INONLITKA HMeja OrpaHUYeHHBIH 3
ycnex. Boli mocTpoeHH KBaTepDHHOHB C TPEMsI MHHMBIMH 3
eIMHHIIAMH, HO NPH 3TOM NPHILIOCh OTKa3aTbCsl OT KOMMY-
TaTHBHOCTH YMHOXeHus. JlaguMm onpeneseHue KBaTepHHO-
HOB.
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IIpuMep 9. B OCHOBY KBaTepHHOHOB MOJOXKEHH TPH
MHHMBbI€ eJHHHUIb, KOTOpble 0003HaYalOTCH Yepe3

i9 j’ k9 (6)
TaK 4YTO Ka}KI[bIﬁ KBAaTCPHHOH 3aNHUChiBa€TCsI B BHIE

X = Xo + X + xof + x3k.

3nmech xo, X1, X2, X3— HeHCTBUTE/NbHBIE YHCAA, KOMMYTaTHB-
HHE [0 YMHOXeHHI0 ¢ exuHunamu (6). A exuHuun (6) mne-
PEMHOKAIOTCA IO CJAeAYIOUHM NPaBHIAM:

P=pP=K=—1, ij=k k=i, ki=]j.

KBaTepHHOH X, conpsxXeHHbIA K KBaTepHHUOHY X, 3alaeTcs
dbopmyoi )
X =xy— x1i — Xo] — X3k

Jlerko nmpoBepsieTcs, 4TO

= 2 2 2 2
xx=|xP=xt 4 51 + x5+ 13

M3 storo ciemyer, 4To KBaTepHHOH x~!, o6paTHHHA K KBa-
TEPHHOHY X 0 YMHOXEHHMIO, 8afaercd (HopMYyJoH

XM=y

z
B
Jlerko nposepseTcs, 4TO
xy = jx.
KBaTepHHOH X, 10 MOAY/IO PABHHIH e€IWHHIE, T. €. YAOBJET-
BOpSIOIIU#A ycioBHIO |x|==1, 3anucHBaeTCs B BHIE

x==cosa -+ « sin a,

rie ¥ — YucTO MHHUMBIA KBATEPHHUOH, T. €. u = i} usj 4
-+ usk, a a — yroJ.

BBuay OTCYTCTBHSI KOMMYTATHBHOCTH YMHOXKEHHS . IO-
NBITKH IOCTPOHTh TEOPUI0O KBATEPHHOHHHIX (QYHKUMH He
UMeJid yCnexa, HO KBaTePHHOHBI HMEIOT KpacHBHIE reoMeT-
pHuecKue NpuMeHeHHUsl. YKaxeM HX.

I[Ipumep 10. CoBOKynHOCT> BceX KBaTepHHOHOB K
npeacTaB/sieT Co00H YeThipeXMepHOe eBKJIHIOBO BEKTOpHOE
ApocTpaHcTBO. JIMHA KaxAOro BeKTopa-KBaTepHHOHA X OI-
penenasiercss Kak |x|. UeTHpexMepHOe BEeKTOpHOE NpPOCTpaH-
cTB0 K Bcex KBaTepHHOHOBR pa3jiaraercs B NPSAMYIO CyMMY
OJHOMEPHOr0 BEKTOPHOTrO MNOANPOCTPAHCTBA MAeHCTBHTENb-
HHX KBaTepHHOBROB D), HMeIOIUX BHA X =X, H TpexmMep-
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HOTO BEKTODHOrO NPOCTPAHCTBA YHCTO MHHMKIX KBaTepHHO-
HOB /, HMeIOLUUX BHA

u=ui -+ uyj + ugk.

KaxjaoMy KBaTepHHOHY a, O MOAYJI0O DPaBHOMY elHHHILe,
IIOCTaBUM B COOTBETCTBHE JIMHEHHOe oTOOpaxeHHUe f; eBKJIH-
NOBa BEKTOpPHOro npoctpaHcresa K Ha cebs, 3ajaBaeMoe
¢dbopmynoi

fox =axa™%.

Jlerko nposepsieTcs, UTO JIMHeHHoe oro6GpaxkeHue f, mepe-
BOJUT KaxJoe JuHeHHOe NOANpocTpancTBo D H [ caMo Ha
cebs1. [lanee, oka3blBaercs, 4yto oTtoOpaxKeHue f, ABJAETCA.
BpallleHHeM eBKJHIO0Ba BeKTOpHOro mnpocrpaHcrea K (cm.
npumep 8). Ilokaxkem 3710. 1 3TOrO0 mMOACYHTaEM MOLYJb
KBaTepHHOHa axa—!. Umeem

laxa™'R=axa laxa™' =

=axa"la"%a=axa " laXa ' =axia"' =| x .

[Ipumep 1l. OkasniBaercs, 4yro npu nomoutn orobpa-
}KeHUs [; MOXKHO MOJNYYHTH J000e BpalleHHe eBKJIHAO0BA
BEKTOPHOro npocTtpaHcTBa K, noJyuaiomieecss B pe3y/bTaTe
HelpepbiBHOTO H3MEHeHUs M3 TOXKIECTBEHHOrO, NpHYeM Ta-
KOro, 4To B IIpouecce H3MeHeHHUs BCe BPeMs MH HMeeM Bpa-
“lieHue M npoctpaHcTBO D mepeBoautcs B cebsa. Takum o6-
pa3oM, oTo6GpaxeHHe [, OMHUCHIBAET BCe BpalleHUss MPO-

cTpaHcTBa [, mosyuvarollyecss HenpepbiBHBIM 006pasoM H3

TOXAECTBEHHOTrO. I[OKaSaTeJIbCTBO 3TOro HETPHBHAJbHOI'O
YTBEPIXKACHHUSA A NPeaoCTaB/idAI0 YHTATECIIIO.

K§9

B 1545 rony Kapnauno man ¢opmyay pemenus Ky6Guue-
CKOrO ypaBHeHHs B paiukanax. Jlagum BbIBOA ero ¢op-
M YJIHL.

I[Ipumep 12. PaccMmoTpuM KyGuuYecKOe YpaBHEHHe

24+az+b=0. (7)

K Takomy BHAY JIeTrKO IpHBECTH Ji0060e KybOuueckoe ypasHe-
Hue. [IpeacrasuMm Tenepb z B BHJE

=X+ y.
Toraa ypasHenue (7) 3anuimiercss B BHIE
X+ P+ 3xyx+y)tax+y+b=0. 8
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HanoxXuM Ha X U Yy JONOJHUTENLHOE YCa0BUe

Xy =—-5. (9)
Torna ypaBHenne (8) sanuiiercs B BHIE
x4+ P = —b. (10)
Tak Kak uMeeT MeCTO COOTHOLIeHHEe (9), TO
X3P = — -——. (11)

U3 coornomennit (10) u (11) cnenyer, uro x® u y3 sB-
JIAIOTCA KOPHSIMH KBAaJpPaTHOTO ypaBHEHHS

u®+ bu — —3—-— 0.
Takum o6pasoM,

Y L R Y Ly

H njs 2 noaydaem dopmyay Kapaauno

3 = ————  H2 3
b b2 a® _ b ,\/ b, e,

2=\/——2‘+’\/T+'§7“+\/ 2 Tt

$lcHo, uto, npuMensis Qopmyay KappaHno, Heab3ss OpaTb

NPOH3BO/IbHEIE 3HAUEHHS KYGHUeCKHX KOPHed, a Halo 6paTh

TaKue napbl KyOHYeCKHX KopHed, uToObl HX npousseneﬁuse
paBHanocb —a /3. OKa3biBaeTcs, 4TO BeJHUYHHA —+ 37
SIBNSETCS OTPHUIATEJbHOM TOrJla H TOJbKO TOrfa, KOria
ypaBHeHHe (7) uMeeT TPH HAeHCTBHUTENbHBIX KOpHSA. DTO
yTBepXKAeHHEe NPUBOAUTCA 3Jech 0e3 HOKa3arenabCTsa. YKa-
3aHHe Ha N0Ka3aTelJbCTBO BMewTcs B § 4 kHurd «Martema-
THYECKHH aHaiu3 s IUKOJbHUKOB»., Takum o6pasom, B
¢opmyne KapmaHo BcTpeuaeTcsi H3BJeYeHHE KOPHS H3 OT-
pULLaTeJbHOTO YHCJa MMEeHHO B TOM CJydae, Koria KOpHH
KyOGHYecKOro ypaBHeHHs1 JeHcTBUTeNbHB. B 3TOM cayuae
I1Ba KyGHUeCKHX KOpHs, crosmux B (popmysae Kapaano, us-
BJACKAIOTCA U3 KOMILJIEKCHO CONMpsKeHHBIX BEJHYMH H NpU
H3BJICUEHHH KyOHYeCKHX KOpHe# caelyeT TaKxke B3ATb KOMIl-
JIEKCHO cOnpsiXKeHHble BeJMYHHB. Toraa cymMma KyOHYeCKHX
KOopHe#i, BXoasumux B ¢opmyny Kapaano, OKasbiBaeTcs
neficTBUTeIbHOH. TO 06CTOSITENbCTBO, UTO HMEHHO B Clyyae
ReHCTBUTEIbHBIX KOpHeli Ky6uueckoro ypaBHeHus (7) 8
dbopmyne Kapnano mnosBAsilOTCS MHHUMBIE 4YHCJa, OYeHb
CHJIBHO cOHeHCTBOBAJIO BBEAECHHIO KOMIIJIEKCHBIX YHCe.
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[TpounsiocTpupyeM AOKa3aTeJNbCTBO TeOpeMH 6.

[Tpumep 13. Bunumem 6asu¢c npocTpancTBa R? = S,
pa36uB 3TOT 6a3suC Ha CTPOKH. B KayecTBe mepBO#l CTPOKH
BhinumieM 6a3uc NPOCTPAHCTBA S, OTHOCHTENBHO €ro noj-
NpOCTpaHCTBA Sp—;, T. €. BEeKTOpH cucreMun B,. [lycts oH.
COCTOHT U3 BEKTOPOB ey, €2, ..., €. Bo BTOpYI0O CTPOKY BhI-
NHUILEM BEKTOPH CHCTeMbl By— CHayajia BEKTOPH ey, ...
..., P&, a 3aTEM BEKTOPH €ri1, ..., €rys, IHPHUEM TOL
BEKTOPOM e; NMepBOH CTPOKH BBIMHUIIEM BeKTOp e;, a najee
BEKTOPBl €,4.1, ..., €rts, He Bxoasuue B PB,. B Tpernio
CTPOKY BBINHIIEM BEKTOPbl CHCTeMHB Bj— cHayajia BEKTOpH

Ve, ..., Pe,, nanee Pe,, .y, ..., Peris, a 3aTeM BEKTOPH
€ris41s +eoy Crists, He Bxodsamue B PB,. IIpomonxkad
5TOT Npolecc Aajbille, MBI INOJYYHUM IIOC/IeJOBaTeNbHOCTh
CTPOK, NpHUYeM INepBas COCTOUT H3 BEKTOPOB CHCTeMbl By,
BTOpasi U3 BEKTOPOB CHCTeMbl Bj, TpeTbs U3 BEKTOPOB CH-
ctembl B3 u 1. A. Kaxjasa U3 Takux CTPOK clipaBa MOXeT
BBICTYNATb H3-NOJ NMpeABIAyHIeNl CTPOKH Ha HECKOJbKO 3Jje-
MeHTOB. TakuM 00pa3oM, 3TH. CTPOKH O0OpasyioT JeCeHKY
CO CTymeHbKaMH, pacloJIOXKeHHbIMH cnpaBa. B KayecTBe
BepXHeH NJIONaAKH JieCeHKH B3sTa cUcTeMa Bi. B3aB BekTOp
h, u3 cTpoku B;, HaxomsLIHHACS Ha CTyleHbKe 3TOH CTPOKH
¥ BBICTYNAIOHMIMA M3-NMOJ NpeABbIAYLIed CTPOKH, Mbl NMOJYYHM
XKOpLaHOBY cepHio Ry, phy, ..., P*—HiAy:

B] el e2 L) er
32 ‘pel \pe2 e \per er_'_l e 8r+s,
B; Ve, Ve ... Ve, b,y .. Peris €rist1 .. Crisis
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